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ABSTRACT 

^  The  inverse  scattering  theory  concept  of  layer  stripping  is  applied  to  a 
variety  of  inverse  seismic  problems.  This  results  in  fast  al^rithms  that  solve 
these  problems  more  simply  and  quickly  than  techniques  used  previously  on 
thege  problems,  and  also  admit  physical  insight  into  their  operation. 

A  layer  stripping  algorithm  works  by  recursively  identifying  and  stripping 
away  differential  layers  of  the  medium.  As  the  wave  front  of  the  excitation 
passes  through  a  given  depth  z,  the  first  non-^zero  value  of  the  medium 
response  at  depth  z  yields  information  about  the  medium  at  depth  z.  Then  the 
excitation  and  response  can  be  propagated  through  the  known  differential  layer 
at  depth  z  to  depth  z  +  A.  where  the  process  is  repeated.  >  '■ 

The  inverse  seismic  problems  for  which  layer  stripping  fast  algorithm 
solutions  are  obtained  include:  (1)  the  reconstruction  of  layered  acoustic  and 
elastic  media  from  their  reflection  responses  to  impulsive  plane  waves  at  non¬ 
normal  incidence;  (2^  the  reconstruction  of  a  layered  acoustic  medium  from 
its  reflection  response  to  a  point  impulsive  or  harmonic  source;  and  (3)  the 
reconstruction  of  a  two^dimensionally  inhomogeneous  medium  from  its  plane 
wave  reflection  response.  None  of  these  algorithms  has  appeared  previously 
in  the  literature. 

Computer  runs  of  some  of  these  algorithms  are  included^  and- their 
performance  is  quite  satisfactory.  Several  procedures  for  improving  their 
performance  on  noisy  data  are  given.  Some  results  on  general  inverse 
scattering  theory,  and  relations  between  these  fast  algorithms  and  fast 
algorithms  that  exploit  structure  in  matrices  or  the  kernels  of  integral 
equations,  are  also  presented. 
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CHAPTER  I 


Introduction 


1.1  Motivation 

The  inverse  seismic  problem  can  be  defined  roughly  as  follows. 

The  medium  to  be  probed  (i.e. ,  the  earth  or  the  ocean  floor)  is 
excited  by  some  sort  of  source,  generally  explosive  in  nature.  The 
response  of  the  medium  to  this  source  is  measured ,  and  from  this  response 
some  properties  of  the  medium  are  determined.  The  importance  of  this 
problem  in  locating  oil  and  mineral  deposits  should  be  evident. 

The  above  definition  is  vague  because  the  problem  can  be 
specialized  in  many  different  ways.  The  experiment  may  take  place 
entirely  on  land ,  in  which  case  the  medium  response  is  measured  by 
seismometers  as  the  (particle)  displacement,  velocity,  or  acceleration  at 
a  given  point.  Alternately,  the  experiment  may  take  place  at  sea,  in 
which  case  the  medium  being  probed  is  the  sea  bottom ,  and  the  medium 
response  is  measured  by  hydrophones  as  the  pressure  in  the  ocean  water. 
The  medium  itself  may  be  assumed  to  consist  of  homogeneous  layers  of 
varying  thicknesses,  horizontally  stratified,  or  lateral  variation  in  medium 
properties  may  be  permitted.  The  medium  may  support  the  propagation 
of  elastic  (P  and  S)  waves,  or  of  acoustic  (P)  waves  only. 

A  particular  case  of  the  inverse  seismic  problem  that  has  been  the 
focus  of  considerable  attention  in  recent  years  is  the  case  where  the 
medium  is  parametrized  by  profiles  of  local  density  c(z)  and  local 
acoustic  wave  speed  c(z) ,  and  these  two  quantities  vary  continuously 


with  depth.  Since  any  medium  discontinuity  likely  to  occur  in  the  real 
world  could  be  modelled  by  a  fast-changing  continuous  function,  this 
is  in  a  sense  the  most  general  case  of  a  one- dimensional  acoustic  medium. 
In  addition,  the  difficulty  of  the  general  problem  necessitates  some 
simplifying  assumptions:  this  case  (henceforth  referred  to  as  the 
"1-D  problem")  is  specialized  enough  to  admit  an  exact  (in  principle) 
anal3dic  solution,  while  still  being  general  enough  to  be  of  some  practical 
use. 

Starting  with  the  landmark  paper  of  Ware  and  Aki  (1969),  solutions 
to  the  1-D  problem  have  generally  employed  a  mathematical  physics 
approach.  This  is  because  the  basic  acoustic  and  stress-strain 
equations  of  the  1-D  problem  may  be  transformed  into  a  Schrodinger 
equation,  to  which  exact  inverse  scattering  solutions  are  already  known 
(See  Section  3.2,2).  However,  these  solutions  require  the  solution  of 
a  Marchenko  integral  equation,  which  is  computationally  unattractive  since 
the  amount  of  computation  involved  for  a  discretization  of  order  N  is 

3 

0(N  ).  In  addition,  the  medium  parameter  profiles  are  required  to  be 
twice  differentiable. 

In  searching  for  computationally  faster  ways  of  solving  the  1-D 
problem ,  the  general  inverse  scattering  problem  concept  of  layer¬ 
stripping  suggests  itself.  A  layer-stripping  algorithm  applied  to  the 
1-D  problem  works  conceptually  as  follows.  The  basic  equations  for  the 
1-D  problem  are  transformed  into  a  coupled  set  of  partial  differential 
equations  which  describe  the  propagation  of  up-  and  down-going  waves  as 
they  interact  with  the  medium  and  with  each  other.  If  the  downgoing 
wave  is  assumed  to  contain  a  leading  impulse  (representing  an  explosive 
source),  then  the  first  reflection  of  this  impulse  into  the  upgoing  wave 


at  a  given  depth  reveals  information  about  the  medium  at  that  depth. 

This  information  is  then  used  to  propagate  the  waves  downward,  where 

information  about  the  medium  at  this  (lower)  depth  is  obtained. 

Proceeding  recursively  in  this  manner,  differential  layers  of  the  medium 

are  "peeled  away"  as  the  algorithm  penetrates  deeper  and  deeper. 

Mathematical  details  of  this  procedure  are  given  in  Chapter  II;  the 

physical  interpretation  of  the  workings  of  such  an  algorithm  should  be 

quite  apparent.  The  advantage  of  such  an  algorithm  is  that  it  requires 
2 

only  0(N  )  computation — a  considerable  savings. 

2 

How  can  the  layer-stripping  algorithm  get  by  with  0(N  )  computation? 
Details  are  given  in  Chapter  II  and  are  too  complicated  to  recount  here ,  but 
the  special  structure  (identity-plus-Hankel  kernel)  of  the  Marchenko 
integral  equation  allows  a  fast  algorithm  solution  to  the  discretized  version 
of  this  equation  in  the  same  manner  that  the  special  structure  of  a  Toeplitz 
matrix  allows  a  fast  algorithm  solution  to  a  Toeplitz  system  of  equations  by 
the  Levinson  algorithm.  In  fact,  the  layer- stripping  algorithm  consists  in 
part  of  a  continuous-parameter  version  of  the  fast  Cholesky  algorithm 
encountered  in  studying  the  factorization  of  Toeplitz  matrices ,  and  there 
is  a  close  relationship  between  this  algorithm  and  the  Levinson  algorithm. 

Thus,  layer-stripping  is  more  than  just  a  technique  for  solving 
inverse  scattering  problems.  In  addition  to  admitting  an  unusually  vivid 
physical  interpretation  of  its  operation,  it  ties  in  quite  readily  with 
factorization  of  matrices  and  solutions  of  integral  equations  whose  kernels 
have  specific  forms.  This  in  turn  is  related  to  the  capacity  of  this 
procedure  to  exploit  these  forms  to  generate  faster  and  simpler  algorithms 
for  solving  these  inverse  scattering  problems.  This  suggests  that  layer¬ 
stripping  might  be  a  powerful  technique  to  bring  to  bear  on  various 


inverse  seismic  problems — more  so  than  has  generally  been  recognized. 

The  subject  of  this  thesis  is  the  theoretical  development  of  the 
layer- stripping  methodologfy ,  and  the  application  of  layer-stripping 
methods  to  a  wider  variety  of  inverse  seismic  problems  than  has  been 
dealt  with  so  far.  Among  the  major  problems  considered  are: 

(1)  The  "offset"  problem  in  which  the  medium  is  probed 
with  impulsive  plane  pressure  waves  at  non-normal 
incidence.  This  allows  the  recovery  of  density  and 
wave  speed  profiles  separately  as  functions  of  depth , 
which  is  not  possible  for  the  1-D  problem  described 
above ; 

(2)  The  "point-source"  problem  in  which  the  medium  is 
probed  with  spherical  waves  emanating  from  an 
impulsive  point  source,  or  from  a  point  harmonic 
source.  This  is  a  situation  far  more  likely  to  be 
encountered  in  practice  than  infinite  plane  waves, 
which  must  be  simulated  by  stacking  data; 

(3)  The  "elastic"  problem  in  which  the  medium  supports 
the  propagation  of  both  P  and  S  waves,  with  continual 
interconversion  between  the  two  types  of  waves.  The 
goal  is  to  recover  profiles  of  the  Lamd’  parameters 
A(2)  and  y(z)  as  well  as  the  density  p(z) ; 

(4)  Higher-dimensional  problems  in  which  lateral  variations 
of  density  and  wave  speed  are  allowed,  viz.  p(x,z) 
and  c(x,z). 

The  goal  of  this  thesis  is  not  merely  to  obtain  algorithms  that 
solve  these  problems,  but  to  interpret  these  algorithms  physically  and 


relate  them  to  past  work  done  in  solving  these  problems,  insofar  as 
possible.  It  is  also  noted  how  the  various  algorithms  generalize  from 
one  problem  to  another,  pointing  out  mathematical  similarities  in  the 
problems  themselves  that  may  not  be  immediately  apparent. 


Comparison  with  Other  Inversion  Methods 

The  inversion  algorithms  given  in  this  thesis  are  all  amplitude-based 
procedures ,  since  the  amplitude  of  the  measured  medium  response  is 
used  to  reconstruct  the  medium.  ("Amplitude"  here  refers  to  the 
amplitude  and  phase  of  the  reflection  response.)  Ths  is  in  contrast  to 
travel  time  inversion  methods,  which  use  only  the  arrival  times  of  various 
modes  or  converted  waves.  It  should  be  noted  that  travel  time  inversion 
methods  such  as  the  Herglotz-Wiechert  formula  (Aki  and  Richards, 

1980)  generally  have  difficulty  with  low-velocity  zones  in  the  medium , 
require  the  assumption  of  geometrical  seismics  (i.e. ,  high  frequencies), 
and  are  unable  to  reconstruct  the  density  of  the  medium.  None  of 
these  difficulties  applies  to  the  layer  stripping  inversion  procedures  given 
in  this  thesis. 

However ,  the  requirement  of  measuring  the  amplitude  of  the 
reflection  response  introduces  noise  into  the  inversion  problem .  In 
Chapter  V ,  some  study  is  made  of  the  behavior  of  the  offset  problem 
layer  stripping  algorithms  of  Chapter  IV  in  the  presence  of  noise.  The 
results  of  this  study  show  that  the  algorithms  work  well  in  the  presence 
of  small  amounts  of  additive  noise ,  but  break  down  at  some  depth  for 
higher  noise  levels.  This  is  due  in  part  to  the  poor  conditioning  of  the 
inverse  problem  at  this  depth,  and  does  not  reflect  an  inherent  fault  in 
the  algorithms  themselves,  as  is  commonly  believed.  This  issue  is 


discussed  in  more  detail  in  Chapter  V. 


The  presence  of  a  significant  amount  of  noise  in  the  data  suggests 
the  use  of  deconvolution  methods  in  which  the  medium  is  modelled  as 
an  autoregressive  (AR)  filter.  In  using  this  approach,  it  is  necessary 
to  assume  that  the  medium  reflection  coefficients  constitute  a  white 
(i.e.  ,  completely  uncorrelated)  random  process,  which  is  tantamount 
to  neglecting  all  multiple  reflections  within  the  medium.  Thus 
deconvolution  methods  are  inherently  inexact.  Further,  Lash  (1982) 
reports  that  multiple  reflections  can  constitute  a  significant  part  of  the 
reflection  response,  particularly  for  sedimentary,  layered  media. 

This  last  point  is  particularly  important,  since  sedimentary, 
layered  media  constitute  a  likely  milieu  for  deposits  of  petroleum. 
Petroleum  deposits  tend  to  be  found  in  "traps"  about  half  a  square  mile 
in  extent  and  about  four  miles  deep.  Such  traps  tend  to  arise  in 
layered  media  generally  formed  by  sedimentary  processes.  Since 
searching  for  these  traps  by  inverse  seismic  methods  is  of  great 
interest  to  oil  companies,  the  relevance  of  the  approach  used  in  this 
thesis  should  be  evident. 

1.2  Literature  Survey 

Details  of  past  work  done  on  each  of  the  problems  considered  in 
this  thesis  are  given  in  the  introductions  to  each  chapter.  In  this 
section,  the  most  important  references  are  collected  and  summarized. 

Application  of  the  Layer- St  rip  ping  Principle 

The  concept  of  layer  stripping  has  been  developed  only  recently, 
and  not  many  references  are  available  on  the  application  of  this  concept 
to  inverse  scattering  problems.  Although  the  concept  of  dynamic 


deconvolution  (e.g.,  Robinson,  1982)  can  be  considered  to  be  a 
precursor  to  the  results  of  application  of  the  layer-stripping  idea, 
application  of  the  layer-stripping  concept  itself  has  occurred  only 
recently. 

Bruckstein  et  al.  (1983)  is  a  good  survey  paper  on  the  concept  and 
its  relations  to  other  means  of  solving  inverse  scattering  problems, 
i.e.  ,  integral  equations.  Chapter  II  of  this  thesis  contains  most  of 
the  important  ideas  of  this  paper,  with  more  emphasis  on  applications. 
Symes  (1981),  Santosa  and  Schwetlick  (1982),  Symes  and  Zimmerman 
(1982),  and  Bube  and  Burridge  (1983)  have  all  applied  layer  stripping 
ideas  to  the  1-D  problem  at  normal  incidence,  and  the  latter  two  report 
satisfying  results  for  numerical  tests  on  synthetic  data.  Corones  et 
al.  (1983)  used  the  time-domain  version  of  a  Riccati  equation  as  an 
invariant  embedding  equation,  which  can  be  considered  to  be  a  layer 
stripping  approach.  This  also  solved  the  one-dimensional  problem  at 
normal  incidence. 

Carrion  (1983)  has  recently  applied  layer  stripping  ideas  to  the 
one-dimensional  problem  at  non-normal  incidence  (i.e.  ,  the  "offset" 
problem).  However,  Carrion's  procedure  is  much  more  complicated  than 
the  alogrithm  specified  in  Chapter  IV ,  and  lacks  the  physical 
interpretability  of  that  algorithm.  Carrion's  procedure  is  also  not 
easily  related  to  layer  stripping  algorithms  for  the  one-dimensional 
problem  at  normal  incidence ,  and  does  not  generalize  to  algorithms  for 
the  elastic  problem  and  higher-dimensional  problems,  as  does  the 
algorithm  of  Chapter  IV. 

Similar  objections  apply  to  the  layer  stripping  algorithm  given  in 
Clarke  (1984)  for  the  elastic  problem.  In  particular,  the  medium 


parameter  updates  are  far  too  complicated  to  consider  this  algorithm 
a  "fast"  algorithm.  Although  Clarke's  (1984)  algorithm,  unlike  the 
algorithm  given  in  Chapter  VI ,  does  in  principle  furnish  an  exact 
solution  for  a  discrete  medium  (i.e. ,  a  medium  whose  properties  change 
sharply  at  each  interface  between  layers),  the  numerical  results 
presented  in  Chapter  VI  indicate  that  the  more  complicated  discrete 
medium  updates  may  not  be  worth  the  added  computation  time  they  require 

Mendel  and  Habibi-Ashrafi  (1980)  and  Habibi-Ashrafi  and  Mendel 
(1982)  have  utilized  the  principle  of  layer  stripping  in  a  somewhat 
different  manner  from  the  approach  taken  in  this  thesis.  Their  approach 
is  to  perform  a  maximum-likelihood  estimation  of  the  time  and  strength 
of  each  primary  reflection,  using  a  matched  filter  and  a  transversal 
equalizing  filter,  and  then  use  this  data  to  propagate  the  waves  downward 
This  a  posteriori  approach  is  in  contrast  to  the  a  priori  approach  used 
in  this  thesis.  Although  it  is  more  complex  and  time-consuming,  it 
may  well  work  better  on  noisy  data.  Shiva  and  Mendel  (1983)  apply 
this  approach  to  the  elastic  problem,  but  as  in  Clarke  (1984)  the  use 
of  discrete  medium  updates  results  in  a  very  complicated  procedure . 

The  One-Dimensional  Problem  at  Normal  Incidence 

The  landmark  paper  of  Ware  and  Aid  (1969)  stimulated  interest 
in  the  1-D  problem ,  in  which  an  infinite  impulsive  plane  pressure  wave 
is  normally  incident  on  a  medium  supporting  the  propagation  of  acoustic 
(sound)  waves  and  having  depth-dependent  density  p(z)  and  wave 
speed  c(z).  By  suitable  transformations  (see  Chapter  III),  the  basic 
acoustic  and  stress-strain  equations  of  the  1-D  problem  are  transformed 
into  a  Schrodinger  equation.  The  inverse  scattering  problem  for  a 


Schrodinger  equation  is  well  known  both  in  mathematical  physics  and  in 
inverse  scattering  theory ,  and  its  solution  requires  the  solution  of 
a  Marchenko  integral  equation,  as  discussed  in  Chapter  II.  This 
approach,  which  may  be  termed  the  "classical"  approach  to  the  1-D 
problem,  has  been  employed  by  many  authors. 

The  result  of  solving  the  1-D  problem  is  the  impedance  pc(t) 
as  a  function  of  travel  time  t-  Gerver  (1970)  showed  that  the 
impedance  is  all  that  can  be  reconstructed  for  an  excitation  by  plane 
waves  at  normal  incidence,  and  that  the  reconstruction  is  unique, 
subject  to  mild  assumptions. 

Other  methods  for  solving  the  1-D  problem  have  been  Hven  by 
Burridge  (1980),  who  derives  the  Marchenko  integral  equation  and 
several  related  integral  equations  directly  in  the  time  domain,  bypassing 
the  Schrodinger  equation  formulation.  Gray  (1983)  derives  a 
Marchenko  equation  directly  in  terms  of  a  reflectivity  function  r(T), 
bypassing  the  Schrodinger  potential.  This  allows  discontinuities  in  r(T) 
and  requires  only  that  the  impedance  be  continuous,  unlike  the 
Schrodinger  formulation  for  which  the  impedance  must  be  twice 
differentiable.  The  excellent  review  paper  by  Newton  (1981) 
summarizes  several  different  ways  of  solving  the  1-D  problem. 

The  discrete  version  of  the  1-D  problem  consists  of  a  layered 
medium  being  probed  by  a  discrete  impulsive  plane  wave.  The  layered 
medium  is  assumed  to  be  composed  of  horizontally  stratified  homogeneous 
layers  whose  thicknesses  are  such  that  the  travel  time  Ax  through  each 
layer  is  the  same.  Then  all  events  (reflections  at  or  transmissions 
through  any  interface,  or  arrivals  at  the  surface)  occur  at  integer 
multiples  of  Ax,  making  the  problem  a  digital  signal  processing  problem. 


This  model  of  the  medium  was  first  proposed  by  Goupillaud  (1961),  and 
is  often  referred  to  in  the  literature  as  a  "Goupillaud  medium."  Analysis 
of  wave  propagation  through  such  a  medium  has  been  performed  in 
Kunetz  (1962),  Berryman  and  Greene  (1980),  Aki  and  Richards  (1980), 
and  Robinson  (1982),  among  others,  and  it  is  shown  that  the  impedance 
of  the  layers  may  be  recovered  by  solving  an  identity-plus- Hankel 
system  of  equations.  It  is  shown  further  in  the  above  references  that 
this  system  can  be  solved  by  a  fast,  Levinson-like  algorithm  that 
exploits  the  structure  of  the  system  matrix.  Berryman  and  Greene 
(1980)  showed  that  discretizations  of  the  Marchenko  integral  equation 
and  the  Schrodinger  equation  lead  to  the  same  identity-plus- Hankel 
system ,  so  that  discretization  of  the  medium  is  equivalent  to 
discretization  of  the  equations. 

The  Offset  and  Point-Source  Problems 

The  offset  problem  is  a  variation  on  the  1-D  problem  described  above 
in  that  the  probing  impulsive  plane  wave  is  not  incident  normally  on 
the  medium ,  but  arrives  at  the  top  of  the  medium  at  a  slant  or 
offset  (see  Figure  4.1).  Although  the  density  and  wave  speed  are  still 
functions  of  depth  only,  the  medium  itself  is  now  assumed  to  be  two- 
dimensional  in  extent — the  waves  no  longer  propagate  only  sdong  a 
single  vertical  ray  path.  Since  the  offset  experiment  may  be  performed 
at  two  different  angles  of  incidence ,  resulting  in  two  different  ray 
paths  through  the  medium,  the  density  and  wave  speed  profiles  p(z) 
and  c(z)  can  be  recovered  separately  as  functions  of  depth.  This  is 
unlike  the  1-D  experiment,  for  which  only  the  impedance  as  a  function 


of  travel  time  pc(t)  can  be  recovered. 


The  offset  problem  was  first  analyzed  by  Ware  (1969) ,  who  showed 
how  it  could  be  transformed  into  a  1-D  problem  parametrized  by  the 
angle  of  incidence.  Coen  (1981)  used  a  different  transformation  to 
obtain  a  Schrodinger  equation  which,  upon  solution  of  a  Marchenko 
integral  equation,  yields  the  index  of  refraction.  Coen's  procedure 
requires  the  solution  of  two  Marchenko  integral  equations  (one  for 
each  experiment)  and  some  algebra  to  recover  p(z)  and  c(z). 

Howard  (1983)  gives  stUl  another  procedure  that  results  in  a 
matrix  Marchenko  integral  equation.  The  profiles  p(z)  and  c(z)  are 
then  recovered  using  a  rather  messy  reconstruction  procedure.  Although 
Howard  uses  the  transformation  into  upgoing  and  downgoing  waves  used 
in  Chapter  IV,  his  procedure  is  not  at  all  well  suited  for  computation. 

In  the  point- source  problem  the  medium  is  probed  with  spherical 
impulsive  waves  emanating  from  a  single  point  source.  This  is  a  more 
realistic  set-up  than  supposing  an  infinite  plane  wave  which  cannot 
exist  in  the  real  world  and  must  be  simulated  by  stacking  data. 

Although  transformations  between  plane  waves  (actually  cylindrical 
waves)  and  spherical  waves  are  well  known  (e.g.  ,  the  Sommerfeld 
integral;  see  Aki  and  Richards,  1980),  surprisingly  little  work  has  been 
done  on  the  inverse  problem  with  a  point-source  excitation. 

Coen  (1982)  uses  the  Hankel  transform  of  order  zero  to  transform 
the  point  source  problem  to  the  offset  problem.  A  Hankel  transform  must 
be  performed  on  the  original  data  (vertical  particle  velocity  at  the 
surface),  and  Coen  notes  that  this  can  be  interpreted  as  a  Radon 
transform.  However,  the  resulting  (synthetic)  offset  problem  may 
involve  an  impulsive  plane  wave  incident  at  a  post-critical  angle ,  which 
must  be  dealt  with  in  a  manner  different  from  that  of  the  case  of 


pre- critical  incidence. 

Coen  (1982)  and  Stickler  (1983)  consider  the  inverse  problem  in 
which  the  medium  is  excited  by  a  point  harmonic  sovirce.  By  performing 
this  experiment  at  two  different  source  frequencies,  the  profiles  P(z) 
and  c(z)  are  recovered  separately.  Coen  posits  an  experiment  run  on 
land,  obtains  a  Schrodinger-Uke  equation,  and  requires  the  solution  of 
two  Marchenko  integral  equations.  Stickler  posits  an  experiment  run  at 
sea,  and  requires  the  solution  of  a  Schrodinger  equation  inverse 
potential  problem  by  trace  methods. 

The  Elastic  Problem 

The  elastic  problem  is  a  variation  on  the  offset  problem  in  which  the 
medium  is  now  assumed  to  support  the  propagation  of  both  P  waves 
and  S  waves.  This  is  a  more  realistic  assumption  for  the  earth  than 
the  assumption  of  acoustic  (P)  wave  propagation  only,  which  is 
tantamount  to  treating  the  earth  as  a  fluid.  The  problem  is  difficult 
in  that  the  two  wave  types  are  being  continually  interconverted  as  they 
propagate  through  an  inhomogeneous  medium.  The  goal  of  the  elastic 
problem  is  recovery  of  profiles  of  the  Lame  parameters  A(z)  and  y(z), 
and  the  density  p(z). 

Previous  work  on  this  problem  has  yielded  methods  of  solution 
that  are  computationally  arduous  to  implement.  Blagoveschenskii  (1967) 
exhibited  several  integral  equations  whose  solutions  yielded  the 
parameter  profiles,  and  by  combining  the  Gel’ fand- Levitan  inverse 
scattering  procedure  with  the  solution  of  a  Volterra-type  equation, 

Carroll  and  Santosa  (1982)  were  able  to  recover  the  parameter  profiles 
more  simply.  Baker  (1982)  solved  the  related  problem  of 
reconstructing  radially-varying  parameters  by  using  spherical  harmonics 


} 


and  Marchenko  integral  equations. 

Kennett  and  Illingworth  (1981)  gave  a  very  complicated  procedure 
involving  approximations  by  Airy  functions  and  propagator  matrices, 
which  "propagate"  displacements  and  stresses  from  one  depth  to  another 
as  a  state  transition  matrix  propagates  the  state  of  a  system  from  one 
time  to  another.  Frasier  (1969)  gave  a  treatment  of  the  discrete 
elastic  problem  analogous  to  Berryman  and  Greene's  (1980)  treatment  of 
the  1-D  problem,  although  the  different  wave  speeds  of  P  and  S  waves 
cause  problems  in  defining  a  Goupillaud  medium  model. 

In  summary,  none  of  the  methods  brought  to  bear  on  the  elastic 
problem  so  far  can  be  considered  to  be  attractive  from  a  practical, 
computational  perspective. 

Higher  Dimensional  Problems 

Very  little  work  has  been  done  in  obtaining  exact  solutions  to 
higher-dimensional  inverse  seismic  problems,  in  which  the  density  P(x,z) 
and  wave  speed  c(x,z)  are  allowed  to  vary  laterally  as  well  as  with 
depth.  The  most  commonly  used  approach  is  migration,  in  which  an 
observed  wave  field  is  back-propagated  into  the  medium  to  determine 
its  strength  at  the  point  of  reflection,  3delding  the  reflection  coefficient 
at  that  point.  This  is  effective  if  the  medium  consists  of  a  few  large 
homogeneous  regions ,  with  variation  only  at  a  few  (non-horizontal) 
interfaces.  Tomographic  approaches  employing  the  Born  (weak  scattering) 
approximation  are  useful  only  if  the  wave  speed  has  little  variation. 
Neither  of  these  approaches  can  reconstruct  density  or  account  for 
multiple  reflections. 

Newton  (1980)  has  extended  the  Gel’ fand- Levitan  potential 


reconstruction  procedure  to  general  3-D  media.  However ,  this  result  has 


proven  to  be  of  limited  use  in  solving  higher- dimensional  seismic 
problems. 

1.  3  Contributions  of  Thesis 

The  major  contribution  of  this  thesis  is  the  demonstration  that  layer 
stripping  principles  can  be  applied  to  a  much  wider  variety  of  inverse 
seismic  problems  than  has  generally  been  realized.  Other  contributions 
include  the  numerical  demonstration  that  the  new  algorithms  do  in  fact 
work  on  synthetically  generated  data,  and  that  the  offset  problem 
algorithm  works  on  slightly  noisy  data  as  well. 

The  material  of  Chapter  II  is  a  synthesis  of  the  major  results  of 
Bruckstein  et  al.  (1983)  and  Yagle  and  Levy  (1984a).  The  results  on 
inverse  scattering  for  asymmetric  two-component  wave  systems,  and  on 
recovery  of  the  potential  of  a  Schrodinger  equation  by  conversion  to  a 
symmetric  two-component  wave  system  (Section  2.3.5)  have  not  previously 
appeared  in  the  literature  (save  for  Yagle  and  Levy,  1984a),  although 
Jaulent  (1982)  used  an  approach  similar  to  the  former  to  solve  the 
inverse  problem  for  a  lossy  non-uniform  transmission  Une. 

The  material  covered  in  Chapter  III  is  a  compendium  of  results  from 
a  variety  of  sources,  including  Ware  and  Aki  (1969),  Berryman  and 
Greene  (1980),  Robinson  (1982),  Bube  and  Burridge  (1983),  and  Yagle 
and  Levy  (1984b).  The  results  on  the  use  of  the  continuous-parameter 
fast  Cholesky  algorithm  to  reconstruct  a  continuous  layered  medium  were 
obtained  concurrently  with  and  independently  of  the  work  of  Bruckstein 
et  al.  (1983)  and  Bube  and  Burridge  (1983).  The  Schur  and  dynamic 
deconvolution  algorithms  for  reconstructing  a  continuous  medium  seem  to 
be  new  to  the  literature,  although  they  are  only  a  trivial  generalization 


of  the  discrete  medium  results.  However,  Chapter  III  does  do  an 
excellent  job  of  linking  together  the  various  approaches  to  solving  the 
one-dimensional  normal  incidence  inverse  problem ,  and  of  showing  the 
dual  nature  of  the  layer  stripping  and  integral  equation /matrix  equation 
methods  for  both  continuous  and  discrete  layered  media. 

The  layer  stripping  algorithms  of  Chapter  IV  are  all  new,  with  the 
continuous  medium  algorithms  for  plane  wave  and  point  source  excitations 
having  appeared  in  Yagle  and  Levy  (1984b).  The  material  of  Sections 
4.2.1.,  4.3.1,  and  4.4.1  on  integral  equations  solutions,  Hankel  and 
Radon  transforms,  and  turning  points,  respectively,  is  necessary 
foundation  material  taken  from  a  variety  of  sources  (see  references  for 
Chapter  IV). 

Chapter  V  consists  of  a  variety  of  modifications  to  the  algorithms 
of  Chapter  IV,  and  numerical  tests  of  the  various  algorithms  on 
synthetically- generated  data.  The  discussion  of  forward  and  backward 
stability  is  due  to  Stewart  (1973),  and  the  condition  number  threshold 
modification  is  adapted  from  Bruckstein  et  al.  (1984).  The  modification 
of  using  a  least-squares  fit  to  compute  the  updates  at  each  depth, 
the  lossy  medium  algorithm ,  and  all  of  the  numerical  results  and 
observations  are  new. 

All  of  the  results  of  Chapter  VI  (save  for  the  contents  of  Section 
6.3.3,  which  are  taken  from  Frasier,  1969)  are  new.  The  contents  of 
Sections  6.2  and  6.4  appear  in  Yagle  and  Levy  (1985).  It  should  be 
noted  that  the  4x4  system  matrix  for  upgoing  and  downgoing  waves  in 
inhomogeneous  media  has  been  derived  in  several  papers  by  B.L.N. 
Kennett .  e.g.  ,  Kennett  and  Illingworth  (1981). 

In  Chapter  VII  two  different  inverse  problems  are  treated,  since 


they  are  mathematically  analogous.  This  analogy  seems  to  have  gone 
unnoticed  previously.  The  fast  algorithms  for  solving  the  two 
formulations  of  the  inverse  problem  with  a  point  harmonic  source  are 
new,  and  they  appear  in  Yagle  and  Levy  (1984c).  The  results  on  the 
inverse  resistivity  problem  are  taken  from  Levy  (1984). 

In  Chapter  VIII  the  layer  stripping  approach  is  applied  to  higher¬ 
dimensional  inverse  seismic  problems ,  in  which  the  density  and  wave 
speed  vary  laterally  as  weU  as  with  depth  (viz.  p(x,z)  and  c(x,z)). 

All  of  the  results  in  this  chapter  are  new.  The  results  of  Sections  8.2 
and  8.4  have  appeared  in  Yagle  (1983). 

In  this  section  the  contributions  of  and  new  resiilts  in  this  thesis 
have  been  summarized.  In  the  process,  an  overview  of  the  thesis  as  a 
whole  has  been  given.  Since  the  major  contribution  of  this  thesis  is 
the  application  of  the  layer  stripping  concept  to  a  wide  variety  of 
inverse  seismic  problems,  considerable  attention  is  paid  throughout  the 
thesis  to  analogies  between  various  problems  and  solutions ,  and  to  ways 
in  which  solutions  to  one  problem  generalize  to  those  of  another.  In 
the  next  chapter  a  foundation  for  all  of  this  is  laid  by  discussing  the 
concept  of  layer  stripping  itself,  the  ways  in  which  it  may  be  used  to 
solve  various  types  of  inverse  scattering  problems ,  and  the  ways  in 
which  these  methods  are  mathematically  dual  to  the  usual,  integral- 
equation-based  methods  of  solving  these  problems. 


REFERENCES  FOR  CHAPTER  I 


K.  Aki  and  P.G.  Richards,  Quantitative  Seismology,  Theory  and  Methods, 
W.H.  Freeman  and  Co.,  San  Francisco,  1980. 

G.A.  Baker,  "Solutions  of  an  Inverse  Elastic-Wave  Scattering  Problem," 

J.  Acoust.  Soc.  Am.  71,  785-789  (1982). 

J.  Berryman  and  R.  Greene,  "Discrete  Inverse  Methods  for  Elastic  Waves 
in  Layered  Media,"  Geophys.  45(2),  213-233  (1980). 

A.S.  Blagoveshchenskii ,  "The  Inverse  Problem  in  the  Theory  of 
Seismic  Wave  Propagation,"  in  Topics  in  Mathematical  Physics  v.l, 
pp.  55-67,  ed.  by  M.S.  Birman,  Consultants  Bureau,  N.Y.,  1967. 

A.  Bruckstein,  B.  Levy  and  T.  Kailath,  "Differential  Methods  in 
Inverse  Scattering,"  Tech.  Report,  Information  Systems  Laboratory, 
Stanford  University  (1983),  to  appear  in  SIAM  J.  Applied  Math. 

A.M.  Bruckstein,  I.  Koltracht ,  and  T.  Kailath,  "Inverse  Scattering  with 
Noisy  Data,"  Tech.  Report,  Information  Systems  Laboratory,  Stanford 
University  ( 1984) . 

K. P.  Bube  and  R.  Burridge,  "The  One-Dimensional  Inverse  Problem  of 
Reflection  Seismology,"  SIAM  Review  25(4),  497-559  (1983). 

R.  Burridge,  "The  Gelfand-Levitan ,  the  Marchenko  and  the  Gopinath- 
Sondhi  Integral  Equations  of  Inverse  Scattering  Theory  Regarded  in  the 
Context  of  Inverse  Impulse  Response  Problems,"  Wave  Motion  2,  305-323 
(1980). 

P.M.  Carrion,  "Computation  of  Velocity  and  Density  Profiles  of  Acoustic 
Media  with  Vertical  Inhomogeneities  Using  the  Method  of  Characteristics 
Applied  to  the  Slant  Stacked  Data,"  Tech.  Report,  Aldridge  Laboratory 
of  AppUed  Geophysics,  Columbia  University,  1983. 

R.  Carroll  and  F.  Santosa,  "On  the  Complete  Recovery  of  Geophysical 
Data,"  Math.  Meth.  in  the  Appl.  Sci.  4,  33-73  (1982). 

T.J.  Clarke,  "Full  Reconstruction  of  a  Layered  Elastic  Medium  from 
P-SV  Slant-Stack  Data,"  Geophys.  J.R.  astr.  Soc.  78(3),  775-793  (1984). 

S .  Coen ,  "Density  and  Compressibility  Profiles  of  a  Layered  Acoustic 
Medium  from  Precritical  Incidence  Data,"  Geophys.  46(9),  1244-1246  (1981). 

S.  Coen,  "Velocity  and  Density  Profiles  of  a  Layered  Acoustic  Medium 
from  Common  Source-Point  Data,"  Geophys.  47(6),  898-905  (1982). 


J.P.  Corones ,  M.E.  Davison,  and  R.J.  Krueger,  "Direct  and  Inverse 
Scattering  in  the  Time  Domain  via  Invariant  Imbedding  Equations,"  J. 


Acoust.  Soc.  Am.  74(5),  1535-1541  (1983). 

C.W.  Frasier,  "Discrete-Time  Solution  of  Plane  P-SV  Waves  in  a  Plane 
Layered  Medium,"  Ph.D.  Thesis,  Dept,  of  Earth  and  Planetary  Sciences, 
MIT.  May  1969. 

M.L.  Gerver,  "The  Inverse  Problem  for  the  One-Dimensional  Wave 
Equation,"  Geophys.  J.R.  astr.  Soc.  21,  337-357  (1970). 

P.  Goupillaud,  "An  Approach  to  Inverse  Filtering  of  Near-Surface  Layer 
Effects  from  Seismic  Records,"  Geophys.  26(6),  754-760  (1961). 

S.  Gray,  "Inverse  Scattering  for  the  Reflectivity  Function,"  J.  Math. 
Phys.  24(5),  1148-1151  (1983). 

F.  Habibi-Ashrafi  and  J.  Mendel,  "Estimation  of  Parameters  in  Lossless 
Layered  Media  Systems,"  IEEE  Trans.  A.C.  AC-27(1),  31-48  (1982). 

M.  Howard,  "Inverse  Scattering  for  a  Layered  Acoustic  Medium  Using 
the  First-Order  Equations  of  Motion,"  Geophys.  48(2),  163-170  (1983). 

M.  Jaulent ,  "The  Inverse  Scattering  Problem  for  LCRG  Transmission 
Lines."  J.  Math.  Physics  23(12),  2286-2290  (1982). 

B. L.N.  Kennett  and  M.R.  Illingworth,  "Seismic  Waves  in  a  Stratified 
Half  Sapce,  Part  III.  Piecewise  Smooth  Models,"  Geophys.  J.R.  astr. 

Soc.  66,  633-675  (1981). 

G.  Kunetz  and  I.  d'Erceville,  "Sur  Certaines  Propriet^s  d'une  Onde 
Plane  de  Compression  dans  un  Milieu  Stratifid',"  Ann.  Geophysique  18, 
351-359  (1962). 

C. C.  Lash,  "Investigation  of  Multiple  Reflections  and  Wave  Conversion 
by  Means  of  a  Vertical  Wave  Test  in  Southern  Mississippi,"  Geophysics 
47(7),  977-1000  (1982). 

B.  Levy,  "Layer  by  Layer  Reconstruction  Methods  for  the  Earth 
Resistivity  from  Direct  Current  Measurements,"  Tech.  Report  #  LIDS- 
P-1388,  Laboratory  for  Information  and  Decision  Systems,  MIT,  1984. 

J.  Mendel  and  F.  Habibi-Ashrafi,  "A  Survey  of  Approaches  to  Solving 
Inverse  Problems  for  Lossless  Layered  Media  Systems,"  IEEE  Trans. 
Geoscience  and  Remote  Sensing  GE-18(4),  320-330  (1980). 

R.G.  Newton,  "Inverse  Scattering.  II.  Three  Dimensions,"  J.  Math. 
Physics  21(7),  1698-1715  (1980). 

R.  Newton,  "Inversion  of  Reflection  Data  for  Layered  Media:  A  Review 
of  Exact  Methods,"  Geophys.  J.R.  astr.  Soc.  65,  191-215  (1981). 

E.A.  Robinson,  "Spectral  Approach  to  Geophysical  Inversion  by  Lorentz 
Fourier,  and  Radon  Transforms,"  Proc.  IEEE  70,  1039-1054  (1982). 


F,  Santosa  and  H.  Schwetlick,  "The  Inversion  of  Acoustical  Impedance 
Profile  by  Method  of  Characteristics,"  Wave  Motion  4,  99-110  (1982). 

M.  Shiva  and  J.  M.  Mendel,  "Non-Normal  Incidence  Inversion;  Existence 
of  Solution,"  Geophysical  Prospecting  31,  888-914  (1983). 

G.  Stewart,  Introduction  to  Matrix  Computations,  Academic  Press,  NY, 
1973. 

D.  Stickler,  "Inverse  Scattering  in  a  Stratified  Medium,"  J.  Acoust. 

Soc.  Am.  74(3),  994-1005  (1983). 

W.  Symes,  "Stable  Solution  of  the  Inverse  Reflection  Problem  for  a 
Smoothly  Stratified  Medium,"  SIAM  J.  Math.  Anal.  12(3),  421-453  (1981). 

W.  Symes  and  G.  Zimmerman,  "Experiments  in  Impedance  Profile  Inversion 
Using  Noisy  and  Band-Limited  Data,"  Amoco  Production  Co.  Research 
Report  No.  F82-C-3  (1982). 

J.  Ware,  "Scattering  and  Inverse  Scattering  Problems  in  a  Continuously- 
Varying  Elastic  Medium,"  Ph.D.  Thesis,  Dept,  of  Earth  and  Planetary 
Sciences,  MIT,  Aug.  1969. 

J.  Ware  and  K.  Aki,  "Continuous  and  Discrete  Inverse-Scattering 
Problems  in  a  Stratified  Elastic  Medium,  Part  I:  Plane  Waves  at  Normal 
Incidence,"  J.  Acoust.  Soc.  Am.  45,  911-921  (1969). 

A.  Yagle,  "Notes  on  Layer  Stripping  Solutions  of  Higher  Dimensional 
Inverse  Seismic  Problems,"  Tech.  Report  #  LIDS-P-1347,  Laboratory 
for  Information  and  Decision  Systems,  MIT,  1983, 

A.  Yagle  and  B.  Levy,  "The  Schur  Algorithm  and  its  Applications," 

1984,  to  appear  in  Acta  Applicandae  Mathematicae. 

A,  Yagle  and  B.  Levy,  "Application  of  the  Schur  Algorithm  to  the  Inverse 
Problem  for  a  Layered  Acoustic  Medium,"  J.  Acoust.  Soc.  Am.  76(1), 
301-308  (1984), 


A.  Yagle  and  B.  Levy,  "A  Fast  Algorithm  Solution  of  the  Inverse  Problem 
for  a  Layered  Acoustic  Medium  Probed  by  Spherical  Harmonic  Waves," 

1984,  to  appear  in  J.  Acoust.  Soc.  Am, 

A.  Yagle  and  B.  Levy,  "A  Layer-Stripping  Solution  of  the  Inverse  Problem 
for  a  One-Dimensional  Elastic  Medium,"  to  appear  in  Geophysics  50(3), 

1985. 


CHAPTER  II 


Layer  Stripping  and  Inverse  Scattering  Theory 
2. 1  Introduction 

In  this  chapter  we  collect  a  variety  of  results  on  inverse  scattering 
theory  from  several  sources ,  and  present  a  unified  treatment  of  several 
methods  for  solving  inverse  scattering  problems.  In  particular,  the 
mathematical  concept  of  layer  stripping  (Bruckstein  et  al,  1983)  is 
explained  and  used  to  develop  algorithms  for  solving  inverse  scattering 
problems. 

In  Section  2.2  the  concept  of  an  inverse  scattering  problem  is  quickly 
reviewed,  and  the  symmetric  two-component  wave  system  inverse 
scattering  problem  is  defined.  Most  of  the  inverse  seismic  problems 
dealt  with  in  this  thesis  can  be  cast  into  this  form,  or  into  an  analogous 
form.  Thus  approaches  used  to  solve  this  problem  can  be  (and  will  be) 
used  to  solve  other  problems  in  this  thesis.  The  properties  of  the 
scattering  matrix  are  then  discussed,  with  attention  paid  to  physical 
interpretation  of  these  properties  in  terms  of  conservation  of  energy. 

In  Section  2.3  differential  methods  for  solving  inverse  scattering 
problems  are  derived  and  discussed.  These  methods  utilize  the  concept 
of  layer  stripping,  which  means  that  the  scattering  medium  is 
reconstructed  differentially,  layer  by  layer,  rather  than  all  at  once  in 
a  "batch"  procedure.  The  continuous-parameter  fast  Cholesky,  Schur, 
and  dynamic  deconvolution  algorithms  (which  are  all  different  versions 
of  the  same  algorithm)  are  derived  and  applied  to  the  inverse  scattering 
problem  for  a  lossless  transmission  line.  Next,  a  fast  algorithm  for  the 
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asymmetric  two-component  wave  system  inverse  scattering  problem  is 
derived  and  applied  to  the  inverse  scattering  problem  for  a  lossy 
transmission  line.  Finally,  other  differential  methods  are  derived, 
including  the  misnamed  "method  of  characteristics"  of  Santosa  and 
Schwetlick  (1982),  and  two  methods  for  recovering  the  potential  of  a 
Schrodinger  equation.  These  methods  will  be  used  in  Chapters  VIII 
and  VII,  respectively. 

In  Section  2.4  integral  equation  methods  for  solving  inverse 
scattering  problems  are  derived  and  discussed.  The  Marchenko, 
Gel'fand-Levitan ,  and  Krein  integral  equations  are  all  derived  using  the 
treatment  of  Bruckstein  et  al.  (1983).  The  Krein- Levinson  algorithm, 
a  continuous-parameter  version  of  the  famous  Levinson  algorithm 
for  solving  ToepUtz  systems  of  equations,  is  shown  to  solve  these 
integral  equations.  Finally,  an  approach  due  to  Levy  (1985)  which 
interprets  the  inverse  scattering  problem  as  an  orthogonalization 
problem  is  used  to  again  obtain  the  Marchenko  integral  equation. 

In  Section  2.5  relations  between  differential  and  integral  methods 
are  explored.  In  particular,  the  relation  between  the  fast  Cholesky 
algorithm  (a  differential  method)  and  the  Krein-Levinson  algorithm 
(which  solves  the  integral  equations)  is  discussed.  The  relations  are 
then  illustrated  by  interpreting  the  problem  of  linear  least-squares 
estimation  of  a  stationary  stochastic  process  as  an  inverse  scattering 
problem,  and  solving  it  using  both  algorithms. 

2.2  Inverse  Scattering  Problems 

In  an  inverse  scattering  problem  a  medium  is  probed  with  some  sort 
of  disturbance  (e.g.,  acoustic  or  electromagnetic)  and  the  effect  on  the 


disturbance  (either  the  scattered  field  or  the  transmitted  field ,  or  both) 
is  measured.  From  this  measurement  an  attempt  is  made  to  reconstruct 
the  medium.  Obviously  a  priori  assumptions  about  the  medium  are 
necessary.  For  example,  in  Chapter  IV  it  will  be  assumed  that  the 
acoustic  medium  being  probed  is  lossless,  layered  (medixom  parameters 
vary  only  with  depth  z) ,  isotropic  (no  variation  with  direction),  linear 
(small  strains) ,  and  completely  specified  by  wave  speed  c(z)  and 
density  p(z).  The  problem  is  then  to  recover  two  functions  p(z)  and 
c(z)  from  measurement  of  the  scattered  field.  This  is  now  a  mathematical 
problem,  but  in  general  still  a  difficult  one. 

The  Symmetric  Two-Component  Wave  System 

Consider  a  lossless ,  one-dimensional  scattering  medium  described  by 
the  coupled  partial  differential  equations 

dp/hx  +  op/ht  =  -r(x)q(x,t)  (2-la) 

Sq/3x  -  hq/at  =  -r(x)p(x,t)  (2-lb) 

These  equations  are  a  special  case  of  equations  discussed  by  Zakharov 
and  Shabat  (1972)  and  Ablowitz  and  Segur  (1981).  The  reflectivity 
function  r(x)  completely  characterizes  the  medium,  and  it  is  assumed  that 
r(x)  =  0  for  X  <  0  and  r (x)€L^[0 ,  «>) .  This  means  that  for  x  <  0  and 
X-*-®  p(x,t)  and  q(x,t)  have  the  forms 

p(x,t)  =  p(x-t),  q(x,t)  =  q(x+t).  (2-2) 

Thus  p  and  q  can  be  interpreted  as  waves  propagating  rightward  and 
leftward  at  unit  velocity.  The  interpretation  of  the  medium  being  probed 


by  waves  at  x  =  0  and  x-»-  =»  is  evident. 

What  measurements  are  necessary  to  recover  the  reflectivity  function 


r(x)?  To  answer  this  question,  we  look  at  the  scattering  matrix  for  the 
two-component  system. 


r 


The  Scattering  Matrix 

By  taking  the  Fourier  transform  of  (2-1) ,  we  obtain 


dx 
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(2-3) 


Now  if  X  is  discretized  with  discretization  length  ^  (i.e.  ,  x  =  nA) , 
a  simple  forward  difference  approximation  to  the  derivative  in  (2-3) 
and  noting  that  1  -  iu)A»e  for  small  A  gives  the  elementary 
scattering  section  described  in  Figure  2.1.  This  figure  shows  that 
r(x)A  is  the  fraction  of  the  rightgoing  wave  p  which  is  reflected  by  a 
section  of  thickness  A  at  point  x  inside  the  medium.  The  discrete 
ladder  structure  displayed  by  Figure  2.1  has  been  used  to  design  signal 
processing  architectures  for  speech  processing  (Markel  and  Gray,  1983), 
digital  wave-filter  synthesis  (Deprettere  and  Dewilde ,  1980),  spectral 
estimation  (Makhoul,  1977),  and  linear  estimation  (Dewilde,  1982; 

Dewilde  and  Dym ,  1981;  Dewilde  et  al.  ,  1978). 

The  elementary  scattering  layers  of  Figure  2.1  can  be  composed  by 
using  the  rules  of  composition  for  scattering  layers  described  in 
Redheffer  (1962).  The  resulting  aggregate  medium  is  described  by  the 
scattering  matrix 
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which  relates  the  incoming  and  outgoing  waves  appearing  in  Figures 
2.2a  and  2.2b.  In  Figure  2.2a,  the  medium  is  probed  from  the  left  by 
a  rightward  propagating  wave  e  and  Rj^(u))e^‘^  and  l*j^(cjo)e 
are  respectively  the  reflected  and  transmitted  waves.  Figure  2.2b 
corresponds  to  the  case  when  the  medium  is  probed  from  the  right. 
More  generally,  for  arbitrary  waves  p(x,u))  and  q(x,Lo) 

p(x,ai)  =  Pj^(a))e  q(x,w)  =  qj^(a))e^‘^  {2-5a) 

for  X  <  0,  and 

p(x,oj)  =  q(x,a))  =  qj^(u))e^‘^^  (2-5b) 

as  X  and 


=  S(W) 

PlC“) 

expresses  the  outgoing  waves  (pj^ ,  qj^)  as  a  function  of  the  incoming 
waves  (Pj^,  q^). 


If 


a^(x,w)  = 


Pj(X,W) 


L  qj(x,w) 


i  =  1,2 


(2-7) 


are  two  arbitrary  solutions  of  (2-3),  and  if  ^  =  diag(l,-l),  the  system 
(2-3)  has  the  properties  that 


^  (aj  (x,w)  I  =  0 

and 

^  W(aj^(x,w),  a2(x,u))  =  0, 


(2-8) 


(2-9) 
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2.2a  Scattering  for  an  impulsive  wave  incident  from  the  left. 
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2.2b  Scattering  for  an  impulsive  wave  incident  from  the  right. 


where  H  denotes  the  Hermitian  transpose,  and  where 


W(a^,a2)  ^  p^q2  "  ^1^2  (2-10) 

is  the  WronsMan  of  a^^  and  Equations  (2-8)  and  (2-9)  may  be 
easily  verified  by  direct  computation,  but  they  have  important 
implications.  Equation  (2-8)  shows  that  Ip.  (x,u;)l  -  lq.(x,u))l  is 
independent  of  x ,  and  employing  this  at  x  =  0  and  x  ->•  ®  yields 

|p.(0,^)l2  +  Iq.(<».a3)l2  =  Ip- (“,..)  1^+  lqj(0,t.)l  ^  (2-11) 

The  left  side  of  (2-11)  represents  the  incoming  energy  of  the  probing 
waves,  and  the  right  side  of  (2-11)  represents  the  outgoing  energy. 

Thus  equation  (2-11)  is  a  statement  of  conservation  of  energy,  i.e.  , 
the  system  is  lossless. 

In  equation  (2-9),  let  aj^  be  the  solution  of  (2-3)  when  the 
medium  is  probed  from  the  left,  and  let  Sg  be  the  solution  of  (2-3) 
when  the  medium  is  probed  from  the  right  (see  Figure  2.2).  Then 
employing  the  implication  of  (2-9)  that  Wta^^.ag)  is  the  same  at  x  =  0 
and  X  ->•  00  yields 


-]U)X 


'  0  =  f^e  -  0  •  (2-12) 


or 


Tr(u))  =  Tj^(a))  . 


(2-13) 


Physically ,  this  means  that  the  transmission  loss  through  the  system  is 
the  same  going  in  either  direction.  This  is  a  statement  of  reciprocity. 
Note  that  if  time  were  reversed  the  leftgoing  and  rightgoing  waves  would 
switch  their  identities  but  still  suffer  the  same  transmission  losses. 


If  T  and  T„  were  different ,  the  system  would  depend  on  the  direction 
L  « 

of  time. 

From  equations  (2-6)  and  (2-11)  we  have,  for  any  solution, 


-  tn*  A*  ^  0*1  <1^  « 


(2-14) 


Since  this  holds  for  any  solution  we  must  have 


S^S  =  I 


(2-15) 


i.e. ,  the  scattering  matrix  is  unitary.  Writing  out  (2-15)  element  by 
element  yields 


|f(ca)l^+  1Rl(w)|^  =  |f(m)|^  +  lRj^(u))l^  =  l 


T(aj)Rj^(w)*  +  T(ai)*Rjj(a))  =  0. 


(2-16a) 


(2-16b) 


Equation  (2- 16a)  is  an  obvious  statement  of  conservation  of  energy,  while 
equation  (2- 16b)  is  a  phase  relationship  that  can  be  derived  by 
considering  the  following  two  experiments. 

Let  the  medium  be  probed  from  both  ends  at  once ,  first  with  two 
waves  each  of  amplitude  unity  (e  and  e^^^),  and  then  with  the  waves 
e")“*  and  Equating  the  incoming  and  outgoing  energies  for  each 

experiment ,  we  have 


rt  n  ^  n  ^  0  ^  ^^9 

r  +  r  =  |T+Rj^f  +  iT+Rj^P  =  jTf  +  IRj^r  +  ITT 

+  iRj^l^  +  TR*  +  f*Rj^  +  (TR*+T*Rj^)* 


(2- 17a) 


1^  lj|2  =  |jf+Rj^|2  4-  |f+jRj^|2  =  |T|2  +  IR^I^  +  |f  |2 
+  |Rjj|^  +  j(TR*+T*Rj^)  -  j(TR*  +T*Rj^)*  . 


(2-17b) 


Subtracting  off  (2-16a)  from  (2-17a)  and  {2-17b) ,  dividing  (2-17b)  by 
j,  and  adding  (2-17a)  and  (2-17b)  yields  (2-16b).  Hence  (2-16b)  can  be 
obtained  entirely  from  the  principle  of  conservation  of  energy.  Note 
that  superposition  of  energy  equations  is  only  valid  for  lossless  systems , 
so  (2-16b)  depends  on  the  losslessness  of  the  medium. 

Another  way  of  deriving  (2-16)  is  by  considering  time  reversal. 
Suppose  that  the  medium  is  probed  from  the  left,  as  in  Figure  2.2a, 
and  time  is  reversed.  This  is  now  equivalent  to  probing  the  medium 
with  T(-w)  =  T*(aj)  and  Rj^(-u))  =  Rj^  (cu) ,  and  getting  out  at  the 
left  end  of  the  medium  and  0  at  the  right  end.  Interpreting  this  in 
terms  of  Figures  2.2a  and  2.2b  as  an  experiment  forward  in  time, 
and  equating  the  results  of  the  experiments  running  backward  and 
forward  in  time  immediately  yields  (2-16).  This  interpretation,  unlike 
the  previous  one,  utilizes  the  reciprocity  of  the  lossless  system. 

The  relations  (2-16)  furnish  considerable  information  about  the 
scattering  matrix  S((jj).  Indeed,  it  can  be  shown  (Faddeev,  1967; 

Chadan  and  Sabatier,  1977)  that  if  it  is  known  a  priori  that  T(cj)  has 
no  poles  in  the  lower  half  of  the  complex  plane,  then  T(u))  also  has 
no  zeros  in  the  lower  half-plane  and  is  therefore  minimum  phase. 

Then,  since  the  magnitude  of  T(u)  is  known  from  1-  [Rj^(u))|  or 
1-  1Rj^(l.)|  ,  the  argument  of  T(u))  can  be  recovered  from  its  magnitude 
using  the  Hilbert  transform  and  cepstrum.  The  other  reflection 
coefficient  can  then  be  obtained  from  (2-16b).  Thus  S(u))  can  be 
completely  reconstructed  from  knowledge  of  either  R.  (uj)  or  Rp(i^) 


alone  (explicit  formulae  are  given  by  Chadan  and  Sabatier,  1977,  and 
by  Faddeev,  1967).  This  means  that  the  inverse  scattering  problem 
defined  by  the  two-component  system  (2-1)  being  probed  by  a  wave 
e  and  knowledge  of  either  Rl(‘^)  or  weU-posed. 

The  significance  of  poles  of  T(w)  in  the  lower  half-plane  is 
that  such  a  pole  allows  a  localized  solution  to  exist.  Such  a  solution 
cannot  be  discerned  from  the  results  of  this  experiment.  To  see  this, 
suppose  there  is  a  pole  of  T(ii3)  at  where  ^^p  is  real  and  positive. 

Take  Figure  2.2a  and  divide  all  three  waves  by  T(t^).  Then  there  is 
a  solution  which  behaves  like  e  =  g  ‘^^pX  gg  x  °®,  i.e. ,  it 

vanishes.  The  reflected  wave  at  x  =  0  behaves  like  1/T(u.'p),  hence  it 
is  also  zero.  Yet  there  is  a  non-zero  solution  inside  the  medium.  Such 
a  solution  is  called  a  bound  state  (Chadan  and  Sabatier,  1977), 
Technically,  a  bound  state  is  a  square-integrable  solution  with  negative 
energy.  Physically,  a  bound  state  corresponds  to  an  inverse 
scattering  problem  in  which  no  scattering  occurs.  In  nuclear 
physics,  for  example,  this  corresponds  to  an  incident  particle 
being  captured  by  the  nucleus.  In  seismology,  this  corresponds 
to  a  low-velocity  zone  in  which  energy  is  trapped  in  a  waveguide¬ 
like  effect. 

Bound  states  can  often  be  ruled  out  by  causality .  Suppose  a 
medium  initiaUv  at  rest  is  probed  with  a  causal  disturbance 

p(x,t)  =  p  (x,t)l(t-x).  (2-18) 

If  p(x,t)  is  causal,  its  Fourier  transform  must  be  analytic  in  the 
lower  half  plane  for  all  x.  Then  T(a))  =  p(  w) /p(0  ,u))  must  also  have 
this  property,  implying  that  there  are  no  bound  states  (Newton,  1981). 


Then  the  scattering  matrix  S(u.)  can  be  completely  reconstructed  from 
or  This  is  important,  since  in  the  inverse  seismic 

problem,  we  have  access  to  only  one  side  of  the  scattering  medium. 

Note  that  our  sign  convention  for  the  Fourier  transform  is  the 
opposite  of  that  of  Faddeev  (1967)  and  Chadan  and  Sabatier  (1977), 
which  explains  why  we  use  the  lower  half-plane  to  study  the 
properties  of  S(oj),  instead  of  the  upper  half-plane  used  in  the 
mentioned  references. 

Having  defined  the  inverse  scattering  problem  for  the  two- 
component  wave  system,  we  now  define  procedures  for  solving  it. 

2.3  Differential  Methods  for  Inverse  Scattering — Layer  Stripping 

A  differential  or  layer-stripping  method  for  solving  an  inverse 
scattering  problem  works  as  follows.  Suppose  that  the  medium  is 
being  probed  from  the  left,  as  in  Figure  2.2a,  and  that  the  leftgoing 
and  rightgoing  waves  p(x,t)  and  q(x,t)  are  known  at  x  from  previous 
recursions.  The  first  reflection  of  the  rightgoing  wave  p(x,t)  into 
the  leftgoing  wave  q(x,t)  yields  information  about  the  medium  at  x. 
This  information  is  then  used  to  propagate  the  waves  from  x  to  x  +  A. 
The  problem  has  now  been  altered  to  one  starting  at  x  +  A  instead  of 
at  X.  Since  the  waves  continue  to  propagate  through  the  medium,  the 
procedure  can  be  performed  recursively,  reconstructing  the  medium 
as  the  waves  propagate  through  it. 

This  concept  has  been  developed  in  some  detail  by  Bruckstein  et 


al  (1983),  and  applied  by  Symes  (1981),  Santosa  and  Schwetlick  (1982), 
and  Bube  and  Burridge  (1983)  to  the  one-dimensional  inverse  seismic 
problem,  and  by  Sondhi  and  Resnick  (1983)  to  the  inverse  problem  of 


determining  the  shape  of  the  human  vocal  tract.  Note  that  it  is  a 
stripping  principle  instead  of  a  constructive  one :  instead  of  extending 
the  reconstructed  medium  from  [0,x]  to  I0,x+A],  each  recursion 
strips  away  the  effect  of  the  medium  in  [x,x+A),  transforming  the 
problem  support  from  Ix,“)  to  [x+A,*).  Hence  the  name  "layer 
stripping." 

2.3.1  The  Continuous- Time  Schur  and  Fast  Cholesky  Algorithms 

The  archetypical  layer  stripping  algorithm  is  the  fast  Cholesky 
algorithm ,  so  named  because  in  its  discrete  form  it  performs  a  Cholesky 
factorization  (LDU,  or  lower-triangular  times  diagonal  times  upper- 
triangular)  of  a  Toeplitz  matrix  (Rissanen,  1973;  Morf  1974;  Musicus, 
1981).  The  connection  between  this  factorization  and  inverse 
scattering  will  be  explored  in  Chapter  III.  The  frequency-domain 
version  of  this  algorithm  is  the  Schur  algorithm,  and  dynamic 
deconvolution  utilizes  a  Riccati  equation  derived  from  the  Schur 
algorithm.  Although  these  three  are  different  forms  of  the  same 
algorithm ,  the  fast  Cholesky  algorithm  forms  the  most  efficient  procedure 
of  the  three  for  solving  problems. 

Fast  Cholesky  Algorithm 

To  obtain  the  fast  Cholesky  algorithm,  we  assume  that  the  medium 
is  quiescent  at  t  =  0,  and  that  it  is  probed  from  the  left  by  a  known 
rightward  propagating  wave 

p(0,t)  =  6(t)  +  p(0,t)l(t)  (2-19) 

which  is  incident  on  the  medium  at  t  =  0,  Here  6(-)  denotes  the 


Dirac  delta  function  and 


(2-20) 


I 

I 


!1  for  t  >  0 
0  for  t  <  0 

is  the  unit  step  function.  Note  that  the  main  feature  of  p(0,t)is  that  it 
contains  a  leading  impulse  which  can  be  thought  of  as  a  tag  indicating 
the  wavefront  of  the  probing  wave.  The  measured  data  is  the  reflected 
wave 

q(O.t)  =  q(0,t)l(t)  (2-21) 

recorded  at  x  =  0.  In  the  special  case  when  p(0,t)  =  0,  q(0,t)  = 
is  the  impulse  response  of  the  scattering  medium  and  its  Fourier  transform 
Rj^(w)  is  the  left  reflection  coefficient.  Note  that  Rj^(w)  can  also  be 
measured  by  sending  into  the  medium  sinusoidal  waveforms  at  various 
frequencies  and  measuring  the  magnitude  and  phase  shift  of  the 
reflected  sinusoidal  wave.  In  the  following,  for  convenience  we  will 

/N 

omit  the  subscript  L  of  and  Rj^(w). 

Since  the  medium  is  causal  and  originally  at  rest,  the  waves  p(x,t) 
and  q(x,t)  inside  the  medium  must  have  the  form 

p(x,t)  =  6(t-x)  +  p(x,t)l(t-x)  (2-22a) 

q(x,t)  =  q(x,t)l(t-x)  (2-22b) 

where  p(x,t)  and  q(x,t)  su:e  smooth  functions.  By  substituting  (2-22) 
inside  (2-1),  and  identifying  coefficients  of  the  impulse  6(t-x)  on  both 
sides  of  (2-16),  we  find  that 

r(x)  =  2q(x,x)  (2-23) 

(2-24a) 


and 


3p/9x  +  9p/9t  =  -r(x)q(x,t) 

5q/3x  -  ?q/9t  =  -r(x)p(x,t)  . 


(2-24b) 


The  recursions  (2-23)  -  (2-24)  constitute  the  fast  Cholesky  recursions 
(Bruckstein  et  al,  1983) ,  and  have  also  been  called  the  downward 
continuation  recursions  by  Bube  and  Burridge  (1983).  Note  that  only 
the  smooth  parts  of  p(x,t)  and  q(x,t)  are  propagated — it  is  not  necessary 
to  represent  the  impulse  numerically. 

The  initial  data  for  these  recursions  are  the  measured  waves 
p(0,t)  6Uid  q(0,t).  The  algorithm  (2-23)  -  (2-24)  can  be  viewed  as 
using  a  layer  stripping  principle  to  identify  the  parameters  of  the 
scattering  medium.  Thus,  assume  that  the  waves  p(x,t)  and  q(x,t)  at 
X  have  been  computed.  The  reflectivity  function  r(x)  is  obtained  from 
(2-23)  and  is  used  in  (2-24)  to  compute  the  waves  p(x+A,t)  and  q(x+A,t) 
at  X  +  A.  The  effect  of  the  recursions  (2-23)  -  (2-24)  is  therefore 
to  identify  and  then  strip  away  the  layer  Ix,x+A). 

Discretization  of  the  Fast  Cholesky  Algorithm 

To  see  how  the  fast  Cholesky  algorithm  is  propagated,  let  distance 
X  and  time  t  be  discretized  by  x  =  nA  and  t  =  m  A  ,  where  n  and  m 
are  positive  integers.  Then  a  forward-difference  approximation  to  the 
partial  derivatives  in  (2-24)  yields  the  fast  Cholesky  recursions 

p(x+A,t+A)  =  p(x,t)  -  r(x)Aq(x,t)  (2-25a) 

q(x+A,t-A)  =  q(x,t)  -  r(x)Ap(x,t)  (2-25b) 

f(x+A)  =  2q(x+A,x+A)  .  (2-25c) 

The  recursion  patterns  for  the  waves  are  illustrated  in  Figures  2.3a 


and  2.3b.  We  start  off  knowing  the  waves  at  x  for  all  t,  and  we  wish  to 
to  find  the  waves  at  x  +  A  for  all  t.  Although  it  may  seem  as  though 
information  for  t  <  x  is  being  lost,  recall  that  by  causality  there  can  be 


2.3a  Recursion  pattern  for  updating  the  downgoing  waves  in 
the  fast  Cholesky  algorithm. 


0  Xq  Xq+A 


2.3b  Recursion  pattern  for  updating  the  upgoing  waves  in 
the  fast  Cholesky  algorithm. 


no  wave  at  x  until  the  initial  excitation  has  had  time  to  reach  that  far. 


Hence  both  waves  are  zero  for  t  <  x. 

The  Schur  Algorithm 

An  alternative  procedure  for  reconstructing  the  medium  is  to  utilize 
directly  the  coupled  differential  equations  (2-3)  for  the  two-component 
wave  system  together  with 

r(x)  =  2q(x,x)  =  LLVI  2ja)e^‘^  qfx.cc)  =  e^^^^q (x ,aj)dia  (2-26) 

UJ-*-  00  TT-'  0 

which  follows  immediately  from  the  initial  value  theorem.  It  is  still 
being  assumed  that  the  probing  wave  contains  an  impulse,  as  in  (2-22). 
Equations  (2-3)  and  (2-26)  form  the  Schur  algorithm. 

Dynamic  Deconvolution 

Still  another  procedure  is  to  consider  the  left  reflection  coefficient 

R(x,oj)  =  q(x,w)/p(x,w)  (2-27) 

which  is  associated  with  the  section  of  the  medium  extending  over 
[x ,“) .  6(x,u.O  is  the  transfer  function  for  this  section  of  the  medium , 

relating  the  rightgoing  probing  wave  p(x,aj)  to  the  leftgoing  scattered 
wave  q(x,tu).  It  is  easy  to  show,  using  (2-3),  that  R(x,to)  satisfies 
the  Riccati  equation 

dR/dx  =  2ja)R  -  r(x)(l-R^)  (2-28) 

and  since  R  and  dR/dx  are  strictly  proper  we  also  have 

r(x)  =  LIM  2ju)R(x,x:).  (2-29) 

u->-“ 

The  dynamic  deconvolution  algorithm  (2-28)  -  (2-29)  is  propagated  in  x. 


yielding  the  left  reflection  coefficient  Rtx.w)  and  reflectivity  function 
r(x)  for  each  x.  This  algorithm  is  a  particularly  dramatic  illustration 
of  the  layer-stripping  concept ,  in  that  each  step  of  this  algorithm 
transforms  a  complete  inverse  scattering  problem  on  [x,®),  including 
the  known  medium  response  Rfx.oj),  to  an  equivalent  problem  on 
[x+a,“),  including  the  medium  response  Rfx+A.o)). 

It  should  be  noted  that  many  authors  (e.g.,  Tolstoy  and  Clay, 

1966;  Pusey,  1975)  have  noted  the  Riccati  equation  (2-28),  and  in 
fact  it  is  a  direct  consequence  of  the  rules  of  composition  of  scattering 
layers  (Redheffer,  1962).  Gjevick  et  al.  (1976)  used  this  equation  to 
develop  an  interative  method  for  reconstructing  r(x).  However,  none 
of  these  results  utilized  (2-29)  to  propagate  the  Riccati  equation  in  x, 
Corones  et  al.  (1983)  used  the  time-domain  version  of  the  Riccati 
equation  as  an  invariant  embedding  equation,  and  Robinson  (1982)  and 
others  derived  the  discrete  form  of  this  algorithm  for  the  discrete  one¬ 
dimensional  inverse  seismic  problem.  This  is  discussed  in  Chapter  111. 

''2 

It  is  worth  noting  that  the  R  term  in  the  Riccati  equation  accounts 

precisely  for  all  multiple  reflections  within  the  scattering  medium.  To 

^  2 

see  this,  neglect  the  R  term  in  (2-23),  leaving 

d^/dx  =  2i(jR  -  r(x).  (2-30) 

This  differential  equation  has  the  solution 

R(x,w)  =  ^r(y)e'^^‘^^y'*^dy  (2-31) 

so  that  the  reflection  response  of  the  medium  is  merely  the  superposition 
of  the  primary  reflections  at  each  depth  y.  These  primary  reflections 
have  strength  r(y)  and  are  phase-delayed  by  the  two-way  travel  time 
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2(y-x).  Candel  et  al.  (1980)  used  this  assumption  to  recover  r(x)  from 
RCO,^^).  This  point  was  also  noted  by  Corones  et  al.  (1983)  for  the 
time-domain  version  of  the  Riccati  equation. 

Historical  Background  of  the  Algorithms 

The  fast  Cholesky  algorithm,  as  mentioned  earlier,  is  so  named 

because  its  discrete  form  performs  a  Cholesky  (LDU)  factorization  of  a 

Toeplitz  matrix  (see  Musicus,  la81,  for  details).  This  algorithm,  in 

its  discrete  form,  seems  to  have  appeared  first  in  Rissanen  (1973)  and 

Morf  (1974),  The  continuous  algorithm  similarly  performs  a  causal- 

anticausal  factorization  of  Toeplitz  operators,  a  fact  first  brought  to  wide 

attention  by  Kailath  et  al,  (1979). 

The  Schur  algorithm  (2-3)  and  (2-26)  is  the  continuous  version  of 

an  algorithm  obtained  by  Schur  (1917;  see  also  Akhiezer,  1965)  for 

testing  the  boundedness  of  a  function  R(z)  which  is  analytic  outside 

the  unit  disk.  Given  R(z),  Schur  showed  that  1R(z)|  $  1  outside 

the  unit  disk  if  and  only  if  the  reflection  coefficients  r  obtained  from 

n 

the  recursions 


R  (z)-r 

R„.,(z)  =  — - - -  ,  Rn(z)  =  R(z)  (2-32a) 

z(l-r„R^(z)) 


r  =  lim  R  (z)  (2-32b) 

”  —  oo  ^ 


are  such  that  |r^  1  -  1.  Some  recursions  similar  to  (2-32)  can  in  fact 
be  obtained  by  performing  a  backwards-difference  discretization  of  the 
Riccati  equation  (2-28),  as  was  done  by  Tolstoy  and  Clay  (1966). 


53 


2.3.2  Example:  The  Lossless  Non-uniform  Transmission  Line 

In  this  section  we  study  the  inverse  problem  for  the  lossless  non- 
uniform  transmission  line ,  and  show  that  its  solution  is  given  by  the 
Schur  or  fast  Cholesky  algorithms  (see  Gopinath  and  Sondhi,  1971, 
for  an  earlier  solution  of  this  problem).  In  the  process,  we  give  a 
scattering  interpretation  of  transmission  line  phenomena  such  as  waves, 
reflections,  and  impedances.  This  treatment  can  be  found  in  many 
references,  e.g.,  Kraus  and  Carver  (1973)  and  Pusey  (1975). 

Consider  an  infinitesimal  section  of  length  ^  of  a  lossless  non- 
uniform  transmission  line.  Such  a  section  is  illustrated  in  Figure  2.4. 
Note  that  L(x)  and  C(x)  represent  inductance  and  capacitance  per  unit 
length,  i.e.  ,  they  are  distributed  quantities.  Writing  equations  for 
Figure  2,4,  we  have 

v(x,t)=  LA9i/3t  +  v(x  +  A,  t)  (2-33a) 

i(x,t)  =  CA9v/9t  +  i(x  +  A,  t)  (2-33b) 

Dividing  by  A  and  letting  A  -*■  0 ,  we  obtain  the  telegrapher's  equations 

9v/9x  +  L(x)9i/9t  =  0  (2-34a) 

9i/9x  +C(x)9v/9t  =  0  (2-34b) 

which  also  arise  in  acoustics  (Santosa  and  Schwetlick,  1982)  and  in 
studies  of  the  human  vocal  tract  (Sondhi  and  Resnick,  1983; 

Gopinath  and  Sondhi,  1970)  under  the  assumption  of  losslessness. 

For  a  uniform  line,  it  is  well  known  (see  Kraus  and  Carver, 

1973)  that  (2-34)  admits  wave  solutions,  and  that  for  such  waves  the 
ratio  of  the  amplitudes  of  the  voltage  and  current  is  the  characteristic 


impedance 


Zq  =  (L/C)^.  (2-35) 

Since  the  quantities  p  and  q  appearing  in  the  two-component  wave 
equations  must  be  dimensionally  equivalent ,  this  suggests  defining  for 


the  non-uniform  line  the  dimensionally  equivalent  variables 

V(x,t)  =  v(x.t)  (2-36a) 

Kx.t)  =  Zq  ^  i(x.t)  (2-36b) 

where  Zq(x)  =  (L(x) /C(x))^.  Substituting  (2-36)  in  (2-34)  yields 

av/3x  +  (LC)^  3l/5t  =  ^  Zq  (2-37a) 

3I/3x  +  (LC)^  3V/3t  =  I  ^  Zq  I(x,t)  .  (2-37b) 


In  order  to  make  the  dependent  variables  x  and  t  dimensionally 
equivalent ,  we  replace  x  with  the  travel  time  z  defined  by 

z(x)  =  (L(u)  C(u))^  du  (2-38) 

Since  (L(x)  C(x))  ^  is  the  local  wave  speed  at  x,  z(x)  is  the  time 
required  for  a  wave,  starting  at  x  =  0,  to  reach  position  x.  Making  the 
additional  change  of  variables 

p(z,t)  =  ^  (V(z,t)  +  I(z,t))  (2-39a) 

q(z,t)  =  l(V(z,t)  -  I(z,t))  (2-39b) 

and  defining  the  reflectivity  function 


r(z) 


(2-40) 


2  dz  ^0^^^ 


we  obtain  the  two-component  wave  system  (2-1).  The  relations  (2-39) 
provide  an  interpretation  of  the  right  and  left  propagating  waves  in 
terms  of  the  normalized  voltage  and  current. 

Interpretation  of  the  Reflection  Coefficient 

Suppose  a  uniform  transmission  line  is  terminated  with  a  load  Z^. 
Then  a  wave  travelling  down  the  line  will  be  reflected  back  by  the  load. 
Define  R((^),  the  reflection  coefficient  for  the  load,  to  be  the  ratio  of 
the  Fourier  transforms  of  the  primary  and  reflected  voltage  waves,  at 
the  frequency  w.  It  is  easy  to  show  (see  Kraus  and  Carver ,  1973)  that 


R(to)  = 


Z^(u))  -  Zq 
Zj^(uj)  +  Zq 


(2-41) 


where  Zj^(oj)  is  the  impedance  (defined  below  in  (2-42)). 

For  the  non-uniform  transmission  line  considered  here ,  since  there 
is  a  one-to-one  correspondence  between  position  x  and  travel  time  z , 
we  will  use  x  instead  of  z  in  the  qualitative  analysis  to  follow.  Then, 
at  point  X  on  the  line,  the  load  perceived  due  to  all  of  the  line  to  the 
right  of  X  is  the  impedance 


Zj^(x,w)  =  v(x,w) /i(x,u>)  .  (2-42) 

This  is  illustrated  in  Figure  2.5.  By  substituting  this  expression  in 
(2-41),  we  find  that  for  the  non-uniform  transmission  line,  the 
reflection  coefficient  at  point  x  is 


v/i  -  Z  (X) 

R(x,-)  =  - - - 

v/f  +  Zf,(x) 


V/i  -  1 
v/i  +  1 


q(x,a^)/p(x,w) 


(2-43) 


This  is  precisely  the  expression  (2-27)  for  the  left  reflection  coefficient 
of  the  section  of  the  two-component  system  (2-1)  extending  over  [x,“). 

We  see  therefore  the  meaning  of  R(z,(a)).  For  a  given  point  x  on 
the  line,  and  any  given  frequency  w,  it  is  the  ratio  of  the  reflected 
and  primary  voltage  waves,  with  the  reflection  due  to  the  inhomogeneity 
of  the  line  at  x.  From  Section  2.3.1,  we  know  that  R(z,co)  satisfies 
the  Riccati  equation  (2-28),  and  that  r(x)  may  be  found  from 
R(x,u)  by  using  (2-29).  Also  note  that  if  the  line  is  locally  uniform 
at  point  Xq,  we  have  dZ^/dx  1^^^  =  0,  hence  r(XQ)  =  0  and  no 
reflection  occurs.  Reflections  occur  only  where  the  line  is  inhomogeneous. 

Inverse  Problem 


Suppose  now  that  the  line  characteristics  L(x)  and  C(x)  are 
unknown  and  that  we  want  to  determine  them  from  the  measured 
impedance  2(1^^)  =  Zj^(0,w).  This  problem  arises  not  only  when  we  want 
to  find  the  characteristics  of  an  existing  transmission  line,  but  also  if 
we  want  to  synthesize  a  transmission  line  with  prescribed  impedance 
Z(t^).  It  is  assumed  here  that  we  have  access  to  only  one  end  of  the 
line.  The  line  characteristics  can  be  partially  reconstructed  as 
follows.  First,  scale  Zq(0)  to  1  and  consider  the  reflection  coefficient 


R(w) 


Z(u)  -  1 
2(0))  +  1 


(2-44) 


Then,  run  the  Schur  algorithm  (2-3)  -  (2-26),  using  R(oj)  as  initial 
condition,  to  obtain  r(z).  Alternately,  we  may  compute  the  inverse 
Fourier  transform  R(t)  of  R(o.),  and  use  the  fast  Cholesky  recursions 
(2-23)  -  (2-24)  to  obtain  r(z).  Given  r(z) ,  the  expression 


59 


Zo(z) 


exp 


2 


/o 


Z 

r(u)  du 


(2-45) 


1 


enables  us  to  recover  the  characteristic  impedance  Zq(z)  =  (L(z)/C(z))^ 
as  a  function  of  the  travel  time  z.  However,  we  cannot  reconstruct 
L(x)  and  C(x)  separately  as  functions  of  the  position  x. 

The  same  difficulty  will  appear  in  Chapter  III  for  the  one¬ 
dimensional  inverse  seismic  problem,  except  that  in  this  case  we  will  be 
able  to  use  an  additional  degree  of  freedom ,  the  angle  of  incidence  of 
the  probing  waves,  in  order  to  reconstruct  the  medium  completely. 


2.3.3  Inverse  Scattering  for  Asymmetric  Two-Component  Wave  Systems 

In  this  section,  the  inverse  scattering  problem  for  asymmetric  two- 
component  wave  equations  is  examined,  and  solved  by  using  two  coupled 
fast  Cholesky  algorithms.  The  systems  which  are  described  by 
asymmetric  two-component  wave  equations  are  not  necessarily  lossless , 
and  we  can  therefore  use  these  equations  to  describe  a  larger  class  of 
physical  phenomena  than  those  that  we  have  studied  in  the  previous 
sections.  Our  results  will  be  illustrated  by  considering  the  inverse 
problem  for  a  nonuniform  transmission  line  with  losses.  It  is  worth 
noting  that  a  solution  of  the  inverse  scattering  problem  for  asymmetric 
two-component  wave  equations  was  presented  in  Ablowitz  and  Segur 
(1981)  and  was  used  by  Jaulent  (1982)  to  solve  the  inverse  problem 
for  lossy  transmission  lines.  However,  this  method  relied  on  the 
solution  of  two  coupled  Marchenko  equations,  whereas  the  solution  that 
we  present  here  is  differential,  and  uses  the  layer  stripping  principle. 

The  system  that  we  consider  is  described  by  the  asymmetric  two- 


component  wave  equations 
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dx 


P 
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-jw  -S(x)' 
-r(x)  j'jj 


P 
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which  in  the  time  domain  correspond  to 

(  9/3x  +  3/3t)p  =  -s(x)  q(x,t) 

(3/3x  -  9/9t)q  =  -r(x)  p(x,t) 

It  is  assumed  that  r(x)  =  s(x)  =  0  for  x  <  0,  and  that  r,  s  G  Lj[0,“), 
so  that  r(x)  and  s(x)  are  localized,  i.e. ,  they  go  to  zero  as  x  -*■  ». 

Then,  the  scattering  matrix  S(oj)  can  be  defined  as  in  Section 
2.2  by  relating  the  outgoing  and  incoming  waves  appearing  in  Figure 
2.2.  In  addition,  the  property  (2-9)  for  the  Wronskian  of  two 
independent  solutions  a^  (x.tu)  =  (p.(x,uj),  q^(x,u)),  i  =  1,  2  of  (2-46) 
remains  valid,  and  by  applying  it  to  the  waves  ajtx.oj)  and  a2(x,w) 
appearing  in  Figures  2.2a  and  2.2b,  respectively,  we  obtain  again 
the  reciprocity  relation 
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(2-46) 

d 

•  Ik' 
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n  "  1 

(2- 47a) 

(2- 47b) 

Tl(<^)  =  Tj^(w)  . 

T 

However,  if  a  (x,w)  =  (p(x,w),  q(x,w))  is  an  arbitrary  solution  of 
(2-46)  we  have 


(2-48) 


^  (jp|2  -  |q)^)  =  2(r(x)  -  s(x))  Re(p(x,w)q*(x,w)) 


(2-49) 


•I 


so  that  the  scattering  medium  associated  to  (2-46)  is  not  lossless  unless 
r(x)  =  s(x)  ,  which  corresponds  to  the  case  when  the  two-component 
wave  equations  are  symmetric.  This  implies  that  S(:.;)  is  not  a  unitary 
matrix ,  and  consequently  we  cannot  recover  S(oj)  from  the  knowledge 
of  the  left  reflection  coefficient  Rj^(u))  alone. 
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Inverse  Scattering  Procedure 

The  inverse  scattering  method  that  we  develop  here  relies  on  the 
observation  that  if  time  is  reversed  (i.e.  ,  t  is  changed  to  -t  in 
(2-47),  or  (jj  is  changed  to  -u!  in  (2-46)),  and  if  the  waves  p  and  q 
are  interchanged ,  we  obtain  a  (synthetic)  asymmetric  two-component 
wave  system 


(3/8x  +  3/3t)p^  =  -r(x)  q''^(x,t) 
(3/3x  -  3/3t)q'^  =  -s(x)  p'^(x,t) 


(2-50a) 

(2-50b) 


where  r(x)  replaces  s(x)  and  vice-versa.  The  scattering  matrix 
associated  to  this  system  is 


S^(w)  = 


S'^(-u)) 


(S”(aj))'^ 


(2-51) 


where  to  obtain  (2-51)  we  have  used  the  reciprocity  relation  (2-48). 

The  system  (2-50)  is  a  fake  system ,  which  does  not  really  exist, 
but  its  scattering  matrix  is  entirely  specified  by  the  knowledge  of  S{^). 

Then,  in  order  to  reconstruct  r(x)  and  s(x),  we  assume  that  the 
true  system  (2-46)  and  the  fake  system  (2-50)  are  probed 
simultaneously  by  some  waves  which  have  the  form 


and 


p(x,t)  =  6(t-x)  +  p(x,t)  1  (t-x) 
q(x,t)  =  q(x,t)  1  (t-x) 


p^(x,t)  =  ^(t-xi  +  p'^(x,t)l(t-x) 


(2-52) 
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q^(x,t)  =  q^(x,t)l(t-x)  . 


(2-53) 


By  substituting  these  waves  in  (2-46)  and  (2-50),  we  obtain  the  system 
of  coupled  fast  Cholesky  recursions 

(9/3x  +  3/9t)p  =  -s(x)  q(x,t) 

(9/9x  -  9/9t)q  =  -r(x)  p(x,t)  (2-54a) 

and 

(9/9x  +  3/3t)p^  =  -r(x)  q^(x.t) 

(9/8x  -  9/3t)q'^  =  -s(x)  p'^(x,t)  (2-54b) 

with 

r(x)  =  2q(x,x),  s(x)  =  2q^(x,x)  (2-54c) 


which  can  be  propagated  recursively  for  increasing  values  of  x, 

starting  from  x  =  0.  The  specification  of  the  initial  conditions  for  these 

recursions  is  very  important,  since  as  noted  above,  the  system  (2-50) 

does  not  really  exist ,  and  cannot  be  relied  upon  to  provide  some 

A  A 

experimental  waves  p  (0,t)  and  q  (0,t). 

The  initial  conditions  that  we  select  are 


p(0,t)  =  p^(0,t)  =  0  (2-55a) 

q(0,t)  =  Rj^(t)  ,  q^(0,t)  =  R^(t)  (2-55b) 

where  ^^(t)  and  denote  the  inverse  Fourier  transforms  of  the 

left  reflection  coefficients  Rj^((ij)  and  R^(u).  Rl(  J  can  be  measured 
directly,  and  from  (2-51) 


Rl(w)  =  (S  “(o))) 


21 


•  fe. 


•  ti 

. 


(2-56) 


rn  -■v 
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''A  H 

i.e. ,  Rj^  (w)  is  the  (2,  1)  entry  of  the  inverse  of  S  (w).  Thus, 

''A 

Rj^(cj)  can  be  expressed  as  a  function  of  the  whole  scattering  matrix 
and  it  will  be  specified  provided  that  we  can  measure  all  the 
entries  of  S(co).  This  implies  that  we  must  have  access  to  both  ends 
of  the  scattering  medium.  In  some  cases,  such  as  for  the  inverse 
seismic  problem,  this  is  impossible;  but  for  some  other  problems, 
such  as  the  reconstruction  of  non-uniform  lossy  transmission  lines, 
the  medium  can  be  probed  from  both  sides,  and  all  the  entries  of  S(tj) 
can  be  measured. 

Instead  of  expressing  our  reconstruction  procedure  in  terms  of  the 
coupled  fast  Cholesky  recursions  described  above,  we  can  also  use  a 
set  of  coupled  Schur  recursions.  Let 


R(x,w)  = 


q(x,'^) 

p(x,uj) 


and  R^Ix.'-j) 


q''^(x,aj) 

p^(x,u;) 


(2-57) 


be  the  left  reflection  coefficients  for  the  true  and  fake  systems  over 
the  interval  [x,°°),  where  the  waves  p,  q,  p  ,  q  in  the  definition 

(2-57)  are  assumed  to  have  the  forms  (2-52)  -  (2-53).  Then, 

’'A 

R(x,u;')  and  R  (x,u;)  satisfy  the  coupled  Riccati  equations 


dR/dx  =  2iaR  +  s(x)  R^  -  r(x)  (2-58a) 

dR^/dx  =  2jaR'^  +  r(x)(R^)^  -  s(x)  (2-58b) 

with  initial  conditions 

6(0.  J  =  Rl(^),  R^(0,u))  =  Rl('^)  (2-59) 


By  using  the  initial  value  theorem  for  the  reflection  coefficients  (2-57), 
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and  taking  into  account  the  form  of  the  waves  (2-52)  -  (2-53) ,  we  get 

lim  2jujR(x,oj)  =  r(x)  (2-60a) 

-►<» 

Um  2iuiR^(x,uj)  =  s(x)  (2-60b) 

(Jj  -*■  oo 

which  can  be  combined  with  (2- 58a)  and  (2- 58b)  to  propagate  R(x,-u) 

''A 

and  R  (x,<^)  recursively,  and  to  reconstruct  r(x)  and  s(x)  for  all  x. 
This  algorithm  constitutes  the  generalization  of  the  Schur  algorithm, 

2.3.4  Example:  The  Non-uniform  Transmission  Line  with  Losses 

In  Section  2.3.2,  the  reconstruction  problem  for  a  non-uniform 
lossless  transmission  line  was  solved  using  the  fast  Cholesky  and 
Schur  algorithms.  We  now  consider  the  more  general  case  where  some 
losses,  in  the  form  of  series  and  shunt  resistances  per  unit  length 
have  been  added  to  the  transmission  line.  This  reconstruction 
problem  is  then  solved  as  an  asymmetric  two-component  inverse 
scattering  problem,  using  the  method  obtained  at  the  beginning  of 
this  section.  The  problem  is  set  up  as  in  Jaulent  (1982). 

An  infinitesimal  section  of  the  line  is  shown  in  Figure  2.6.  R(x) 
is  the  nonuniform  series  resistance  per  unit  length,  representing  the 
finite  resistance  of  the  wires,  and  G(x)  is  the  shunt  conductance 
per  unit  length,  representing  leakage  current  between  the  wires. 

The  circuit  equations  are 

v(x,t)  =  (L3i/5t  +Ri)A+  v(x+a,  t)  (2-61a) 


i(x,t)  =  (C?v/3t  +  Gv)i  +  i(x+A,  t) 


(2-61b) 


Dividing  by  A,  and  letting  A  ->  o  yields  the  transmission  line  equations 


oV/9x  +  L  i/3t  +  Ri  =  0  (2-62a) 

3i/3x  +  C  v/3t  +  Gv  =  0  (2-62b) 

As  in  Section  2.3.2,  we  replace  the  position  x  by  the  travel  time 
z(x)  given  by  (2-38) ,  and  we  introduce  the  dimensionally  equivalent 
variables 


V(z,t)  =  Z~^v(z,t)  (2-63a) 

I(z,t)  =  Z^i(z,t)  (2-63b) 


where  Z(z)  =  (L(z) /C(z))^  is  the  characteristic  impedance.  Then,  the 


equations  (2-62)  take  the  form 

3V/3z  +  3I/3t  =  -  5  I  -  m(z)V  (2-64a) 

31/32  +3V/3t  =  m(z)  I  -  §-  V  (2-64b) 

where 

m(z)  =  ^  gz  •  (2-65) 

Making  the  change  of  variables 

p(z,t)  =  i  (V+I)  (2-66a) 

q(z,t)  =  i  (V-I)  (2-66b) 


gives 

(3/3z  +  3/3t)p  =  -a(z)p(z,t)  -  (m(z)  +  b(z))q(z,t)  (2-67a) 

(3/3z  -  3/3t)q  =  -  (m(z)  -  b(z))p(z,t)  ♦  a(z)q(z,t)  (2-67b) 


which  is  sQmost  in  the  desired  form,  and  where 


=  1  (i  * !) 

(2-68a) 

=  1  (e  -  e)  . 

(2- 68b) 

Considering  the  scaled  variables 

1  r  z 

p  (z,t)  =  p(z,t)  exp  Jq  a(u)  du 

(2- 6  9a) 

1  f  z 

q  (z,t)  =  q(z,t)  exp  -  L  a(u)  du 

(2-69b) 

and  taking  the  Fourier  transforms  yields  the  asymmetric  two-component 
wave  equations 

^  -  s(z)q^(z,;*.) 

-^2  -r(z)p^(z,i^)  +  j'-q^(z,u)) 

where 

r(z)  =  (m-b)exp-2^"a(u)du  =  (i  ±  i(g-?))exp  - +  du 

(2- 71a) 

s(z)  =  (m+b)exp2/o^a(u)du  =  (^  A  ^ (g _R)je3,p 

(2-71b) 

Thus,  if  we  are  given  the  scattering  matrix  S(ui)  associated  to  the  system 
(2-70),  the  coupled  fast  Cholesky  (2-54)  or  Schur  (2-58)  -  (2-60) 
algorithms  may  be  used  to  reconstruct  the  rather  bizarre  quantities  r(z) 


(2- 70a) 

(2- 70b) 
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and  s(z).  Further,  these  two  quantities  are  the  most  information  about 
the  line  that  can  be  obtained  from  this  data.  Although  r(z)  and  s(z) 
may  seem  to  be  peculiar  quantities,  this  result  is  in  agreement  with 
Jaulent  (1982). 

Note  that  in  the  event 

R(z)/L(z)  =  G(z)/C(z)  (2-72) 

we  may  recover  Z(z)  and  R(z)/L(z)  by  multiplying  and  dividing  r(z) 
and  s(z),  and  then  solving  two  differential  equations.  Thus,  in  this 
case  it  is  possible  to  recover  R(z),  L(z),  C(z),  and  G(z)  in  various 
ratios  quite  easily.  This  case  is  referred  to  as  the  Heaviside 
condition  for  a  distortionless  line  (Kraus  and  Carver,  1973),  since  if 
(2-72)  holds  then  the  true  characteristic  impedance  ((R  +  jujL)/(G  +  3..C))^ 
which  relates  the  current  and  voltage  for  a  wave  travelling  down  the 
line,  is  real.  Thus,  the  current  and  voltage  for  such  a  wave  are  in 
phase,  just  as  in  the  lossless  Une,  and  it  is  not  surprising  that  ratios 
of  various  line  parameters  can  be  recovered,  as  in  the  lossless  case. 

2.3.5  Other  Differential  Methods 

In  this  section  we  quickly  cover  three  other  differential  or  layer 
stripping  algorithms.  These  consist  of  the  misnamed  "method  of 
characteristics"  of  Santosa  and  Schwetlick  (1982),  and  two  procedures 
for  recovering  the  potential  of  a  Schrodinger  equation.  These  procedures 
will  aU  be  applied  to  inverse  seismic  problems  in  Chapters  VII  and  VIII. 

The  "Method  of  Characteristics" 

This  refers  to  the  impedance  reconstruction  procedure  used  by 
Santosa  and  Schwetlick  (1982).  Although  it  is  technically  incorrect 


I 

I 


pssssssm 


terminology,  it  has  been  used  both  by  Santosa  and  Schwetlick  (1982) 
and  by  Bruckstein  et  al.  (1983),  and  no  other  term  has  come  along  to 
replace  it.  Hence,  to  be  in  accord  with  the  literature,  the  term 


"method  of  characteristics"  will  be  used  here  and  in  Chapter  VIII.  Th( 
true  method  of  characteristics  is  discussed  in  Courant  and  Hilbert 
(1962) ,  and  applied  to  the  propagation  of  axial  shear  waves  in 
Achenbach  (1975). 

The  method  will  be  illustrated  by  applying  it  to  the  problem  of 
reconstructing  the  impedance  of  a  lossless  transmission  line.  Recall 
from  Section  2.3.2  that  this  problem  was  transformed  into  a  two- 
component  wave  system  problem  by  defining  the  waves 

p(z,t)  =  I  (V(z,t)  +  I(z,t))  (2-73a) 

q(z,t)  =  I  (V(z,t)  -  I(z,t))  (2-73b) 

where 

V(z,t)  =  v(z,t)  (2-74a) 

I(z,t)  =  i(z,t)  (2-74b) 

Here  v(z,t)  and  i(z,t)  are  the  voltage  and  current,  Zq(z)  is  the 
characteristic  impedance  (which  is  to  be  recovered) ,  and  z  is  travel 
time.  Suppose  now  that  the  probing  wave  p(z,t)  does  not  contain  a 
leading  impulse,  contrary  to  equations  (2-22).  Then,  by  causality, 
the  waves  p(z,t)  and  q(z,t)  have  the  form 

p(z,t)  =  p(z,t)l  (t-z)  (2-75a) 


q(z,t)  =  q(z,t)l  (t-z) 


(2-75b) 


Substituting  equations  (2-75)  into  the  two-component  wave  system 
(2-1)  yields 

q(z,z^)  =  0  (2-76) 

and,  using  (2- 73b),  this  implies  that 

V(z,z'*’)  =  I(z,z'^)  .  (2-77) 

From  definitions  (2-74)  we  have 

Zq(z)  =  (2-78) 

and  changing  variables  from  position  x  to  travel  time  z  in  the 
telegrapher's  equations  (2-34)  yields 

Sv(z,t)/3z  +  ZQ3i(z,t)/5t  =  0  (2-79a) 

ZQ3i(z,t)/3z  +  3v(z.t)/3t  =  0  .  (2-79b) 

Equations  (2-78)  -  (2-79)  form  the  method  of  characteristics  for 
the  lossless  transmission  Une.  The  voltage  v(z,t)  and  current  i(z,t) 
can  be  propagated  in  z,  yielding  the  impedance  Zq(z)  by  (2-73). 

As  in  the  fast  Cholesky  algorithm,  Zq(z)  can  be  recovered 
because  in  the  instant  after  the  wavefront  passes  v  and  i  must  be 
related  by  (2-78).  Unlike  the  fast  Cholesky  algorithm,  no  probing 
impulse  is  necessary.  However,  all  physical  interpretations  in  terms  of 
waves  and  scattering  have  been  lost--the  procedure  is  a  purely 
mathematical  technique  applied  to  partial  differential  equations. 

Inverse  Scattering  and  the  Schrodinger  Equation 


Inverse  scattering  problems  are  often  formulated  using  the 


Schrodinger  equation 

2 

y  +  -  V(x))y(x.u))  =  0  (2-80) 

dx^ 

and  a  scattering  matrix,  which  was  described  in  Section  2.2.  Here  the 
aim  is  to  reconstruct  the  potential  V  (x) .  V  (x)  is  usually  assumed  to 
be  localized ,  i.e.  ,  V(x)  =  0  for  x  <  0  and 

/q“(1+x)  lV(x)|dx  <  “.  (2-81) 

The  Schrodinger  equation  appears  frequently  in  the  literature  on 
inverse  scattering  problems  in  nuclear  physics  (e.g.  ,  Chadan  and 
Sabatier,  1977)  and  seismology  (Ware  and  Aki,  1969,  and  many  others). 
In  this  section  two  layer-stripping  methods  for  recovering  V(x)  are 
presented.  Both  methods  will  be  used  in  Chapter  VII,  where  the 
inverse  problem  for  a  layered  acoustic  medium  probed  by  spherical 
harmonic  waves  is  formulated  using  the  Schrodinger  equation.  The 
standard  integral  equation  methods  for  recovering  V  (x)  are  covered  in 
Section  2.4. 

Reformulation  of  the  Schrodinger  Equation  as  a  Two- Component  System 

Any  two-component  wave  system  inverse  scattering  problem  can  be 
recast  as  a  Schrodinger  equation  inverse  scattering  problem.  Thus  in 
seeking  a  layer  stripping  solution  to  the  Schrodinger  inverse  problem , 
it  seems  natural  to  try  to  recast  it  as  a  two-component  wave  system 
inverse  problem.  This  has  been  done  in  Yagle  and  Levy  (1984), 


and  their  technique  is  repeated  below. 

Taking  the  derivative  of  the  two-component  system  (2-3)  with 
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respect  to  x ,  we  obtain  the  matrix  Schrodinger  equation 


.  2  . 


,  r  r  -r  -I  \  rp(x,cj)-i 
L-r  r  J  '  L q(x, w)  J 


(2-82) 


where  denotes  the  2x2  identity  matrix  and  r(x)  =  dr/dx.  By 
making  the  change  of  variable 


yj(x,co)  =  ]p(x,(jj)  +  «5(x,cj) 

y2(x,oj)  =  p(x,oj)  -  q(x,w) 


(2- 83a) 


(2- 83b) 


this  equation  can  be  decoupled  into  two  scalar  Schrodinger  equations 


— ,  y  +  (w^-V.(x))y.(x,w)  =  0 

dx^  ^  ^ 


-l^y  +  ((^^-V2(x))y2(x.w)  =  0 

dx 


(2- 84a) 


(2- 84b) 


where 


Vj(x)  =  r  (x)  -  r(x) 


V2(x)  =  r^x)  +  f(x) 


(2- 85a) 


(2- 85b) 


This  shows  how  any  two-component  wave  system  inverse  problem  can  be 
recast  as  a  Schrodinger  inverse  problem.  In  addition,  we  observe 
from  (2-83)  and  from  the  definition  of  the  scattering  matrix  S(;^)  of 
the  two-component  system  (2-3)  that  the  scattering  matrix  associated 
to  Vj(x)  is  identical  to  that  of  (2-3),  and  that  the  scattering  matrix 


XT- 
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S2(uj)  associated  to  VgCx)  is  given  by 


82(01)  — 


Tl(o.)  -Rr(-) 


“•  ^  S  (uj)  L  f 


(2-86) 


i.e.  ,  it  is  obtained  by  changing  the  sign  of  the  reflection  coefficients 
Rj^  and  Rj^  of  (2-3). 

Consequently ,  given  a  potential  V  (x) ,  we  can  always  view  its 
left  reflection  coefficient  Rl(~)  as  arising  from  a  two-component  system 
such  as  (2-3).  Then,  given  R2^('«^)  or  the  impulse  reponse  R^tt) ,  we 
can  use  the  Schur  or  fast  Cholesky  recursions  to  reconstruct  the 
reflectivity  function  r(x),  which  in  turn  can  be  used  to  recover 
V(x)  from  the  relation  (2-85a).  The  relation  (2-85a)  is  known  in 
soliton  theory  as  the  Miura  transformation  (Ablowitz  and  Segur,  1981; 
Lamb,  1980),  and  it  maps  solutions  of  the  modified  Korteweg-de  Vries 
equation  into  solutions  of  the  Korteweg-de  Vries  equation. 

Direct  Recovery  of  Potential 

Bruckstein  et  al.  (1983)  have  pointed  out  that  the  potential  V(x) 
may  also  be  recovered  directly,  without  first  reconstructing  the 
reflectivity  function  r(x).  Applying  their  procedure  to  the 
Schrodinger  equation  (2-80),  we  take  the  inverse  Fourier  transform 
of  (2-80) ,  which  is 

3^/3*^  -  =  V(x)y(x,t).  (2-87) 

Note  that  this  is  the  equation  for  an  elastically  braced  string.  Defining 

A 

v(x,t)  =  (a/3x  +  a/at)y(x,t) 


(2-88) 


equation  (2-87)  can  be  rewritten  as  the  coupled  system 

(3/3x+  9/3t)y(x,t)  =  (iiCx.t)  (2-89a) 

(3/9x  -  3/3t)Wx,t)  =  V(x)y(x,t)  (2-89b) 

Now,  if  y(x,t)  can  be  shown  to  contain  a  leading  impulse  ,  as  p(x,t) 
does  in  (2- 22a),  we  have 

V(x)  =  -2  <l^(x,x+)  .  (2-90) 

Equations  (2-89)  -  (2-90)  can  be  propagated  in  x  as  a  recursive 
algorithm.  Initialization  of  y  and  at  x  =  0  depends  on  the  problem; 
see  Chapter  VII  for  an  example. 

Bruckstein  et  aL.  (1983)  have  pointed  out  that  this  algorithm  can 
be  interpreted  as  successively  truncating  the  potential  V(x).  If  the 
algorithm  is  at  point  x  in  the  medium,  the  current  problem  being 
solved  is  one  in  which  the  medium  to  the  left  of  x  has  been  replaced 
by  free  space  (i.e.  ,  V(z)  =  0  for  z  <  x).  Thus  again  we  see  how  a 
layer  stripping  algorithm  transforms  at  each  step  a  problem  on  the 
interval  [x,°°)  to  one  on  [x  +  A,  “). 

2.4  Integral  Equation  Methods  for  Solving  Inverse  Scattering  Problems 

In  this  section  we  switch  gears  and  review  integral  equation  methods 
for  solving  inverse  scattering  problems.  None  of  these  methods  will  be 
employed  in  this  thesis;  indeed,  the  purpose  of  this  thesis  is  to 
obviate  these  methods.  Nevertheless,  it  is  important  that  integral 
equation  methods  be  understood  so  that  the  dual  nature  of  differential 
and  integral  methods  be  appreciated. 


and  the  reconstructed  portion  is  extended  from  [0,x]  to  [0,  x  +A] 
at  each  step.  The  concept  of  adding  to  the  reconstructed  portion  of 
medium,  in  contrast  to  stripping  away  from  the  unreconstructed  portion 
of  the  medium,  will  be  illustrated  throughout  this  section. 


2.4.1  The  Marchenko ,  Gel'fand-Levitan,  and  Krein  Integral  Equations 


In  this  subsection  we  follow  Bruckstein  et  al.  (1983)  in  deriving 
the  above  three  integral  equations  for  solving  the  two-component  wave 
system  inverse  scattering  problem.  Other  approaches  are  possible; 
Burridge  (1980)  derives  these  equations  entirely  in  the  time  domain, 
using  Green's  functions,  convolutions,  and  Green's  identities.  In 
contrast,  Chadan  and  Sabatier  (1977)  and  Lamb  (1980)  use  a 
spectral,  frequency-domain  approach,  while  Faddeev  (1963)  uses  an 
operator  approach.  However,  the  approach  of  Bruckstein  et  al.  is 
the  simplest,  and  fits  in  most  readily  with  the  material  of  Section  2.3. 

Note  that  the  two-component  wave  system  in  the  frequency  domain 

rp(x,a;)-| 


(2-3)  can  be  viewed  as  a  state  equation  in  the  state 


-pix,; 

.q(x,i 


Then 


we  may  define  the  state  transition  matrix  M(x,ui)  for  this  system, 
M(x,u;)  is  specified  by 


^M(x.-)  = 


-r(x) 
-r(x)  j  - 


M(x,-) 


(2-91 


M(0,oj)  =  I2  . 


and  has  the  property  that 


^(x,w)1  ^  rp(O.u)) 

=  IVI(x,tjj) 

^<x,w)  Lq(0,w) 


(2-93) 


Taking  the  inverse  Fourier  transforms  with  respect  to  time  yields 


■-3/3t  -r(x) 

3M(x,t)/3x  =  M(x,t) 

-r(x)  3/3t 


M(0,t)  = 


6(t)  0 

0  6(t) 


(2-94) 


(2-95) 


p(x,t)1  rM.,(x,t)  M..,(x,t) 


q(x,t)J  L!Vl2^(x,t)  M22(x,t) 


P(0,t)' 

q(0,t) 


(2-96) 


Equations  (2-94)  and  (2-95),  and  the  principle  of  causality,  show  that 
Mjj(x,t)  and  M2j(x,t)  have  the  forms 

Mj^(x,t)  =  6(x-t)  +  M^j(x,t)(l(x-t)  -  l(x+t))  (2-97a) 


M2j(x,t)  =  M2j(x,t)(l(x-t)  -  l(x+t)) 


(2- 97b) 


This  simply  means  that  lVIjj^(x,t)  contains  a  leading  impulse  (from  (2-95)) 
Mj^^(x,t)  and  M2j(x,t)  have  support  on  [-x,x]  ,  and  and  1^2^  are  the 
smooth  parts  of  and  ^21'  ®lso  note  that  if  time  is  reversed, 
the  left  and  right  propagating  waves  are  interchanged ,  so  that 


M,,(x,t)  =  M„(x,-t) 


(2- 98a) 


M,,(x,t)  =  M,,(x,-t) 


(2- 98b) 


Now,  if  the  medium  is  being  probed  from  the  left,  we  have  by 


causality 

p(x,t)  =  q(x,t)  =  0  for  t  <  x  .  (2-99) 

Note  that  we  have  not  yet  specified  how  the  probing  is  to  take  place. 
Using  (2-97),  (2-98),  and  (2-99)  in  (2-96)  yields  the  coupled  integral 
equations 

Xx  P(0>t-'^)Mj^(x,T)dT  +  q(0,t+T)M2j^(x,T)dT  =  0  (2-lOOa) 

q(0,t+x)  +  /_^q(0,t4T)M^^(x.T)dT  +  p(0  ,t-T)M2^(x  ,T)dT  =  0  (2-lOOb) 

In  these  equations ,  a  change  in  the  sign  of  the  dummy  variable  t 
has  been  made  in  the  terms  involving  q(x,t)  in  order  to  make  use  of 
(2-98).  This  explains  the  t  +  ^  dependence  of  q. 

The  Marchenko,  Gel' fand -Levitan,  and  Krein  integral  equations 
are  all  derived  from  (2-100).  The  particular  equation  obtained  depends 
on  how  the  medium  is  probed. 

Marchenko  equation  (heJf-space  boundary) :  Let  the  probing  waves  take 
the  form 


p(0,t)  =  0(t) 

(2- 101a) 

q(0,t)  =  R(t) 

(2-lOlb) 

where  R(t)  is  causal.  This  corresponds  to  the  case  of  a  medium  being 
probed  from  an  infinite  homogeneous  half-space.  Define 


K(x,t)  =  M,,(x,t)  +  M„,(x,t). 


(2-102) 


Then,  adding  (2-lOOa)  and  (2-lOOb)  and  inserting  (2-101)  and  (2-102) 
yields  the  Marchenko  integral  equation  (Agranovich  and  Marchenko, 

1963;  Chadan  and  Sabatier,  1977) 

K(x,t)  +  R(x+t)  +  j^^K(x,T)R(T+t)dT  =  0,  t  <  x  (2-103) 

Upon  solving  this  integral  equation  for  K(x,t)  we  may  use 

r(x)  =  -2M2j(x,x“)  (2-104a) 

r^x)  =  2^  M^^(x,x")  (2-104b) 

which  are  obtained  by  substituting  (2-97)  into  (2-94),  and  recall  that 
for  the  Schrodinger  equation  associated  with  the  two-component  system 
(2-3)  the  potential  V(x)  is  given  by  (2- 85a)  as 

V(x)  =  r^(x)  -  f(x)  .  (2-105) 

Then  we  have 

V(x)  =  2  ^K(x,x')  (2-106) 

so  that  the  solution  of  the  Marchenko  equation  yields  the  Schrodinger 
potential. 

The  procedure  of  solving  the  Marchenko  equation  (2-103)  and 
then  using  (2-106)  to  recover  the  Schrodinger  potential  is  the  standard 
mathematical  physics  procedure  for  solving  Schrodinger  equation  inverse 
scattering  problems.  Ware  and  Aki  (1969)  used  this  procedure  to 
solve  the  one- dimensional  inverse  seismic  problem. 
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Gel'fand-Levitan  equation  (free  surface):  Let  the  probing  waves  take 
the  form 


p(0,t) 

=  6(t)  +  k(t) 

(2-107a) 

q(0,t) 

=  k(t) 

(2-107b) 

II 

R(aj)/(1-R(a))) 

(2-107C) 

where  k(t)  is  causal.  This  corresponds  to  the  case  of  a  medium  being 
probed  from  a  perfectly  reflecting  surface  ((2-107c)  follows  from  a  simple 
feedback  argument) .  An  example  of  this  situation  is  probing  the  earth 
from  an  earth-air  or  ocean-air  interface,  which  is  quite  well  modelled 
by  a  pressure-release  or  "free"  surface.  Define 

Kg(x,t)  (K(x,t)  +  K(x.-t)).  (2-108) 

Then,  adding  (2-lOOa),  (2-lOOb),  and  their  time- reversals ,  and 
inserting  (2-107)  and  (2-108)  yields  the  Gel'fand-Levitan  integral 
equation  (Gel'fand  and  Levitan,  1955;  Faddeev,  1963) 

Kg(x,t)  +  i(k(x-t)  +  k(x+t))  +  /g  ^(k(|t-t) )  +  k(t+T))Kg(x,T)dT 

=  0,  0  <  t  <  x.  (2-109) 

Again  we  may  use  (2-106)  to  recover  the  Schrodinger  potential  V(x). 

Krein  integral  equation  (free  surface):  Let  the  probing  waves  again 
take  the  form  (2-107)  and  define 

L(x,t)  =  [Cl^j(x,t)  •  (2-110) 

Adding  (2-lOOa)  to  the  time- reversal  of  (2-lOOb)  and  using  (2-107)  and 


(2-110)  yields  the  Krein  integral  equation  (Krein,  1954) 


k(x-t)  +  L(x,t)  +  [  k(lt-Tl)L(x,  T  )dT  =  0,  0  <  t  <  X  (2-111) 

By  setting  t  =  -x  in  (2- 100a)  we  get 

ivij^(x,-x)  =  0  (2-112) 

and  using  this  with  (2-104a)  and  (2-98b)  and  adding  yields 

r(x)  =  -2L(x,-x)  (2-113) 

so  that  the  solution  to  the  Krein  integral  equation  yields  r(x). 

2.4.2  The  Krein- Levinson  Algorithm 

Any  of  the  integral  equations  derived  above  can  be  solved 
numerically  by  discretizing  x  and  t.  If  x  and  t  are  discretized  by 
X  =  n^  and  t  =  m  A  ,  where  n  and  m  are  integers  in  the  intervals 
[0,N]  and  [-N  ,N],  respectively ,  then  0(N  )  operations  are  necessary 
to  solve  the  integral  equation  and  reconstruct  r(x). 

However,  the  fast  Cholesky  algorithm  in  Section  2.3  requires  only 

2 

0(N  )  operations  to  reconstruct  r(x)  for  the  same  discretization.  If 

there  is  some  duality  between  differential  and  integral  methods  for 

solving  inverse  scattering  problems ,  then  there  should  be  some  way 

to  reduce  the  amount  of  computation  required  to  solve  the  integral 
2 

equations  to  0(N  ). 

In  this  subsection  we  derive  the  Krein- Levinson  algorithm,  a 
continuous-parameter,  sUghtly  modified  version  of  the  famous  Levinson 


algorithm  for  solving  Toeplitz  systems  of  equations  (Musicus,  1981, 
is  a  thorough  treatment).  This  algorithm  solves  the  Marchenko 
integral  equation  using  0(N  )  operations  by  taking  advantage  of  its 

I 

Hankel  structure.  Slight  modifications  of  this  algorithm  can  be  used 

to  solve  integral  equations  with  Toeplitz  or  Toeplitz-plus-Hankel 

structure  (Gohberg  and  Koltracht,  1983). 

The  continuous- parameter  fast  Cholesky  and  Krein- Levinson 

algorithms  thus  provide  two  different  ways  of  solving  inverse 

2 

scattering  problems  using  0(N  )  computation.  In  Section  2.5  we  shall 
discuss  how  these  two  algorithms  are  "flip  sides"  of  each  other,  and 
why  the  fast  Cholesky  algorithm  requires  less  storage  and  computation. 

Inserting  (2-97),  which  specifies  the  forms  of  and  M2j^,  into 
(2-94),  the  time-domain  system  satisfied  by  M(x,t),  and  taking  the 
first  column  of  the  result  yields 


^  rM^^(x,t) 
[M2^(x,t) 


3/3t  -r(x)‘j  rMjj^(x,t) 


-r(x)  3/3tJ  j_M2j(x,t)J  ,  -x<t<  x 


(2-114) 


with  the  initial  condition 


Mjj(0,0) 

M2i(0,0) 


(2-115) 


Equations  (2-114)  look  like  the  fast  Cholesky  algorithm  dynamics , 
but  there  is  an  important  difference.  In  the  fast  Cholesky  algorithm 
the  quantities  propagated  were  the  waves  p(x,t)  and  q(x,t),  which 
were  non-zero  (by  causality)  for  t  >  x.  Here  the  quantities  propagated 


are  elements  of  the  transition  matrix  M(x,t),  and  are  non-zero  for 


-x<t  <x.  The  update  patterns  are  shown  in  Figures  2.7.  These 
should  be  compared  with  Figures  2.3,  the  update  patterns  for  the  fast 
Cholesky  algorithm. 

Examination  of  Figure  2.7  shows  that  in  order  to  propagate  (2-114) 
it  is  necessary  to  supply  values  for  Mjj^Cx.-x)  and  Mgj^Cx.x") 
independently  of  (2-114).  Setting  t=  -x  in  (2-lOOa)  yields 

Mj^(x,-x)  =  0  .  (2-116) 

However,  M2j(x,x~)  =  -r(x)/2  from  (2-104a) ,  and  we  certainly  need 
r(x)  to  propagate  (2-114).  The  only  way  we  can  get  this  is  to  set 
t  =  x~  in  (2- 100b) ,  yielding  the  rather  unwieldly  expression 

r(x)  =  -2M2i(x,x~)  =  2(q(0,2x)  +  f_^  q(0,x+T)Mj^(x,T)dT 

+  Xx  P(0.x-T)M2j(x,T)d  T  ).  (2-117) 

In  the  case  of  probing  from  a  half-space,  the  last  term  in  (2-117) 

vanishes.  In  this  case  (2-117)  should  be  compared  to  the  "inner 

product"  expression  in  the  discrete  Levinson  algorithm. 

The  Krein- Levinson  algorithm  thus  consists  of  equations  (2-114) 

and  (2-117),  with  the  additional  trivial  condition  (2-116).  Its  dynamics 

are  the  same  as  the  fast  Cholesky  algorithm,  but  the  quantitites  in  the 

algorithm  are  different,  and  the  inner  product  expression  (2-117) 

replaces  the  trivial  first  reflection  relation  (2-23).  Thus  the  Krein- 

Levinson  algorithm  requires  more  computation  and  storage  than  the 

2 

fast  Cholesky  algorithm,  although  both  algorithms  require  0(N  ) 
operations. 


2.4.3  Inverse  Scattering  as  Qrthonormalization 

Levy  (1985)  has  recently  pointed  out  that  the  solution  of  a  two- 
component  wave  system  inverse  scattering  problem  can  be  viewed  as 
an  orthonormalization  procedure.  It  is  well  known  (e.g.  ,  Kailath, 

1981)  that  the  problem  of  linear  least-squares  estimation  of  an 
autoregressive  (AR)  stationary  stochastic  process  can  be  regarded  as 
a  polynomial  orthonormalization,  with  the  Levinson  algorithm  carrying  out 
the  orthonormalization  and  the  Szego  polynomials  (representing  the 
residuals)  the  result.  For  the  inverse  scattering  problem,  the 
orthonormalization  procedure  is  applied  to  continuous  analogues  of 
matrix  orthogonal  polynomials.  The  Marchenko  integral  equation  results 
from  application  of  orthogonality  to  residuals,  such  as  the  Wiener- Hopf 
equations  are  derived  in  linear  least-squares  estimation  theory  (e.g., 
Kailath,  1981). 

This  result  is  presented  here  to  give  another  perspective  on 
inverse  scattering,  and  to  show  similarities  between  inverse  scattering 
and  linear  least-squares  estimation  theory.  These  two  problems  will 
be  linked  more  tightly  in  Section  2.5. 

Define  the  matrix  inner  product  of  two  2x2  complex-valued 
matrix  functions  A(cj)  and  B(a))  as 

-  00 

<  A,B  >  =  J  A(w)W(a))B^(w)d^  (2-118) 


where  the  Hermitian  weighting  matrix  W(w)  is 


W(a.) 


A 


_1_ 

2^ 


1 

.R((^) 


R*(a)) 

1 


(2-119) 


Here  R(ii))  is  the  left  reflection  coefficient  of  the  scattering  medium. 


If  the  medium  is  lossless,  |R(;j)|  <1  for  j  real,  and  by  Sylvester's 
criterion  W(u.)  is  positive  semidefinite.  Hence  <A,A>>0  unless  the  medium 
is  perfectly  reflecting. 

The  weighting  matrix  W(u})  in  (2-119)  was  suggested  by  Newton 
(1983,  p.  20)  as  follows.  Let  the  matrix  Jost  solution  '{'(x.co)  for  the 
two-component  wave  system  (2-3)  be  that  solution  which  behaves  like 


f(x,u)  - 


]^x 


<-^L® 


0 

Tei^^ 


as  X  -► 


(2-120a) 


^(x,  u)  ir 


-]UX 


as  X 


(2-120b) 


Note  that  the  first  column  of  'i'(x,j)  represents  a  scattering  experiment 
in  which  the  medium  is  probed  from  the  left,  while  the  second  column 
represents  a  scattering  experiment  in  which  the  medium  is  probed  from  the 
right.  Now,  the  two  columns  of  the  state  transition  matrix  IVI(x,w)  also 
represent  two  independent  experiments,  so  M(x,w)  can  be  obtained  from  the 
matrix  Jost  solution  'i'(x,u))  by  multiplying  it  by  the  Jost  function  J(0, 

M(x,a:)  =  J(^)t'(x,J.  (2-121) 

Then  the  spectral  function 

W(oj)  =  ^  (j”(^.)J((.0)'^  (2-122) 

l  TT 


turns  out  to  be  the  weighting  matrix  specified  by  (2-119). 
Note  that  the  probing  waves 


E(x  ,co) 


.  0 


(2-123) 


have  the  property  that 


<E{x,ci)),  E(y,to)>  =  5(x-y)I,  +  ®  ^  R(x+y). 

U  0-1 


(2-124) 


Thus  E(x,u)  and  E(y,(jj)  are  orthonormal  in  free  space  (x,y<  0)  since 
R(t)  is  causal. 

The  inverse  scattering  problem  is  solved  recursively  by  orthonormalizing 
E(x,vj)  and  E(y,w)  for  successively  larger  x  and  -a><y  <  x.  This  is  done 

by  the  usual  Gram-Schmidt  procedure;  E(x,w)  is  projected  onto  the 

A 

subspace  =  SPAN tE(y  ,(jj) ,  -oo<y  <x],  and  the  residual  is  then 
orthogonal  to  The  projection  operator  takes  the  form 


m(x  ,y)E(y  ,a^)dy 


(2-125) 


where  m(x,y)  is  an  unknown  2x2  matrix  kernel.  The  residual  M(x,--) 
is 


M(x,j)  =  E(x,ca)  -d?[E(x,v)] 

•  X 


=  E(x,uj)  +  m(x,y)E(y ,.;^)dy . 


(2-126) 


Now,  lVl(x,w)  is  orthogonal  to  by  construction.  This  means  m(x,y) 


satisfies 


0  1^ 

1  OJ 


R(x+z)  +  m(x, 


f  X 

-0  1- 

ni(x,y) 

1  0. 

R(y+z)dy  =  0,  -x<z^x.  (2-127) 
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Relations  Between  Differential  and  Integral  Methods 


In  this  section  the  dual  nature  of  differential  and  integrral  methods  of 
solving:  inverse  scattering  problems  is  discussed.  These  two  methods  are 
not  merely  related,  but  are  complements  of  each  other.  This  is 
illustrated  in  particular  by  the  complementary  nature  of  the  fast  Cholesky 
algorithm  (a  differential  method)  and  the  Krein- Levinson  algorithm 
(which  solves  the  integral  equations).  Finally,  in  order  to  furnish  an 
example  outside  the  usual  context  of  inverse  scattering  theory,  the 
familiar  problem  of  linear  least-squares  estimation  of  a  stationary  stochastic 
process  is  interpreted  as  an  inverse  scattering  problem,  and  solved 
using  both  algorithms.  This  illustrates  the  physical  meanings  of  various 
quantities  in  a  novel  setting,  adding  depth  to  an  understanding  of  inverse 
scattering  concepts  and  quantities. 


Differential  vs.  Integral  Methods 


In  Section  2.3  it  was  seen  that  the  differential  or  layer  stripping 
methods  operate  in  a  stripping  fashion:  At  each  step  of  a  layer  stripping 
algorithm,  a  problem  on  the  interval  [x,«>)  is  replaced  by  one  on  the 
interval  [x  +  A,«>).  This  was  particularly  vivid  for  the  dynamic 
deconvolution  procedure ,  in  which  the  quantity  being  propagated  was 
the  reflection  response  of  the  remaining  unknown  portion  of  the  medium. 
An  advantage  of  layer  stripping  methods  is  that  they  are  clearly 
efficient:  The  effects  of  the  reconstructed  portion  of  the  medium  are 
included  in  a  cumulative  fashion  at  each  step,  while  all  aspects  of  the 
medium  itself  are  discarded.  And  any  unknown  portion  of  the  medium  can 
have  no  effect  until  the  algorithm  reaches  it  (this  is  why  causality  is  so 
important  to  these  algorithms).  Thus  a  layer  stripping  algorithm  is  only 


m 


r.y.’.l 


concerned  with  that  differential  slice  of  the  medium  where  the  algorithm  is 
currently  operating. 


In  Section  2,4  it  was  seen  that  integral  equation  methods  utilize  all 
of  the  data  (measured  medium  response)  at  each  step.  Although  the 
medium  is  again  reconstructed  one  layer  at  a  time  (the  integral  equation 
must  be  solved  for  each  x) ,  the  entire  medium  affects  the  reconstruction  at 
each  step,  since  all  of  the  data  are  being  used.  This  is  why  bound  states 
affect  integral  methods  at  the  start ,  while  not  bothering  layer  stripping 
algorithms  until  that  part  of  the  medium  is  reached.  No  attempt  is  ever  made 
to  isolate  the  effects  of  part  of  the  data  or  medium  on  reconstruction  of  any 
layer.  This  is  why  unwieldly  integral  equations  are  necessary,  which 

3 

might  seem  to  require  0(N  )  operations  to  solve  completely. 

On  the  other  hand,  it  is  not  necessary  to  account  for  the  cumulative 
effect  of  the  reconstructed  medium  at  each  step.  The  integral  equation 
methods  are  constructive  in  nature:  At  each  step,  the  reconstructed 
portion  of  the  medium  is  extended  from  [0,x]  to  [0,  x  +  A] .  Note  that 
this  complements  perfectly  the  layer  stripping  approach:  one  decreases 
the  size  of  the  problem  at  each  step ,  while  the  other  increases  the  size  of 
the  solution  at  each  step. 

The  structure  of  the  integral  equations  (Hankel  for  the  Marchenko, 

Toeplitz-plus-Hankel  for  the  Gel'fand-Levitan ,  Toeplitz  for  the  Krein) 

allows  fast  algorithm  solutions  for  them.  This  reduces  the  computation 
2 

required  to  0(N  ),  the  same  as  for  the  layer  stripping  methods. 

Nevertheless,  it  should  be  noted  that  the  integral  equation  methods  amount 
to  formulating  a  problem  mathematically  and  solving  it  from  a  mathematical 


Since  this  equation  is  centrosymmetric,  we  have 


m^^Cx.y)  =  m^gCx.y)  and  =  m2j(x,y)  (2-128) 

and  this  simplifies  (2-127)  to 

m^j^tx.z)  +  J  m2^(x,y)R(y+z)dy  =  0,  -x  <  z  <  x  (2-129a) 

-z 

X 

R ( X"^z )  rn g^CXjZ)  /  m^^(x,y)R(y+z)dy  =  0,  -x<z<x.  (2-129b) 

~Z 

Adding  these  two  equations  and  recalling  (2-102)  yields  the  Marchenko 
integral  equation  (2-103). 

Two  comments  are  in  order  here.  First,  the  original  choice  (2-123) 
for  the  probing  waves  E(x,oj)  is  tantamount  to  probing  the  medium  from  a 
half-space,  as  in  (2-101).  This  is  why  the  Marchenko  equation  is  obtained, 
rather  than  the  Gel'fand-Levitan  or  Krein  equations.  These  latter  equations 
were  obtained  by  a  choice  of  probing  waves  associated  with  a  free  surface, 
as  in  (2-107).  Second,  the  centrosymmetric  equalities  (2-128)  do  not 
quite  agree  with  the  time  reversal  equalities  (2-98).  The  reason  for  this 
is  that  m22(x,t)  in  (2-98)  contains  a  probing  impulse  6(x-t),  while  the 
probing  impulse  in  the  second  component  of  the  present  experiment  is 
6(x+t).  This  cancels  the  time  reversal  in  (2-98),  leaving  (2-128). 

Operating  on  (2-129a)  and  (2-129b)  respectively  with  the  operators 
(9/9x  +  9/9z)  and  0/9x  -  9/9z)  yields  the  Krein- Levinson  algorithm 
dynamics  (2-114).  Proceeding  as  before,  the  Krein- Levinson  algorithm 
can  be  shown  to  solve  (2-129).  And  the  residual  M(x,u.)  therefore 
satisfies  (2-91)  and  (2-92),  and  is  therefore  the  state  transition  matrix. 


reflectivity  functions.  Thus  a  layer  stripping  approach  is  much  "closer' 
to  the  problem:  indeed,  layer  stripping  methods  have  been  described  as 


"letting  the  medium  perform  the  inversion  itself"  (Bruckstein  and  Kailath, 
1983).  It  would  seem,  then,  that  a  layer  stripping  approach  is  the 
"right  way"  to  look  at  the  problem .  This  is  emphasized  by  the  comparison 
of  the  fast  Cholesky  and  Krein-Levinson  algorithms  to  follow. 

2.5.2  Fast  Cholesky  vs.  Krein-Levinson  Algorithms 

For  convenience  these  two  algorithms  are  summarized  below. 

Fast  Cholesky  Algorithm 

basic  (?/yx  +  ?/3t)p(x,t)  =  -r(x)q(x,t) 

dynamics:  0/3x  -  3/3t)q(x,t)  =  -r(x)p(x,t). 

update  patterns:  See  Figure  2.3. 

reflectivity:  r(x)  =  2q(x,x^) 

function  update: 

initial  conditions:  half-space:  p(0,t)=0,  q(0,t)=R(t); 

free  surface:  p(0,t)  =  q(0,t)=k(t). 

quantities  being  rightgoing  and  leftgoing  waves, 
propagated:  p(x,t)  and  q(x,t),  respectively. 

support :  f  ?  X 

factorization  free  surface  i.c.:  6  (T)+k(T)+k(-T)=(causal) (anticausal) ; 

performed :  iialf-space  i.c. :  6(t)-R(t )*R(-T)=(causal) (anticausal) . 

The  latter  follows  from  noting  in  the  operator  domain  that  (using  (2-52c)) 

1-RR*  =  1  -  (k/(l+k))(k*/(l+k*))  =  (l+k+k*)/((l+k)  (1+k*))  (2-130) 

which  is  clearly  factored  if  1  +  k  +  k*  is. 
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Krein-Levinson  Algorithm 


bdslc 

dynamics:  (3/3x  -  d/3t)M2j^(x,t)  =  -r(x)Mj^j^(x ,t) . 

update  patterns:  See  Figure  2.7. 

reflectivity  r  ^  ~ 

function  update:  r(x)  =  2(q(0,2x)+  J_^q(0,x+T)lVIj^^(x,T)dT  + 

J_^p(0,x-T)M2j(x,T)d-c  ),  where  p(0,t)  and  q(0,t) 

are  the  probing  waves,  as  in  the  fast  Cholesky 
algorithm . 

initial  conditions:  M^^(0,0)  =  M21^®*®^  "  M^l(x,-x)=0. 

quantities  being  elements  of  the  state  transition  matrix,  i.e.,  the 
pi*op£Lg8tGd ^  rtiediuin  transmission  matrix* 


0/3x  +  3/3t)Ivi-,(x,t)  = 'r(x)IVi2i(x,t) 


support : 

factorization 
performed : 


-X  5  t  f  X 


6(t-s)  +  H(t,s;x)  =  (anticausal) (causal)  . 


In  the  factorization  performed  by  the  Krein-Levinson  algorithm,  H(t,s;x) 
represents  the  Fredholm  resolvent  operator  to  kChl  ).  This  operator  is 
defined  in  the  operator  domain  by  the  operator  equation 


(I  +  H)(I  +  k  +  k*)  =  I 


(2-131) 


which  is  equivalent  to  the  integral  equation 


,s;x)  +k(lt-sl)+  j_^H(t,v;x)k(iv-si)dv  -  0,  -X  <  s,  t  <  X.  (2-132) 


Note  that  although  the  dynamics  of  the  two  algorithms  are  the  same, 
the  quantities  being  propagated  differ.  The  fast  Cholesky  quantities  carry 
the  clear  interpretation  of  waves  propagating  leftward  and  rightward  in  the 
medium  at  the  point  x.  The  Krein-Levinson  quantities  carry  the  murkier 
interpretation  of  being  one  column  of  the  transmission  matrix  of  the  medium 
to  point  X.  The  supports  of  these  quantities  are  exactly  complementary, 


but  the  fast  Cholesky  algorithm  supplies  r(x)  directly,  while  the  Krein- 

Levinson  algorithm  requires  that  r(x)  be  computed.  In  Chapter  III  the 

simple  equation  r(x)  =  2q(x,x)  will  be  interpreted  physically  as  the 

first  reflection  from  the  medium  at  x  having  strength  r(x)/2.  No  such 

interpretation  of  the  inner  product  expression  for  r(x)  is  available. 

It  should  also  be  noted  that  the  Krein- Levinson  algorithm  requires 

that  the  original  scattering  data  q(0,t)  =  R(t)  be  stored  in  addition  to  the 

propagating  quantities  Mjj(x,t)  and  M2j(x,t).  Thus  the  Krein- Levinson 

algorithm  requires  a  storage  capacity  of  3N  words,  while  the  fast  Cholesky 

requires  only  2N  words.  And  the  extra  computation  involved  in  the  inner 

product  expression  for  r(x)  runs  the  total  operation  (multiplication-and- 

2  2 

add)  count  for  the  Krein-Levinson  algorithm  to  3N  vs.  2N  for  the 
fast  Cholesky  algorithm . 

The  "factorization  performed"  by  each  algorithm  requires  some 
explanation.  The  quantities  in  these  algorithms  can  be  interpreted  as 

p 

operators  in  L  ,  the  Hilbert  space  of  square -integrable  p- vector 
2 

functions  (Kailath  et  al.  ,  1979).  The  action  of  the  fast  Cholesky 
algorithm  is  to  perform  a  causal-times-anticausal  factorization  of  the 
Toeplitz  operator  6(t)  +  kCx)  +  k(-T),  where  kfx)  is  the  (causal) 
free  surface  response.  The  Krein-Levinson  algorithm,  on  the  other  hand, 
performs  an  anticausal-times-causal  factorization  of  the  operator  6(t-s)  + 
H(t,s;x),  where  H(t,s;x)  is  the  Fredholm  resolvent  of  k(|t-s|).  This 
again  illustrates  the  complementary  nature  of  these  two  algorithms.  The 
discretized  versions  of  these  algorithms  perform  LDU  and  UDL  factorizations, 
respectively,  of  the  Toeplitz  matrix  I  +  k(|i-j|)  and  its  inverse  (set 
Musicus,  1981,  for  details). 
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2.5.3  Example:  Linear  Least-Squares  Estimation  of  a  Stochastic  Process 

In  this  example  it  is  shown  how  this  familiar  problem  can  be  posed  as 
an  inverse  scattering  problem  and  solved  using  integral  equations,  the 
Krein- Levinson  algorithm,  or  the  fast  Cholesky  algorithm.  This  will 
lend  some  perspective  to  the  various  inverse  scattering  concepts,  which 
were  already  introduced  in  the  lossless  transmission  line  example  (Pusey, 
1975,  shows  the  connections  between  these  two  examples).  More  details 
on  the  connection  between  linear  estimation,  inverse  scattering,  and  fast 
algorithms  can  be  found  in  Dewilde  et  al.  (1981),  Dewilde  and  Dym  (1981), 
and  Dewilde  et  al.  (1978). 

The  basic  problem  to  be  considered  is  as  follows.  Let 

y(t)  =  z(t)  +  v(t)  (2-133) 

be  some  observations  of  a  zero-mean  stationary  stochastic  process  z(') 
with  covariance 


E[z(t)z(s)]  =  k(it-s| ),  (2-134) 

where  v(-)  is  a  white  noise  process  with  unit  intensity,  i.e.  , 


E[v(t)v(s)]  =  6(t-s)  .  (2-135) 

We  assume  that  z(*)  and  v(')  are  uncorrelated  and  that  k(‘ )C  Lj^[0,“) , 
so  that  its  Fourier  transform 


k(v) 


exp-jut  dt 


(2-136) 


I 


1.*’*  ^ 


exists.  In  this  case,  the  spectral  density  of  y(-)  is 
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I 


<V(a.O  =  1  +  k(oj)  +  k(-u) 


(2-137) 


Given  the  Hilbert  space 


Y(t;  x)  =  H[y(t+s),  -x  ^  s  ^  x] 


(2-138) 


spanned  by  the  observations  over  the  interval  [t-x,  t+x]  ,  our  objective 


is  to  compute  the  forwards  and  backwards  linear  least-square  estimates  of 


z  at  the  endpoints  of  this  interval.  These  estimates  can  be  denoted  as 


z(t+xlY(t;  x))  =  [  ^  A(x;  u)  y(t+u)du 


(2-139a) 


r  ^ 

z(t-x|y(t;  x))  =  B(x;  u)  y(t+u)du  , 


(2-139b) 


where  A(x;  •)  and  B(x;  •)  are  the  optimal  forwards  and  backwards 


prediction  filters,  respectively.  Note  that  since  the  process  z(*)  is 


stationary  the  filters  A(x;  •)  and  B(x;  *)  do  not  depend  on  t,  the  center 


of  the  interval  [t-x,  t+x].  Then,  if  the  forwards  and  backwards  residuals 


are  defined  as 


e(t,x)  =  y(t+x)  -  z(t+xlY(t;  x)) 


(2-140a) 


b(t,x)  =  y(t-x)  -  z(t-x|Y(t;  x)). 


(2-140b) 


by  using  the  orthogonality  property 


e(t,x) ,  b(t  ,x)  Y(t;  x) 


(2-141) 


of  linear  least-squares  estimates,  we  find  that  the  filters  A(x;  •)  and 


B(x;  •)  satisfy  the  Wiener-Hopf  equations 


“  •  •  -  V  V  O  ’ 


A(x;  s)  +  A(x:  u)  k(lu-sl)  du  =  k(x-s) 


(2-l42a) 


B(x;  s)  +  B(x;  u)  k(|u-s|)  du  =  k(x+s)  (2-142b) 

with  -X  1  s  £  X.  These  integral  equations  should  be  compared  to  the  Krein 
equation  (2-111). 

Applsdng  the  operators  ~  +  and  -r - ^  to  (2- 142a)  and 

oX  (3S  OX  (7S 

(2-142b)  respectively,  and  using  the  linearity  of  the  resulting  equations 
yields  the  Krein-Levinson  algorithm 

+  ~  )  A(x:  s)  =  -  r(x)  B(x;  s)  (2-143a) 

0  X  d  S 

is'^  B(x;  s)  =  -  r(x)  A(x;  s)  (2-143b) 

with  -  X  5  s  ^  X,  and  where 

r(x)  =  2A(x:  -x)  =  2B(x;  x)  (2-144a) 

-  2(k(2x)  -  J_^  A(x,u)k(x+u)du)  (2-144b) 

is  the  reflectivity  function.  The  fact  that  r(x)  is  well-defined  can  be 
obtained  by  noting  from  a  time-reversal  argument  that  B(x;  s)  e  A(x;  -s). 

So  far  this  has  all  been  routine — it  is  certainly  well-known  that  the 
Krein-Levinson  algorithm  solves  the  Wiener-Hopf  equations.  We  now  show 
that  an  inverse  scattering  interpretation  can  be  assigned  to  this  problem , 
and  that  the  fast  Cholesky  algorithm  may  be  used  to  solve  it . 

If  we  apply  the  operators  ^  to  the  definition  (2-140)  of  the 

dX  dX 

forwards  and  backwards  residuals  e(t,x)  and  b(t,x)  and  use  the  Krein- 


Levinson  equations  (2-143) ,  we  obtain  the  two-component  wave  system 

-  ■^)  e(t,x)  =  -  r(x)  b(t,x)  (2-145a) 

(-^  +  -^)  b(t,x)  =  -  r(x)  e(t,x)  .  (2-145b) 

This  shows  that  the  residuals  satisfy  a  two-component  wave  system,  where 
the  waves  e(t,x)  and  b(t,x)  propagate  respectively  leftward  and  rightward, 
and  where  the  waves  at  x  =  0  are  given  by 

e(t,  0)  =  b(t,  0)  =  y(t)  .  (2-146) 

As  a  consequence  of  this  observation,  the  process  y(t)  can  be  viewed  as 
the  ouput  of  a  modeling  filter  driven  by  e(t,x)  as  shown  in  Figure  2.8a. 
This  modeling  filter  is  obtained  by  aggregating  infinitesimal  ladder 
sections  of  the  type  described  in  Figure  2.8b.  Clearly  the  filter  problem 
is  solved  if  r(x)  can  be  recovered. 

The  scattering  matrix  associated  to  the  two-component  wave  system 
(2-145)  can  be  identified  by  noting  that  as  x-^  ” 

e(t,x)  =  Vp(t+x)  ,b(t,x)  =  Vg(t-x)  (2-147) 

where  v_(-)  and  v  (• )  denote  respectively  the  forwards  and  backwards 
F  D 

innovations  processes  associated  to  y(')  (Kailath  et  al.  ,  1978).  The 
processes  Vp(')  and  Vg(’)  are  white  noise  processes  and  are  related  to  the 
observations  y(-)  through  the  identities 

y(  .)  =  F(U))  0p(:.)  (2- 148a) 

y(-))  =  F(-:^)  ^  g(^) 


(2-148b) 


where  y(^),  and  denote  formally  the  Fourier  transforms  of 

y(*),  and  ^g(0,  and  where  the  shaping  filter  F(-)  is  the  outer 

A 

or  minimum  phase  spectral  factor  of  Vi(^) ,  the  spectral  density  of  y('). 
That  is, 


W('aj)  =  1  +  k('^)  +  k(-u)  =  lF(t^')l  ^  (2-149) 

on  the  real  axis,  and  F(oj)  and  F  ^((j)  are  analytic  in  the  lower  half-plane. 

The  relations  (2-146)  and  (2-147),  or  Figure  2.8a,  imply  that  the 
scattering  matrix  S((J)  satisfies 


’y(w) 

=  S(x) 

Vp(a;) 

(2-150) 


and  by  substituting  (2-148)  inside  this  relation  and  cancelling  we 

obtain  the  identity 


F"^(-uj) 

- 

- 

- 

T 

«R 

1 

1 

-Rr 

T  - 

F'^(-) 

(2-151) 


for  the  entries  of  S(w).  Using  the  fact  (2-15)  that  the  scattering  matrix 
is  unitary,  this  gives  after  some  algebra 


^lCv)  = 


k('^') 

1  +  k('^) 


(2-l52a) 


T(.)  = 


F(u ) 

1  +  k(-^) 


(2-152b) 


1  +  k(Lc) 


F(u,.) 

FC-c.) 


(2-152C) 


so  that  the  left  reflection  coefficient  Rj^(a))  depends  only  on  the  covariance 
data  given  by  ktw). 

Thus,  the  linear  least-squares  estimation  problem  has  now  been 
recast  as  an  inverse  scattering  problem.  The  two-component  wave  system 
(2-145)  has  been  denned,  with  the  residuals  e(t,x)  and  b(t,x)  acting  as 
waves,  and  the  scattering  matrix  for  this  system  has  been  specified  by 
(2-152).  In  particular,  the  left  reflection  coefficient  has  been 

specified  entirely  in  terms  of  the  known  covariance  k(t).  The  aim  is  to 
reconstruct  r(x) ,  and  once  this  has  been  done  the  optimal  modelling 
filter  is  specified  by  Figure  2.8, 

Moreover,  the  form  of  (2- 152a)  allows  the  choice  of  probing  waves 
(made  by  Dewilde  et  al. ,  1981;  note  that  this  choice  corresponds  to  a 
free  surface) 


b(t,0)  =  6(t)  +  k(t)l(t) 


e(t,0)  =  k(t)l(t) 


(2-153a) 


(2-l53b) 


which  now  replaces  (2-146)  but  leaves  Rl(-)  (2- 152a)  unaltered.  And 
since  Rj^(u;)  determines  the  rest  of  the  scattering  matrix,  the  choice 
(2-153)  of  probing  waves  leaves  the  entire  inverse  scattering  problem 
unaltered.  The  choice  of  probing  waves  (2-153)  means  that  the  fast 
Cholesky  algorithm 


(9/3x  -  o/3t)e(t,x)  =  -r(x)b(t,x) 
(?/9x  +  c/3t)b(t,x)  =  -r(x)e(t,x) 


(2-154a) 

(2-154b) 


r(x)  =  2e(x,x) 

b(t,0)  =  e(t,0)  =  k(t)l(t) 


(2-154C) 

(2-154d) 


(recall  that  only  the  smooth  parts  of  the  waves  are  propagated)  can  be 
used  to  reconstruct  r(x) . 

It  should  also  be  noted  that  this  results  in  a  causal-times-anticausal 
factorization  of  6(t)  +  k(T)  +  k(-T).  Furthermore,  from  (2-152a)  and 
(2-152b)  we  have 


r  F(uj)i 

■  1  +  k(a))' 

A 

=  8(0)) 

k(co) 

0 

so  that  the  choice  of  probing  waves  (2-146)  implies 

b(x,oj)  =  F(a;)  e  as  x  «> .  (2-156) 

Thus  the  fast  Cholesky  recursions  also  generate  F(a.') . 

On  the  other  hand,  the  Krein- Levinson  algorithm  (2-143)  -  (2-144) 
operated  not  on  the  residuals  e(t,x)  and  b(t,x),  but  on  the  forwards  and 
backwards  filters  A(x,-)  and  B(x,’).  This  again  illustrates  that  the  fast 
Cholesky  algorithm  operates  directly  on  the  waves  in  the  scattering 
interpretation  of  the  problem ,  while  the  Krein- Levinson  algorithm  operates 
on  the  transmission  matrix,  and  is  thus  less  physically  interpretable  in  its 
operation. 

In  this  chapter,  we  have  investigated  in  detail  both  differential  and 


integral  equation  methods  for  solving  inverse  scattering  problems.  In  the 
next  chapter  we  shall  see  how  these  methods  are  applied  to  the  one- 
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CHAPTER  III 

The  One-Dimensional  Inverse  Problem  at  Normal  Incidence 


3. 1  Introduction 

In  this  chapter  the  inverse  seismic  problem  for  a  one-dimensional 
acoustic  layered  medium  probed  by  imptilsive  plane  waves  at  normed  incidence 
is  reviewed.  The  goal  is  to  recover  the  acoustical  impedance  pc(T:)  as  a 
function  of  travel  time  t  .  The  case  of  a  medium  with  continuous  variation 
of  material  parameters,  and  the  case  of  a  medium  with  variations  only  at 
discrete  depths,  are  both  covered. 

A  considerable  body  of  literature  exists  on  both  of  these  problems; 
indeed,  the  majority  of  published  work  on  theoretical  methods  for  solving 
inverse  seismic  problems  has  dealt  with  these  two  problems.  Newton 
(1981)  is  a  good  review  paper  for  references  and  methods  for  solving 
the  continuous  medium  problem.  In  general,  these  methods  have  employed 
a  mathematical  physics  approach:  the  basic  equations  of  the  problem  are 
transformed  into  a  Schrodinger  equation,  and  the  potential  of  this 
equation  is  recovered  by  solving  a  Marchenko  integral  equation.  This 
procedure  is  described  in  detail  in  Section  3.2.2  below.  Ware  and  Aki 
(1969)  popularized  this  approach,  which  has  been  employed  many  times 
since  (see  the  list  of  references  in  Newton  (1981)). 

Other  methods  for  solving  the  continuous  medium  problem  have  been 


proposed.  Gray  (1983)  derived  a  Marchenko  equation  directly  in  terms  of 
a  reflectivity  function  r(T),  bypassing  the  necessity  of  solving  for  the 
Schrodinger  potential.  This  allows  discontinuities  in  r(T)  and  requires 


only  that  the  impedance  be  continuous,  unlike  the  Schrodinger  formulation 
for  which  the  impedance  must  be  twice  differentiable.  Burridge  (1980) 
derived  the  Marchenko  integral  equation  and  several  related  integral 
equations  directly  in  the  time  domain,  bypassing  the  Schrodinger 
equation  formulation. 

As  for  the  discrete  layered  medium  problem ,  the  assumption  is 
generally  made  that  the  medium  is  composed  of  horizontally  stratified 
homogeneous  layers  whose  thicknesses  are  such  that  the  travel  time 
through  each  layer  is  the  same.  In  this  case,  all  events  (arrivals  at, 
reflections  at ,  or  transmissions  through  any  interface ,  including  the 
surface)  occur  at  integer  multiples  of  At,  making  the  problem  a  digital 
signal  processing  problem.  This  model  of  the  medium  was  first  proposed  by 
Goupillaud  (1961),  and  is  generally  referred  to  as  a  "Goupillaud  medium." 
The  inverse  seismic  problem  for  such  a  medium  being  probed  by  plane 
waves  at  normal  incidence  has  been  solved  by  Goupillaud  (1961),  Kunetz 
(1962),  Claerbout  (1968),  Ware  and  Aki  (1969),  and  Berryman  and  Greene 
(1980),  among  others.  Berryman  and  Greene  (1980)  also  discuss  this 
problem  for  the  case  of  unequal  travel  times  through  the  layers;  in  this 
case  the  problem  is  no  longer  discrete  in  time,  since  arrivals  can  occur 
at  any  time  at  any  depth. 

Layer  stripping  methods  have  been  applied  to  the  inverse  problem 
for  a  continuous  medium  by  Symes  (1981),  Santosa  and  Schwetlick  (1982), 
and  Bube  and  Burridge  (1983),  and  to  the  inverse  problem  for  a  discrete 
medium  by  Symes  and  Zimmerman  (1982).  The  one-dimensional  inverse 
seismic  problem  at  normal  incidence  is,  to  our  knowledge,  the  one  inverse 
seismic  problem  to  which  the  layer  stripping  concept  has  been  applied 
extensively  prior  to  this  thesis.  (Some  work  has  been  done  on  the  elastic 


problem  covered  in  Chapter  VI.) 

In  Section  3.2  the  solution  of  the  inverse  problem  for  a  continuous 
medium  is  discussed.  After  some  basic  concepts  of  acoustics  (plane 
waves,  impedance,  reflection  and  transmission  coefficients,  energy 
normalization,  and  free  and  half-space  surface  boundary  conditions) 
are  reviewed,  the  standard  Gel'fand-Levitan  procedure  (Ware  and  Aki, 

1969)  for  solving  this  problem  is  presented.  Then  the  concept  of  layer 
stripping  is  applied,  and  the  fast  Cholesky,  Schur,  dynamic  deconvolution, 
and  method  of  characteristics  algorithms  for  solving  this  problem  are 
obtained . 

In  Section  3.3  the  solution  of  the  inverse  problem  for  a  discrete 
Goupillaud  layered  medium  is  discussed.  An  approach  similar  to  that  of 
Claerbout  (1968)  and  Ware  and  Aki  (1969)  is  used  to  derive  the  matrix 
equations  appearing  in  Ware  and  Aki  (1969),  Aki  and  Richards  (1980), 
and  Berryman  and  Green  (1980),  These  equations  are  discrete  analogues 
of  the  integral  equations  of  Section  2,4.  The  discrete  Levinson  algorithm 
for  solving  these  matrix  equations  is  also  derived  (Berryman  and  Green, 
1980) .  Next ,  discrete  layer  stripping  algorithms  for  solving  this  problem 
are  derived.  The  discrete  Schur  and  dynamic  deconvolution  algorithms 
obtained  here  were  noted  by  Robinson  (1982).  It  is  most  instructive 
to  compare  these  discrete  results  with  their  continuous  counterparts. 

In  Section  3.4  relations  between  the  solutions  of  Section  3.2  and 
those  of  Section  3.3  are  discussed.  In  particular,  it  is  shown  how  the 
discrete  medium  problem  approaches  the  continuous  medium  problem  in 
the  limit  of  the  layer  thicknesses  going  to  zero.  Gerver  (1970)  showed 
that  for  sufficiently  small  layer  thicknesses  the  discrete  problem 
solution  approximates  the  continuous  problem  solution.  Other  aspects 


of  the  discrete-to-continuous  and  continuous-to-discrete  transitions  are 
also  discussed,  including  transmission  losses,  variations  in  impulses, 
a  subtle  distinction  between  discrete  inverse  scattering  solutions  and 
discretization  of  the  medium ,  as  pointed  out  by  Berryman  and  Greene 
(1980). 

3.2  Solution  of  the  Inverse  Problem  for  a  Continuous  Medium 

The  inverse  seismic  problem  for  a  one-dimensional  acoustic  medium 
probed  by  impulsive  plane  waves  at  normal  incidence  is  formally  defined 
as  follows.  An  impulsive  acoustic  plane  wave,  propagating  vertically 
downward,  is  incident  on  a  layered  medium  from  a  homogeneous  half-space 
z  <  0  in  which  the  density  and  local  speed  of  sound  c^  are  known.  This 
half-space  could,  for  example,  be  the  ocean  above  the  ocean  floor.  The 
layered  medium  is  laterally  homogeneous,  so  that  material  parameters  vary 
only  in  depth.  The  medium  is  also  assumed  to  be  acoustic  (i . e . ,  a  fluid), 
so  that  it  is  entirely  characterized  by  the  profiles  of  density  P(z)  and 
wave  speed  c(z).  If  the  medium  is  continuous ,  then  o(z)  and  c(z)  are 
continuous  functions  of  depth  z.  The  reflection  response  of  the  medium 
(i.e.,  the  reverberations  making  their  way  back  to  the  surface)  is 
measured  at  the  surface;  the  actual  physical  quantity  being  measured 
depends  on  the  surface  boundary  conditions,  as  described  in  Section 
3.2.1  below.  The  goal  is  to  recover  the  profile  functions  p(z)  and  c(z). 
The  problem  is  clearly  one-dimensional  in  that  all  action  can  be 
represented  by  action  along  the  z  axis.  The  situation  is  illustrated  in 
Figure  3.1, 

Several  variations  on  this  problem  will  be  considered  in  this 
chapter.  In  particular,  the  case  of  a  continuous  medium,  in  which  P(z) 
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and  c(z)  are  continuous  functions  of  z,  and  the  case  of  a  discrete  medium 
in  which  p(z)  and  c(z)  are  piecewise  constant,  will  both  be  treated. 

In  the  latter  case  it  will  be  assumed,  following  Goupillaud  (1961),  that 
the  layers  have  equal  travel  times,  i.e. ,  that  the  thickness  of  a  layer 
is  proportional  to  the  wave  speed  in  that  layer.  This  makes  the  discrete 
problem  a  digital  signal  processing  one.  Two  different  sets  of  boundary 
conditions  at  the  surface  will  be  employed:  the  half-space  configuration 
described  above;  and  a  free  surface  boundary  condition,  for  which  the 
surface  pressure  is  zero. 

For  all  of  the  above  experimental  configurations,  Gerver  (1970) 
has  proved  that  it  is  impossible  to  recover  p(z)  and  c(z)  separately;  all 
that  can  be  obtained  is  their  product  pc(t)  as  a  function  of  travel  time 
T.  Further,  this  reconstruction  is  unique,  subject  to  mild  assumptions. 
This  is  reasonable  from  a  degrees-of-freedom  point  of  view — the 
measurement  of  a  single  time  function  should  not  be  expected  to 
determine  two  different  depth  functions.  In  order  to  determine  p(z) 
and  c(z)  separately,  the  oblique  incidence  experiment  of  Chapter  IV 
must  be  employed.  If  the  medium  is  not  acoustic  but  elastic  (i.e.  ,  not 
a  liquid  but  a  solid) ,  then  it  can  support  shear  stresses  and  shear  wave 
propagation.  This  elastic  problem  is  covered  in  Chapter  VI. 

3.2.1  Basic  Concepts  of  Acoustics 

In  this  section  we  quickly  review  some  basic  acoustical  concepts, 
including  plane  waves ,  impedance ,  reflection  and  transmission  coefficients , 
energy  normalization,  and  surface  boundary  conditions.  This  will  clear 
up  some  confusing  points  and  lend  physical  insight  into  the  meanings  of 
various  quantities  appearing  in  the  algorithms. 
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The  two  basic  equations  of  acoustics  are  (Dowling  and  Williams,  1983) 

p  =  -pc^V- u  (3-la) 

92u/3t2  =  -(l/p)Vp  (3-lb) 

where  u  is  the  particle  or  medium  displacement  and  p  is  the  negative 
isotropic  stress,  i.e.,  pressure.  Equation  (3- la)  can  be  interpreted  as 
an  equation  of  conservation  of  mass,  while  equation  (3- lb)  is  a 
convervation  of  momentum  equation  (compare  (3- lb)  to  Newton's  second 
law  of  motion  F  =  ma) .  For  a  one-dimensional  layered  medium  (3-1) 
becomes 

p  =  -pc^3u/3z  (3-2a) 

3^u/at^  =  -d/p)  3p/9z  (3-2b) 

where  u(z,t)  is  the  vertical  displacement  (the  z-component  of  the  vector 

u) .  Note  that  (3-2a)  can  be  interpreted  as  Hooke's  law  for  fluids:  an 

applied  stress  -p  produces  the  strain  3u/9z,  with  the  stress  and  strain 

2 

linearly  related  by  the  elastic  constant  pc  . 

Plane  waves 

In  a  homogeneous  medium,  insertion  of  (3-2a)  in  (3-2b)  yields  the 
wave  equation 

(3^/3t^  -  c^3^/9z^)u(z,t)  =  0  (3-3) 

which  has  the  fundamental  solutions 


u(z,t)  =  u(t  +  z/c) 


(3-4) 


These  solutions  describe  waves  traveling'  upward  and  downward  with 
speed  c.  These  waves  can  take  many  forms  (e.g.  ,  sinusoidal  or 
impulsive),  with  some  recognizable  feature  (an  impulsive  wave  front,  or 
a  point  of  constant  phase)  moving  through  the  medium  at  speed  c. 

Note  that  there  is  no  variation  with  x  or  y,  so  the  wave  can  be  thought 
of  as  a  plane  of  constant  phase  or  a  planar  impulse  moving  in  the  z  or  -z 
direction.  This  absence  of  spatial  variation  over  a  plane  normal  to  the 
direction  of  propagation  at  a  fixed  time  defines  a  plane  wave  (Aki  and 
Richards,  1980,  p.  125). 

In  general,  if  a  plane  wave  is  propagating  in  a  space  x  in  direction 
n  with  speed  c,  the  quantity  being  propagated  (displacement,  pressure, 
etc.)  is  a  function  of  (t  -  n  •  x/c).  Note  that  the  component  in  the 
direction  y  of  a  plane  wave  moving  in  direction  n  has  dependence 
t-(n-y)(x-y) /c,  which  corresponds  to  an  apparent  speed  of  propagation 
faster  than  c.  Since  this  is  a  phase  velocity,  there  is  no  ■violation  of 
causality. 

Impedance 

Consider  the  sinusoidal  plane  pressure  wave 

p(z,t)  =  (3-5) 


propagating  through  a  homogeneous  medium.  From  (3-2)  the  particle  or 
medium  velocity  v(z  ,t)  =  9u/9t  associated  with  the  wave  is 


p(z,t)/v(z,t) 


pc 
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(3-7) 


i.e. ,  the  pressure  and  velocity  associated  with  the  wave  are  related 
linearly  by  the  impedance  Z.  Impedance  is  thus  a  measure  of  medium 
resistance  to  motion,  i.e.,  the  amount  of  pressure  p  required  to  set 
particles  in  motion  with  velocity  v.  Equation  (3-7)  should  be  compared  to 
the  electrical  definition  (2-42)  of  impedance  as  the  ratio  of  voltage  to 
current . 

It  should  be  noted  (Aki  and  Richards,  1980,  p.  137)  that  impedance 
depends  on  the  type  of  wave.  For  example,  a  pressure  wave  propagating 
through  a  homogeneous  medium  at  an  angle  9  from  the  vertical  has 
impedance  pc /cos  9,  while  a  similar  displacement  wave  has  impedance 
pc  cos  9,  even  though  the  waves  are  physically  identical.  How  can  this 
be  true?  For  both  waves,  the  ratio  of  stress  to  particle  velocity  in  the 
direction  of  propagation  is  pc.  However,  the  impedance  for  the  pressure 
wave  is  defined  by 


V 


z 


A 

=  P 


/Z  =  V  cos  0  =  (p/pc)  cos  0 


(3-8) 


so  Z  =  DC /cos  9.  The  impedance  for  the  displacement  wave  is  defined  by 


T  =  Zv  =  p  cos  9  =  (pc  v)  cos  9 
zz 


(3-9) 


so  Z  =  pc  cos  G.  The  reasons  that  impedance  is  defined  in  terms  of  the 
z-components  of  the  produced  stress  or  particle  velocity  will  become 
apparent  below.  Also,  the  impedances  for  waves  travelling  in  opposite 
directions  have  different  signs. 
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Energy  and  energy  normalization 

It  may  be  shown  (Aki  and  Richards,  1980,  p.  127)  that  the  energy  flux 

(energy  per  unit  time  per  unit  area  normal  to  the  direction  of  propagation) 

for  a  displacement  plane  wave  is  pcv  ,  where  v  is  the  particle  velocity 

2 

amplitude  of  the  wave.  The  energy  flow  in  the  z-direction  is  then  Zv 
2 

=  cc  cos  -  V  ,  where  9  is  the  angle  between  the  direction  of  propagation 

of  the  plane  wave  and  the  z~axis.  This  can  be  seen  by  projecting  a  unit 

area  of  wavefront  on  a  unit  area  normal  to  the  z-axis. 

Suppose  now  that  the  medium  is  inhomogeneous  in  the  z-direction. 

Then  the  amplitude  of  the  wave  will  be  continually  varying  as  pc  varies, 

2 

in  order  that  the  energy  flux  pc  cos  Gv  be  kept  constant  (save  for 
losses  due  to  reflections).  This  phenomenon  has  often  been  observed  in 
earthquakes,  when  a  seismic  wave  that  had  small  amplitude  when  it  was 
passing  through  hard  rock  (high  impedance)  suddenly  becomes  much 
larger  (and  more  damaging)  when  it  passes  through  landfill  or  sediment 
(low  impedance). 

This  continual  variation  of  the  wave  amplitude  makes  it  difficult  to 
note  the  effects  of  reflections,  since  the  wave  amplitude  is  varying  due 
both  to  reflection  losses  and  impedance  variations.  For  this  reason,  the 
(energy) -normalized  pressure  and  displacement  4)  are  defined  by 


p  ^  P/Z^ 

«  =  uZ^  . 


(3- 10a) 


(3- 10b) 


These  quantities  have  the  property  that  the  energy  flux  in  a  wave  is 
simply  the  square  of  the  amplitude  of  the  wave — it  is  no  longer  necessary 
to  multiply  or  divide  by  Z.  Thus  variations  in  amplitude  are  due  solely 


to  transmission  and  reflection  losses.  Note  that  normalized  pressure  and 
velocity  have  the  same  dimensions. 


Reflection  and  transmission  coefficients 

Suppose  a  wave  is  propagating  through  a  medium  #1  with  density  and 
speed  of  sound  c^  and  reaches  an  interface  between  medium  #1  and 
another  medium  #2  with  density  02  local  speed  of  sound  C2.  Some 
of  the  wave  will  be  reflected  and  some  transmitted.  The  ratios  of  the 
amplitudes  of  the  reflected  and  transmitted  waves  to  the  amplitude  of 
the  incident  wave  are  the  reflection  and  transmission  coefficients  for  that 
particular  wave  type. 

Reflection  and  transmission  coefficients  are  determined  by  boundary 
conditions  at  the  interface:  displacement  and  normal  stress  are  continuous 
across  the  interface.  Derivations  are  made  in  almost  any  seismic  or 
acoustics  text;  the  coefficients  for  various  wave  types  are  simply 
summarized  below.  These  expressions  are  still  valid  for  non- normal 
incidence  on  the  interface  if  the  impedance  expressions  (3-8)  and  (3-9) 
are  used. 


DEFINITIONS:  r  =  reflection  coefficient  for  a  wave  incident  from  medium  #1 
r  =  reflection  coefficient  for  a  wave  incident  from  medium  #2 
t  =  transmission  coefficient  for  a  wave  incident  from 
medium  #1 

t  =  transmission  coefficient  for  a  wave  incident  from 
medium  #2 


DISPLACEMENT 

WAVES: 


r  = 


r  = 


'2  +  ‘1 


,  t  =  1+r  = 


,  t  =  1+r  = 


2Z, 


Zj  +  Z2 


2Z, 


Zi  +  Z2 


r  =  -r,  tt  -  rr  =  1 


(3-lla,b) 

(3-llc,d) 

(3-lle,f) 


PRESSURE 

WAVES: 


^2  -  ^1 

r  =  — = - —  ,  t  =  l+r 

Z2^Zi 


Zi  +  Zg 


(3-12a,b) 


-  ^1  -  ^2 
r  =  -  ,  t  =  l+r 

Zi  +  Z2 


Zi"22 


(3-12c,d) 


r  =  -r,  tt  -  rr  =  1 


(3-12e,f) 


NORMALIZED  r 

DISPLACEMENT 

WAVES: 


"1-^2 

Zi  +Z2 


,  t  =  t  = 


Zi  +Z2 


(3-13a,b) 


-  ^2-^1 

Z2  +  Zi 

r  =  -r,  =  1,  tt  -  rr  =  1 


(3-13C) 


(3-13(i-f) 


NORMALIZED 

PRESSURE 

WAVES: 


^2-^1 
Z,  +  Z^ 


.  t  =  t  = 


V 

Zi  +Z2 


(3- 14a  ,b) 


--  ^1-^2 

Zi  +  Z2 

2  2  "  - 
r  =  -r,  t  +r  =1,  tt-rr  =  l 


(3-14c) 


(3-14d-f) 


Several  comments  are  in  order.  Note  that  the  reflection  coefficients 
are  the  same  for  normalized  and  unnormalized  waves.  This  is  as  expected; 
since  the  wave  is  reflected  back  into  the  same  medium ,  normalization 
should  have  no  effect.  However,  normalization  does  affect  the  transmission 
coefficients;  the  normalized  coefficients  are  the  same  going  in  either 


direction  (reciprocity),  while  the  unnormalized  coefficients  must  alter  the 


wave  amplitude  to  preserve  the  enerpfy  flux  through  the  medium . 

Note  that  the  reflection  coefficients  for  pressure  and  displacement 

waves  have  opposite  signs.  Physically  this  amounts  to  a  phase  inversion; 

mathematically,  it  may  be  seen  as  follows.  Recall  that  the  amplitudes  of 

the  pressure  and  velocity  associated  with  a  wave  are  related  by  the 

impedance.  Hence  the  reflection  coefficients  for  pressure  and  velocity 

are  related  by  the  ratio  of  the  impedances  of  upgoing  and  downgoing 

waves,  since  the  incident  and  reflected  waves  travel  in  opposite  directions. 

But  these  two  impedances  differ  in  sign,  so  their  ratio  is  minus  one. 

For  the  normalized  coefficients,  we  have  the  conservation  of  energy 
2  2 

relation  t  +  r  =  1  (incoming  energy  =  outgoing  energy) .  For  all 

coefficients,  we  have  r  =  -r  (simply  exchange  the  media)  and  the 

relation  tt  -  rr  =  1,  which  should  not  be  confused  with  the  energy 

2  2 

conservation  relation  t  +  r  =1, 

Surface  boundary  conditions 

In  an  inverse  seismic  problem,  the  medium  is  probed  by  a  downgoing 
wave  D(0,t)  at  the  surface,  and  the  resulting  upgoing  wave  U(0,t)  is 
measured  at  the  surface.  These  waves  must  be  specified  in  terms  of 
known  or  measured  quantities. 

Half- space 

If  the  medium  is  probed  from  a  homgeneous  half-space,  then  we  set 

D(0,t)  =  5(t)  (3-15a) 

U(0,t)  =  R(t)  (3-15b) 


Here  :(•)  is  the  impulse  (Dirac  delta)  function  and  R(t)  is  the  measured 
response.  This  is  the  most  common  choice  of  boundary  condition  in  the 


literature,  since  the  mathematical  physics  solution  procedure  described 
next  reqmres  this  as  a  boundary  condition.  However,  it  is  physically 
reasonable  to  make  this  choice  when  the  actual  physical  experiment  consists 
of  detonating  an  explosive  charge  just  above  the  ground  for  a  land 
experiment,  or  close  to  the  sea  bottom  (far  away  from  the  ocean  surface) 
for  an  ocean  experiment.  In  the  latter  case,  the  water  column 
reverberations  (reflections  from  the  ocean  surface)  must  be  removed  from 
the  data. 

Free  surface 

A  free  surface  is  also  known  as  a  pressure  release  surface,  since  the 
boundary  condition  is  that  the  pressure  at  the  surface  is  zero.  The 
surface  of  the  ocean  is  modelled  quite  well  by  a  free  surface  iClaerbout, 
1976) ,  and  the  surface  of  the  earth  in  a  flat  region  is  also  modelled  well 
by  such  a  surface. 

The  effect  of  the  free  surface  is  to  reflect  the  upcoming  waves  into 
the  downgoing  waves  at  the  surface.  It  is  necessary  to  assume  that  the 
density  and  wave  speed  are  known  immediately  below  the  free  surface, 
in  lieu  of  specifying  them  in  a  half-space.  Of  course,  the  pressure 
release  boundary  condition  is  violated  for  an  instant  by  the  impulsive 
source,  but  as  long  as  the  source  stops  before  any  reflections  return  to 
the  surface,  there  is  no  problem. 

The  boundary  conditions  for  a  free  surface  are 

D(0,t)  =  6(t)+k(t)  (3-16a) 

U(0,t)  =  k(t)  (3-16b) 

where  the  upper  sign  is  for  displacement  waves  and  the  lower  sign  is  for 


pressure  waves  (to  see  this,  set  Zj^  =  0  in  (3-llc)  and  (3-12c)).  Note 
that  the  reflection  response  for  a  free  surface  can  be  synthesized  from 
the  response  for  a  half-space  boundary,  and  vice-versa,  by 

R(oj)  =  k(oj)/(l  +  k(w))  (3-17a) 

/s  ^ 

kfw)  =  R(oo)/(l  +  Rfta))  (3-17b) 

where  the  same  sign  convention  as  in  (3-16)  is  followed.  Indeed,  the 
entire  scattering  matrix  for  a  free  surface  can  be  synthesized  from  the 
half-space  scattering  matrix  and  vice-versa;  see  Ware  and  Aki  (1969). 

Bottom  boundary  conditions 

A  radiation  boundary  condition  is  also  assumed  throughout :  at 
sufficiently  great  depths,  there  is  no  upcoming  wave  (U(“,t)  =  0). 

The  transmitted  wave  at  great  depths  is  unknown.  The  medium  is  also 
assumed  to  be  relaxed  (quiescent)  before  the  experiment  beings.  This  is 
clearly  necessary  in  order  to  use  causality. 

3.2.2  Mathematical  Physics  Solution  for  a  Continuous  Medium 


Here  the  standard  mathematical  physics  procedure  for  solving  the 
one-dimensional  inverse  seismic  problem  for  a  continuous  medium  is 
presented.  First  popularized  by  Ware  and  Aki  (1969),  it  has  been  used 
so  often  since  then  that  it  might  well  be  termed  the  "classical"  approach  to 
solving  this  problem.  The  basic  equations  (3-2)  are  transformed  into  a 
Schrodinger  equation,  an  equation  often  encountered  in  quantum  mechanical 
scattering  problems  (Chadan  and  Sabatier,  1977).  The  Gel'fand-Levitan 
procedure  for  recovering  the  potential  of  the  Schrodinger  equation  is  well 
known  (Faddeev,  1967;  Chadan  and  Sabatier,  1977;  etc.),  and  the 


impedance  is  recovered  by  solving  a  differential  equation  involving  the 
potential,  or  is  recovered  directly  from  the  Schrodinger  solution.  A  major 
problem  with  this  method  is  that  it  requires  the  impedance  profile  Z(t) 
to  be  twice  differentiable,  or  impulses  will  appear  in  the  Schrodinger 
potential. 

Note  that  the  travel  time  t(z)  from  the  top  of  the  medium  to  depth 
z  is  given  by 

t(z)  =  Jq  ds/c(s),  (3-18) 

and  recall  the  definitions  of  impedance  Z  =  pc  (3-7)  and  normalized 
displacement  4)  =  Z^u  (3- 10b).  Substituting  all  of  these  in  the  basic 
acoustic  equations  (3-2)  and  Fourier  transforming  with  respect  to  time 
yields  the  Schrodinger  equation 

2 

f  ^  J  -  v}i  (t,.j)  =  0  (3-19) 

where  i(T,ij)  is  the  Fourier  transform  of  il>(T,t)  and  the  potential  V  (t  ) 
is  defined  as 

V(T)  =  Z'^  (Z^).  (3-20) 

dt 

Note  that  equation  (3-20)  requires  Z(t)  to  be  twice  differentiable  to  avoid 
impulses  in  the  potential  V(t  ) . 

The  boundary  conditions  for  the  Gel' fand- Levitan  solution  procedure 
are  those  for  a  half-space  boundary  (3-15).  Taking  Fourier  transforms 
of  (3-15),  employing  the  radiation  condition,  and  recalling  that  (J;  =  D  +  U 


results  in 


(e  •’  ^  +  R(w)e-'^  ,  T  <  0  (above  surface) 

T(a))e  ,  T  “  (at  great  depth) 


(3-21) 


where  e  is  the  source  impulsive  plane  wave,  R(w)e^^'^  is  the 
(measured)  reflected  plane  wave  response,  and  T(u))e  is  the  (unknown) 
transmission  response  of  the  medium.  The  situation  is  illustrated  in 
Figure  3.1. 

The  Gel'fand- Levitan  procedure  applied  to  the  inverse  scattering 
problem  specified  by  (3-19)  -  (3-21)  results  in  the  following  procedure 
for  solving  the  one- dimensional  inverse  seismic  problem: 

/V 

(1)  Measure  R((i3)  or  its  inverse  Fourier  transform  R(t); 

(2)  Solve  the  Marchenko  integral  equation 

K(t,T) +  R(t+T)  +  K(s,T)R(s+t)ds  =  0,  t  1  T  (3-22) 

(3)  Compute  the  potential  V(t)  from 

V(t)  =  2^  K(t,t)  (3-23) 

(4)  Solve  the  differential  equation  (3-20)  for  Z(t). 


Berryman  and  Greene  (1980)  have  pointed  out  that  steps  (3)  and  (4) 
may  be  replaced  by 


Z(t)/Z(0)  =  1  + 


,T)ds 


(3-24) 


since  the  differential  equation  (3-20)  has  the  same  form  as  the  Schrodinger 
equation  (3-19)  with  u  =  0.  From  (3-22)  it  is  evident  that  reconstruction 
of  Z(t)  on  [0,TI  requires  R(t)  on  [0,2T],  where  2T  is  the  two-way 


travel  time. 
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The  Gel’fand-Levitan  procedure  is  derived  in  Chadan  and  Sabatier 
(1977);  the  appearance  of  a  Marchenko  integral  equation  in  an  inverse 
scattering  problem  with  a  half- space  boundary  condition  should  not  be 
surprising  in  light  of  Chapter  II .  It  should  be  noted  that  this  procedure 
requires  that  there  be  no  bound  states  (see  Chapter  II)  and  that  the 
potential  V(x)  be  localized ,  i.e. 


w 

I  <1  *  ^ 


)|  V(t)  id  t  <  « 


(3-25) 


Neither  of  these  conditions  presents  any  problem  for  the  one-dimensional 
problem  at  normal  incidence,  but  they  do  present  problems  when  the 
medium  is  probed  at  non-normal  incidence.  This  is  discussed  in  Chapter  IV, 

3.2.3  Layer  Stripping  Solutions  for  a  Continuous  Medium 

To  obtain  layer  stripping  solutions,  it  is  first  necessary  to  obtain  a 
two-component  wave  system  from  the  basic  acoustic  equations  (3-2).  This 
is  done  as  follows.  Fourier  transformation  of  (3-2)  and  changing 
variables  from  depth  z  to  travel  time  t  using  (3-18)  results  in  the 
symmetrized  equations 


p  =  -Z  du/di 


CO  u  =  (l/Z)dp/dT 


(3-26a) 


(3-26b) 


s-vi' 

%  V  -J'  i 


which  can  be  written  as  the  matrix  system 


-1/Z  0 


(3-27) 


rp ' 

Claerbout  (1976,  p.  169)  has  pointed  out  that  if  the  state  vector  ^  is 


-  •  *  •  .  1 


multiplied  by  the  matrix  of  row  eigenvectors  of  the  system  matrix,  the 
new  state  variables  can  be  interpreted  as  upgoing  and  downgoing  waves. 
To  see  this,  write  the  system  (3-27)  as 


dx 

di 


=  Ax 


(3-28) 


rp 


where  ^  “  mj 


,  and  let  R  and  C  be  the  matrices  of  row  and  column 
eigenvectors,  respectively,  of  the  system  matrix  A.  Then,  defining 


w  =  Rx 


(3-29) 


substituting  (3-29)  into  (3-28),  premultiplying  by  R,  and  using  RC  =  I 
results  in 


dw 


dC 


^  =  (RAC  -  R  tf)  w 


(3-30) 


dC 


But  RAC  is  the  diagonal  matrix  of  eigenvalues  of  A,  i.e.  , 

RAC  =  DlAGt-j'o,  In  a  homogeneous  medium,  the  second  term 

is  zero,  and  from  (3-30)  it  is  evident  that  w  is  indeed  a  vector  whose 

components  are  upgoing  and  downgoing  waves. 

However,  in  an  inhomogeneous  medium,  the  second  term  of  (3-30) 

R^  differs  from  zero.  But  the  interpretation  of  w  as  consisting  of  upgoing 

cL  C 

and  downgoing  waves  will  be  preserved  if  the  diagonal  elements  of  R^ 
are  zero.  This  can  be  achieved  by  scaling  R  appropriately  (scaling  the 
elements  of  R  will  not  affect  their  status  as  eigenvectors).  Since  R 
is 

|1  ju'Z 


R  = 


Li  -j.zj 


(3-31) 


resulting  in  the  waves 


resulting  in  the  waves 


w  =  R 

P 

-p  +  jaZu- 

_u 

.  p  ~  jujZu  _ 

(3-32) 


the  obvious  scaling  to  try  is  the  energy- normalized  waves 


■D(T,a))‘ 

A  -1  -1 

=  z  \  =  (Z  ^R) 

P 

.U(t.u)). 

u 

(3-33) 

■p/Z^  +  jojZ^ti" 

> 

+  J  DIp  ' 

jp/Z^  -  jx'Z^u_ 

y 

-  ja)$ 

Indeed  this  works  and  the  waves  D(t,u;)  and  Ud.'jo)  satisfy  the 
component  wave  system 


di 


1 

<Q 

1 

-jco  -r 

1 

1 - 

<  Q 

L _ ^ 

LfiJ 

_-r  jcj. 

- \ 

_ 1 

(3-34) 


where  the  reflectivity  function  r(T)  is  defined  as 

=  J_  ^ 

2Z  dT  .  (3-35) 

Two  comments  are  in  order  here.  Recall  the  definition  of  impedance 
and  the  fact  that  impedances  of  waves  travelling  in  opposite  directions  are 
opposite  in  sign.  Then,  in  a  homogeneous  medium .  the  waves  (3-33) 
both  become  waves  in  the  normalized  pressure  ^  ,  i.e.,  the  normalized 
pressure  s  is  decomposed  into  upgoing  and  downgoing  waves.  Next, 
recall  the  reflection  coefficient  (3-14a)  for  normalized  pressure  waves. 


I 


A  continuous  medium  may  be  modelled  by  a  stack  of  thin  homogeneous 
layers,  each  with  travel  time  A,  and  then  letting  A  approach  zero.  This 
gives 


LIM  r  ^  LIM  Z(t+A)  -  Z(t)  J_ 
A^O  A  A-*-0  Z(t+A)  +  Z(t)  a 


2Z  dr 


=  rix). 


(3-36) 


This  will  be  discussed  in  more  detail  in  Section  3.4.  In  the  present 
context,  the  sign  of  (3-35)  implies  that  the  waves  are  really  normalized 
pressure  waves,  rather  than  displacement  waves.  This  is  in  accordance 
with  the  first  comment . 


Fast  Cholesky  algorithm 

If  the  downgoing  wave  D(T,t)  contains  an  impulse,  as  it  does  in 
both  the  half-space  and  free  surface  boundary  conditions,  then  we 
immediately  have  the  fast  Cholesky  algorithm 


(^  +  ^)  D(T.t)  =  -r(T)U(T,t) 

<3  T  ot 


TT^  "  -r(T)D(T,t) 


r(T)  =  2U(t,t) 


(3-37a) 

(3-37b) 
(3- 37c) 


initialized  by  either  set  of  boundary  conditions  (3-15)  or  (3-16).  The 
impedance  Z(t)  is  then  recovered  by  integrating  (3-35),  yielding 


Z(t)  =  Z(0)  exp  2/^  r(s)ds. 


(3-38) 


This  algorithm  is  preferable  to  the  GeTfand-Levitan  procedure  (3-20), 
(3-22),  (3-23)  on  both  computational  and  aesthetic  grounds.  The 


quantities  in  the  algorithm  have  obvious  physical  interpretations,  allowing 
the  user  to  physically  envision  the  inversion  process ,  and  the  algorithm 

rco 

is  guaranteed  stable  as  long  as  j^lr(T)|di  <  ®,  which  merely  requires 
that  the  impedance  be  positive  and  bounded,  Bube  and  Burridge 
(1983)  have  experimented  with  various  discretizations  of  this  algorithm 
(which  they  call  the  "downward  continuation"  algorithm) ,  and  have 
gotten  excellent  results. 

Schur  algorithm 

In  the  frequency  domain  we  have 


d 

- 1 

U> 

_ 1 

I 

■-j- 

-r 

’D(t  ,c^)' 

d- 

.UC:,.-)_ 

_-r 

.U(T  ,-). 

r(T)  =  LIM^  2j.  e^‘^'  U(t,  J  =  (I/tt)^  U(T.^)e^^^  du 


(3- 39a) 


(3- 39b) 


which  may  be  preferable  if  all  of  the  waves  are  only  known  over  a 
limited  frequency  range  (i.e.,  are  bandlimited  in  measurement).  In 
this  case,  the  lack  of  high  frequency  components  will  cause  some  error 
in  (3-39b).  Z(t)  is  obtained  from  (3-38), 

Dynamic  deconvolution 

Defining  the  reflection  coefficient  for  the  entire  medium  below  depth  z 
R(t,.,)  =  U(i,^)/D(t,(.)  (3-40) 


we  have  the  Riccati  equation 


along  with 

00 

r(t)  =  Lpi  2KR  =  (l/')jr  R(^.T)cl.  .  (3-42) 

This  algorithm,  in  which  R(t,(ju)  is  propagated  in  t  by  (3-41),  is 
initialized  by 

R(0,aj)  =  R(oj)  for  a  half-space  boundary  (3-43a) 

R(0,Ld)  =  k  ( jj) /(l-kC-))  for  a  free  surface  boundary  •  (3-43b) 

Tolstoy  and  Clay  (1966)  noted  the  Riccati  equation  (3-41)  for 
propagating  the  forward  problem,  as  did  Newton  (1981).  Corones  et  al. 
(1983)  used  the  inverse  Fourier  transform  of  (3-41)  as  an  invariant 
embedding  equation,  along  with 

r(T)  =  2R(t,0)  .  (3-44) 

to  solve  the  inverse  problem. 

Note  that  R(T,*,)  is  the  Fourier  transform  of  the  seismogram  at  depth 
t  that  would  be  obtained  if  all  of  the  medium  above  depth  x  were  stripped 
away,  and  the  remeiining  portion  of  the  medium  probed  with  an  impulsive 
plane  wave.  Equation  (3-44)  then  states  that  the  first  reflection  from 
the  medium  is  caused  solely  by  r(x).  Equation  (3- 37c)  in  the  fast 
Cholesky  algorithm  has  a  similar  interpretation:  the  first  reflection  from 
the  downgoing  wave  into  the  upgoing  wave  at  depth  x  is  caused  solely 
by  r('). 

Method  of  characteristics 

The  choice  of  variables  in  using  the  method  of  characteristics  is 
dictated  by  the  relation  Z  =  p/v.  Letting 
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p('.t)  =  p(T 

,t)l(t-T) 

(3-45a) 

V(T,t)  =  V(T 

,t)l(t-T) 

(3-45b) 

and  changing  variables  from  z  to  t  in  the  basic  acoustic  equations  (3-2) 
results  in  the  symmetrized  system 

5p(T,t)/3T  =  -Z3v(T,t)/3t  (3-46a) 

3v(t  ,t)/3T  =  -(l/Z)3p(T  ,t)/3t  .  (3-46b) 

Along  the  wave  front,  which  is  a  plane  wave  in  (i.t)  space  propagating 
with  unit  velocity,  we  have  by  the  definition  of  impedance 

Z(T)  =  p(T,-+)/v(T,T+)  .  (3-47) 

The  set  of  equations  (3-46)  -  (3-47)  can  be  propagated  in  t,  yielding 
Z(t).  However,  there  is  no  guarantee  of  stability,  and  all  physical 
interpretation  in  terms  of  waves  and  reflections  is  gone. 

Each  of  the  above  algorithms  has  its  counterpart  in  the  inverse 
seismic  problem  for  a  discrete  layered  medium.  This  is  explored  in  the 
next  section. 

3.3  Solution  of  the  Inverse  Problem  for  a  Discrete  Medium 


The  inverse  seismic  problem  for  a  one-dimensional  acoustic  discrete 
medium  is  defined  as  follows.  The  medium  consists  of  a  stack  of 
homogeneous  layers  whose  thicknesses  are  proportional  to  the  speeds 
of  sound  within  them.  Such  a  medium  is  called  a  Goupillaud  medium, 
after  Goupillaud  (1961).  The  medium  is  probed  by  an  impulsive 
acoustic  plane  wave  at  normal  incidence,  as  before,  and  the  reflection 
response  of  the  medium  is  measured.  The  goal  is  to  recover  the 
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impedance  in  each  layer,  which  is  equivalent  to  finding  impedance  as  a 
function  of  travel  time.  The  medium  is  illustrated  in  Figure  3.2. 

The  special  structure  of  a  Goupillaud  medium  causes  all  events 
(wave  arrivals,  reflections,  and  transmissions  at  all  interfaces, 
including  the  surface)  to  occur  at  half-integer  multiples  of  the  two-way 
travel  time  At  through  each  layer.  This  means  that  the  actual 
mathematical  problem,  involving  impulses,  can  be  replaced  by  a  completely 
equivalent  digital  signal  processing  problem.  This  makes  things  much 
simpler  mathematically,  and  allows  much  easier  visualization  of  what  is 
happening  inside  the  medium. 

It  should  be  noted  that  the  Goupillaud  assumption  is  not  as 
restrictive  as  it  may  first  appear.  Thick  layers  of  various  thicknesses 
may  be  built  up  by  stacking  various  numbers  of  the  fundamental  layers, 
each  having  the  same  density  and  wave  speed.  This  can  be  used  to 
approximate  a  general  discrete  medium.  For  Ax  small,  tiie  Goupillaud 
medium  may  be  a  good  approximation  to  a  continuous  medium.  Indeed, 
it  wiU  be  shown  in  Section  3.4  below  that  the  Goupillaud  medium  results 
approach  the  continuous  medium  results  as  At  -»■  0  (this  result  is  due  to 
Gerver,  1970). 

In  the  course  of  solving  the  discrete  problem ,  discrete  analogues 
of  integral  equations  and  of  aU  of  the  layer  stripping  algorithms  will  be 
obtained.  The  approach  will  be  similar  to  that  of  Aki  and  Richards 
(1980),  with  results  from  Kunetz  (1967),  Ware  and  Aki  (1969),  Berryman 
and  Greene  (1980),  and  Robinson  (1982)  also  worked  in.  Bruckstein 
and  Kailath  (1984)  ga' t  a  similar  treatment  for  the  discrete  transmission 


3.3.1  Matrix  Equation  Solutions  for  a  Discrete  Medium 

For  convenience  we  consider  the  medium  as  consisting  of  N  equal¬ 
traveltime  layers  sandwiched  between  two  infinite  half-spaces.  The 
two-way  travel  time  through  each  layer  is  At.  Insertion  of  the  lower 
half-space  is  simply  equivalent  to  cutting  off  the  data  record  after  NAi. 
In  due  course ,  a  free  surface  will  be  introduced  in  lieu  of  the  upper 
half- space  (this  can  be  done  by  setting  =  c^  =  0).  The  medium  is 
illustrated  in  Figure  3.2. 

The  medium  will  be  probed  by  an.  impulsive  displacement  wave,  and 
the  problem  will  be  treated  as  a  digital  signal  processing  problem.  The 
downgoing  and  upgoing  normalized  displacement  waves  at  the  top  of 
layer  i  will  be  designated  as  d^  and  u^^,  respectively,  while  the  waves  at 
the  bottom  of  layer  i  will  be  designated  as  d!  and  uj.  The  wave 
notation  is  illustrated  in  Figure  3.3.  Note  that 

d'.(t)  =  d.(t  -  i) 

U.(t)  =  Uj(t  +  i) 

It  should  also  be  noted  that  d.(t)  and  u^(t)  are  zero  except  at 

T  » 

t  =  (i-l)/2  +  k,  k  =  0,1,2,...,  and  d^  (t)  and  u.(t)  are  zero  except  at 
t  =  i/2  +  k,  k  =  0,1,2,...  Hence  successive  non- zero  values  of  any 
wave  are  separated  by  one,  i.e.  ,  the  layer  two-way  traveltime  <--t.  If 
the  one-way  layer  traveltime  were  being  used,  the  waves  would  have 
every  other  value  being  zero,  and  the  notation  would  be  even  worse. 

At  any  given  moment ,  the  four  waves  at  an  interface  i  interact  as 


(3-48a) 

(3-48b) 


shown  in  Figure  3.4.  We  have 
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3.3  Notation  for  upgoing  and  downgoing  waves  at  the  top 
and  bottom  of  each  layer. 


3.4  Interaction  of  the  downgoing  and  upgoing  waves  in  layers 
i  and  i+1. 


Ui  =  r.d.  + 
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(3- 49a) 
(3-49b) 


where  r. ,  t. ,  r. ,  and  t.  are  defined  in  (3“13)  for  normalized  displacement 
waves.  Equations  (3-49)  can  be  rewritten,  using  (3-13d)  and  (3-13f), 
as 


(3-50) 
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and  defining  the  layer  two-way  travel  time  delay  operator  z  we  have , 
using  (3-48) 
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(3-51) 


A  straightforward  induction  argument  similar  to  that  of  Aki  and 
Richards  (1980,  p.  666)  shows  that  for  n  =  1,2,...N 
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where  Mj^j^(z)  and  M2j^(z)  are  polynomials  in  z  having  the  forms 
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Note  that  (3-52)  defines  the  discrete  state  transition  matrix,  in  direct 
analogy  to  (2-93).  Note  that  properties  analogous  to  the  time-reversal 
properties  (2-98)  have  been  revealed  by  the  induction,  and  have  been 
used  to  simplify  m”2(z)  and  1^22(2)-  Note  also  that  the  finite  order  of  the 
polynomials  is  analogous  to  the  support  (2-97)  of  Mj^j^(x,t)  and  M2j(x,t), 
The  polynomials  Mjj^(2)  and  are  generated  recursively  by 

the  recursions 


.,n+l,  . 
Mjj  (z) 


-^(zmJ^(z)  -  r^M5‘^(z)) 
n 


(3-54a) 


(3-54b) 


which  also  follow  directly  since  [M;:(z)]  is  the  transition  matrix  (compare 
to  (2-91)).  Equations  (3-53)  and  (3-54)  are  similar  to  equations  (41) 
and  (42)  in  Ware  and  Aki  (1969),  and  to  equations  (22),  (13),  and  (12) 
in  Berryman  and  Greene  (1980).  However,  these  latter  equations  were 
derived  for  the  upgoing  (i.e. ,  in  decreasing  i)  transition  matrix. 

H alf- space  boundary  condition 

For  an  infinite  half- space  boundary  the  boundary  conditions  are 


(3-55a) 


(3-55b) 
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T<^)  =  2 

n=N/2 


(3-56a) 


(3-56b) 


are  constructed  from  the  reflection  response  sequence  at  the  surface 
{R^},  and  the  transmission  response  sequence  at  the  bottom  {T^}. 

The  layer  matrix  in  (3-51)  has  a  determinant  of  unity,  hence  the 
propagator  matrix  in  (3-52)  also  has  a  determinant  of  unity.  Inserting 
(3-55)  into  (3-52),  setting  n  =  N,  and  adding  results  in 


z''^(Mj^(1/2)  +  M^^(l/z))  +  R(2)(M^^(z)  +  M2i(2))  =  z^^^T(z)  . 


(3-57) 


Multiplying  (3-5  7)  by  and  inserting  (3-53)  and  (3-56)  results  in 
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where  the  order  of  the  inner  sum  of  the  nested  sum  has  been  reversed. 

N  N  ^  2 

Clearly  T^,  so  the  right  side  of  (3-58)  is  just  z^ -5,  (1-r.)  + 

JN  / Z  ]  ]-i  ] 

N+1 

0(z  ).  Equating  coefficients  of  powers  of  z  on  both  sides  of  (3-58) 

results  in  the  matrix  equation 
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which  is  (70)  in  Berryman  and  Greene  (1980),  and  which  can  be 
rewritten  as 
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(3-60) 

Equation  (3-60)  is  just  a  discrete  version  of  the  Marchenko  integral 

N  N 

equation  (2-103),  in  terms  of  the  kernel  m^.  +  m2j  (compare  to  (2-102)). 
From  (3-53b),  and  in  analogy  to  (2-104a),  we  have 


’'n  “  "’20  ’ 


(3-61) 


Free  surface  boundarv  condition 


Here  we  return  to  Aki  and  Richards  (1980),  pp.  667-669).  Now 
the  boundary  conditions  are 


k(z) 

l+k(z) 


(3-62a) 


WJ'l 


(3-62b) 


where  R(z)  and  T(z)  are  defined  by  (3-55)  and  (3-56)  and  {k^}  is 
the  free  surface  response  sequence.  Inserting  (3-62)  in  (3-52)  with 
n  =  N  yields 


(3-63) 


so  that  G(z)  is  the  causal  and  stable  deconvolution,  inverse ,  or 


whitening  filter  that  outputs  the  source  impulse  when  the  transmission 

-N  /2 

seismogram  is  fed  into  it  (the  z  removes  the  delay  before 
becomes  non- zero). 

Inserting  (3-66)  into  (3-65)  we  get  the  important  equation 


1  +  k(z)  +  k(l/z)  =  T(z)T(l/z)  =  l/(G(z)G(l/z)) 


(3-67) 


which  states  that  the  medium  response ,  for  a  free  surface  boundary 
condition,  forms  one  side  of  the  autocorrelation  of  the  transmission 
seismogram .  This  famous  result  is  due  to  Kunetz  (1962),  and  should  be 
compared  with  (2-149). 

Writing  out  the  polynomials  in  (3-65)  using  (3-64b)  and  (3-62c), 
multiplying  by  G(l/z),  and  equating  coefficients  of  negative  powers  of 
z  to  zero  (since  1/G(z)  is  causal  by  (3-66))  yields  the  matrix  equation 
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=  0  ,  (3-68) 


and  using  (3-64)  and  (3-53)  this  equation  can  be  rewritten  as 
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(3-69) 

Equation  (3-69)  is  a  discrete  version  of  the  Krein  integral  equation 

N  N 

(2-111),  in  terms  of  the  kernel  +  m2  (compared  to  (2-110)). 


In  the  continuous  medium  case,  the  transmission  losses  become  negligible 

N 

(see  Section  3.4),  so  becomes  unity.  From  (3-64b)  we  have 

N  N 

~  ”^N  "  ”  ^'"iN  '”20^’  analogy  to  (2-113). 

Levinson  algorithm 

It  should  not  be  surprising  that  the  discrete  Levinson  algorithm  can 
be  used  to  solve  the  matrix  equations  (3-60)  and  (3-68).  Indeed,  the 
recursions  (3-54)  are  the  Levinson  recursions  in  the  form  of  recursions 
on  the  Szego  polynomials  M^j^(z)  and  m”2(z).  All  that  is  needed  is  an 
"inner  product"  expression  to  generate  the  reflection  coefficients,  allowing 
the  algorithm  to  propagate.  Equation  (52)  in  Ware  and  Aki  (1969)  and 
equation  (21)  in  Berryman  and  Greene  (1980)  are  both 
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(proved  by  induction  in  Appendix  A  of  Ware  and  Aki,  1969),  and  this 
in  conjunction  with 
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(3- 71a) 
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(3-71b) 


forms  the  Levinson  algorithm  for  obtaining  the  reflection  coefficients 

N  N 

ir  }.  Note  that  the  sums  m,.  +  m,».  solve  the  Marchenko-Uke  Hankel 
n  li  2i 

matrix  system  (3-60),  while  the  solution  to  the  Krein-like  Toeplitz  matrix 
system  (3-68)  can  be  generated  from  (3-71)  and  (3-64). 


Having  obtained  discrete  analogues  to  the  Marchenko  and  Krein 


integral  equations  and  the  Levinson  algorithm ,  we  now  derive  discrete 
analogues  to  the  layer  stripping  algorithms  of  Section  3.2.3. 
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3.3.2  Laver  StrioDiner  Solutions  for  a  Discrete  Medium 

The  layer  stripping  algorithms  for  solving  the  discrete  medium  problem 
can  be  obtained  almost  immediately  from  the  above  development.  Recalling 
(3-51) 


z^t.  L-^i  ^  J  [‘ii 


1  -zr.  uj 


(3-72) 


where  L  =  (1-r^)’  from  (3-13e). 


can  be  initialized  using  either 


(3-55)  for  a  half-space  boundary  or  (3-62)  for  a  free  surface. 

At  the  leading  edge  or  wave  front,  there  is  no  upcoming  wave  from 
farther  below  by  causality  and  the  initial  quiescence  of  the  medium. 
Hence  we  may  set  =  0  in  (3-49b),  yielding 


r.  =  u./d.  =  u.(l  +  i)/d.(i  -  i)  = 


(3-73) 


i  'z=0 


The  fast  Cholesky  algorithm  is  then,  from  (3-72)  and  (3-73), 
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(3- 74a) 


(3- 74b) 


u.(i  +  i)/d.(i  -  i)  . 


(3- 74c) 


The  Schur  algorithm  (here  in  its  original  form  as  developed  by 


Schur)  is  (Robinson,  1982) 
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z  =  0 


The  dynamic  deconvolution  algorithm  (Robinson,  1982)  is  obtained  by 
defining 


(3-76) 


and  noting  from  (3-75)  that  R.(z)  satisfies 
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(3- 7  7a) 
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r.  =  R.(0) 
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(3- 77b) 


Note  that  (3- 77a)  is  a  discrete  Riccati  equation  (compare  with  (3-41)). 
R^(z)  represents  the  seismogram  that  would  be  obtained  if  all  of  the 
layers  1,2,  ....  i  were  stripped  off  and  the  remaining  portion  of  the 
medium  were  probed  with  an  impulse.  Equation  (3- 77b)  simply  states 
that  the  first  reflection  from  the  remaining  portion  of  the  medium 
(Robinson,  1982,  refers  to  it  as  the  "first  bounce")  is  caused  by  the 
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reflection  coefficient  of  the  next  interface.  The  dynamic  deconvolution 
algorithm  is  initialized  by 

Rq(z)  =  R(z)  (half-space  boundary)  (3-78a) 

Rq(z)  =  k(z) /(l+k(z) )  (free  surface)  (3-78b) 

(Note  the  sign  change  between  (3-43b)  and  (3-78b);  this  is  caused  by 
the  switch  from  pressure  waves  to  displacement  waves.) 

The  Schur-Cohn  stability  test  is  to  run  the  algorithm  (3-77), 
starting  with  Rg(z)  =  f(z).  Then  if(z)!  <  1  and  f(z)  is  analytic  inside 
the  unit  circle  if  and  only  if  the  reflection  coefficients  all  have  the 
property  that  |r.  |  <  1.  This  test  is  tantamount  to  the  synthesis  of  a 
lossless  transmission  line;  the  conditions  !f(z)|  <  1  and  j  r^  |  <1  are 
both  statements  of  the  passivity  of  the  line.  To  see  this,  recall  that 
each  section  of  the  line  is  implemented  by  the  layer  matrix  (3-51),  which 
has  a  determinant  of  unity.  Then,  if  |rj  <1,  each  layer  matrix 
multiplication  becomes  a  lossless  rotation,  so  that  the  line  is  lossless. 

The  test  is  also  analogous  to  the  Darlington  synthesis  of  a  lossless 
digital  filter.  References  for  all  of  this  are  given  in  Chapter  II. 

Note  that  the  fast  Cholesky  algorithm  (3-74)  does  not  match  the 
discretized  version  of  the  continuous  fast  Cholesky  algorithm  presented 
in  (2-25).  However,  we  can  easily  obtain  this  form  of  the  fast  Cholesky 
algorithm  for  the  discrete  medium  oroblem  by  making  two  changes:  (1) 
exchange  the  roles  of  the  primed  and  unprimed  waves  in  Figures  3.3 
and  3.4,  so  that  the  waves  in  the  (revised)  fast  Cholesky  algorithm  are 
the  waves  at  the  bottom  of  each  layer;  and  (2)  change  from  two-way 
travel  time  to  one-way  travel  time.  Then  the  wave  interactions  at  an 
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interface  i  are  described  by 


d.'  ,  =  t.d.  +  r.u.'  , 
1+1  11  1  1+1 


Ui  =  r.d.  + 


(3- 79a) 
(3- 79b) 


We  also  have 


u!(t)  =  u.(t-l) 

(3- 80a) 

d'ft)  =  d.(t+l) 

(3- 80b) 

t.  =  t.  =  1  -  r,^ 

(3- 80c) 

where  the  one-way  travel  time  through  each  layer  is  unity  and  (3- 80  c) 
follows  from  the  (continued)  use  of  normalized  displacement  waves. 
From  (3-79)  and  (3-80)  we  get 


Vi”  - 

r^  =  u.(i)/d^(i) 


(3-81a) 


(3-81b) 


(3- 81c) 


which  has  the  same  form  as  the  discretized  algorithm,  except  for  the 
transmission  losses  and  a  factor  of  two  in  (3-81c).  These  are  discussed 
in  Section  3.4. 

It  should  be  noted  that  Symes  and  Zimmerman  (1982)  and 
Bruckstein  et  al.  (1984)  have  made  detailed  numerical  studies  of  the 
performance  of  the  discrete  fast  Cholesky  algorithm  in  the  presence  of 
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noise  and  using  bandlimited  data.  The  algorithm  seems  to  work  quite 
well  for  fifty  or  sixty  layers ,  at  which  point  the  conditioning  of  the 
problem  itself  becomes  so  poor  that  further  inversion  by  any  means  would 
give  poor  results.  Bandhmitation  of  the  data  does  not  affect  the  algorithm 
too  severely,  although  the  lack  of  low-frequency  components  causes 
problems  in  reconstructing  the  trend  of  the  profiles.  These  results 
emphasize  the  comments  of  Bruckstein  and  Kailath  (1984)  that  layer 
stripping  methods  are  NOT  inherently  inferior  to  integral  equation  or 
matrix  methods,  as  commonly  believed.  Indeed,  a  major  purpose  of 
Chapters  II  and  III  of  this  thesis  is  to  emphasize  that  the  two  approaches 
are  mathematically  equivalent ,  and  in  fact  are  dual  to  each  other. 


3.4  Relations  Between  Discrete  and  Continuous  Problems  and  Solutions 


In  this  section  the  problems  and  results  of  Sections  3.2  and  3.3 
are  linked.  One  might  intuitively  expect  the  results  for  a  continuous 
medium  to  closely  match  those  for  a  sufficiently  finely  discretized  medium 
For  the  most  part  this  is  the  case  (Gerver,  1970);  however,  there  are 
some  important  distinctions.  These  distinctions  are  discussed  and 
clarified  here,  so  that  the  relation  between  the  continuous  and  discrete 
problems  may  be  more  readily  understood. 

3.4.1  Discrete  to  Continuous  Transformation 


It  IS  a  well  known  development  that  the  two-component  wave  system 
inverse  scattering  problem  for  a  continuous  medium  can  be  treated  by 
solving  the  same  problem  for  a  discrete,  equal-traveltime  medium,  and 
then  letting  the  layer  travel  time  approach  zero.  This  is  a  common 
procedure  in  mechanics;  Pusey  (1975)  employed  it  in  studying  the  lossless 
non-uniform  transmission  line,  and  Gerver  (1970)  applied  it  to  the  present 
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problem.  Here  we  quickly  sketch  over  the  argument. 

Consider  a  one-dimensional  stratified  acoustic  medium  comprised  of 
homogeneous  layers ,  each  of  which  has  a  thickness  proportional  to  the 
wave  speed  within  it,  so  that  the  one-way  traveltime  through  each  layer 
is  A-  Splitting  the  medium  displacement  or  pressure  in  each  layer  into 
upgoing  and  downgoing  waves,  we  have  the  relations  (from  (3-74)) 


(d.(t-A)  -  r.u.(t+A)) 
^  ^  (1-rp^  ^  ^  ^ 


=  - TT  (u-(t+A)  -  r-d.(t-  A)) 

^  ^  (1-r  )’  ^  ^  ^ 

1 


(3- 82a) 


(3-82b) 


for  waves  defined  at  the  top  of  each  layer,  and  the  relations  (from  (3-81)) 


di^l(t+A) 


Uj^l(t-  A)  = 


- (d  (t)  -  r.u.(t)) 

d-rp"  '  '  ' 


- Vl  -  r.d  (t)) 

(1-rp^  '  ‘  ' 


(3-83a) 


(3- 83b) 


for  waves  defined  at  the  bottom  of  each  layer.  In  both  cases,  the 
reflection  coefficient  for  normalized  displacement  waves  is 


"i  -  Zi.i 
^i  ^ 


while  the  reflection  coefficient  for  normalized  pressure  waves  is 


Z.  ,  -  Z. 
1+1  1 

'i  ■  hn  *  h 


(3-84) 


(3-85) 


Since  the  continuous  medium  results  of  Section  3.2  were  derived  using 
pressure  waves,  we  shall  use  pressure  waves  and  (3-85)  in  the  sequel. 
Now ,  letting  the  layer  travel  time  A  approach  zero  is  tantamount  to 


taking  a  finer  discretization  of  the  medium,  i.e.  ,  approximating  a 
continuous  medium  by  a  stack  of  thin  homogeneous  layers.  No  matter 
how  small  A  is,  the  relations  (3-82),  (3-83',  and  (3-85)  aU  hold;  but 
as  A  •+■  0  the  equations  for  the  discrete  medium  approach  those  for  a 
continuous  medium.  To  see  this,  note  that  (3-85)  can  be  written  as 

r  -  Z(t+A/2)  -  Z(t-A/2)  _ 

T  Z(t+A/2)  +  Z(c  -A/2)  ''  ^ 

where  t  is  the  travel  time  to  the  interface  i  and  Z(t)  is  defined  in  the 
middle  of  each  layer.  If  the  medium  is  continuous  at  x,  we  then  have 

A  LIM  *X  _  LIM  Z(t+A/2)-Z(t-A/2)  _ 1 _ 

■  A^OT"  A^O  a  Z(t+A/2)+Z(t-A/2) 


J_  ^ 

2Z  di 


in  agreement  with  (3-35).  The  reflectivity  function  r(T) ,  defined  in 
this  manner,  is  finite  as  long  as  the  medium  is  continuous.  A  step  change 
in  the  medium  properties  results  in  an  impulse  in  r(T). 

Using  (3-87),  rewrite  (3-82)  as 


2,i 


‘^x+A/Z^^^ ' ^  _  ^x  1 


A  (l-r/)i 


(3-88a) 
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A  (l-r^2)^  '^x-A/2(t-^>  (3-88b) 
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and  letting  A  -»■  0  yields 

(~+  ^)D(T.t)  =  -r(T)U(T,t) 

(3- 89a) 

(^-  -^)U(T.t)  =  -r(T)D(T,t) 

(3-89b) 

in  agreement  with  (3-37a,b).  Here  the  waves  D(T,t)  and  U(T,t)  are 
simply  d^(t)  and  u^(t),  and  (3-87)  has  been  used  to  show  that  r^  "*■  0. 

A  similar  argument  applied  to  (3-83)  also  results  in  (3-89).  This  is 
as  expected;  it  shouldn't  matter  whether  the  waves  are  defined  at  the  top 
of  a  layer  or  at  its  bottom,  if  the  layer  thickness  is  going  to  zero. 

However,  it  does  show  that  D(T,t)  and  U(T,t)  are  well  defined,  even 
though  there  is  no  physical  basis  for  defining  up  going  and  down  going 
waves  in  a  continuous  inhomogeneous  medium. 

3.4.2  Continuous  to  Discrete  Transformation 

From  the  above  results,  it  might  seem  that  the  discrete  medium  results 
could  be  obtained  from  the  continuous  medium  results  by  a  simple  dis¬ 
cretization.  However , .this  is  not  so:  the  effects  of  transmission  losses 
and  discrete  impulsive  medium  excitations  must  also  be  taken  into  account. 

For  a  simple  example  of  this ,  consider  the  discretization  of  the 
Marchenko  (2-103)  and  Krein  (2-111)  integral  equations.  These  result  in 
the  matrix  equations  (3-60)  and  (3-69),  supporting  the  idea  that 
discretization  of  the  medium  is  equivalent  to  discretization  of  the  equations 

for  a  continuous  medium.  However,  note  that  the  right  side  of  (3-60) 

2  2 
includes  a  term  (1  -  r^  )  -  1.  This  term  goes  to  zero  as  0(A  ), 

however  it  is  non-zero  for  non-zero  A. 

A  similar  phenomenon  is  observed  in  the  fast  Cholesky  algorithm ,  as 

would  be  expected  by  the  mathematical  equivalence  of  the  matrix  equation 

and  layer  stripping  approaches.  Comparing  the  algorithm  for  a  discrete 


medium  (3-81)  with  the  discretized  continuous  algorithm  (2-25),  the  extra 

0  1  0 
factor  (l-Tj  )^  is  noted.  Like  the  matrix  equation  term,  this  factor  is  0(A“) 

and  hence  is  negligible  for  small  A.  However,  it  is  non-zero  for  non-zero  A. 

Both  of  these  terms  represent  transmission  losses  through  the  medium. 

As  a  propagating  wave  travels  through  the  medium,  it  is  partially  reflected, 
and  loses  strength.  This  is  not  accounted  for  in  the  continuous  case, 
since  the  reflections  are  0(A)  (from  (3-87)),  while  the  transmission  losses 
are  0(A  )  (from  (3-80c))  and  hence  are  negligible  as  A->  0.  In  practical 
terms,  the  transmission  losses  are  negligible  compared  to  the  reflections  for 
a  continuous  medium  if  A  is  sufficiently  small.  Nevertheless,  they  should 
be  included  by  employing  (3-81)  instead  of  (2-25)  when  running  the  fast 
Cholesky  algorithm  on  a  computer.  Note  that  (3-81)  is  an  orthogonal  trans¬ 
formation  (i.e.,  a  rotation),  and  is  therefore  lossless,  while  (2-25)  is  not. 

Another  difference  between  (3-81)  and  (2-25)  is  the  factor  of  two 
present  in  (2-25c)  that  is  not  present  in  (3- 81c),  This  factor  results 
from  the  effect  of  a  change  of  time  scale  on  the  probing  impulse  for  the 
continuous  medium.  The  applicable  formula  is  . 

5(at)  =  (l/a)6(t)  (3-90) 

for  a  continuous-time  impulse  (Dirac  delta)6(t)  and  constant  a.  Figuratively, 
(3-90)  states  that  if  the  time  axis  is  stretched,  a  continuous-time  impulse 
becomes  weaker,  since  its  constant  area  is  spread  over  a  wider  range. 

When  the  time  axis  is  stretched  by  converting  the  two-way  travel  time  (used 
in  the  original  discrete  medium  formulation,  hence  in  (3-81)),  to  one-way 
travel  time  (implicitly  used  in  (2-25)),  the  impulse  becomes  weaker.  This 
does  not  happen  for  the  discrete -time  impulse  used  to  obtain  (3- 81c), 
hence  (3-81c)  contains  no  factor  of  two.  In  (2-25c)  the  weaker  reflection 
from  the  weaker  impulse  must  be  bolstered  by  a  factor  of  two. 
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Similar  effects  will  be  noted  in  Chapters  IV  and  VI ,  in  which  the 
expressions  for  the  first  reflection  (analogous  to  (2-25c))  will  contain 
factors  correcting  for  variations  in  the  size  of  the  probing  impulse 
caused  by  variations  in  the  local  travel  time  (i.e.  ,  the  differential  delay 
time  at  that  depth).  These  factors  disappear  in  the  discrete  formulation 
of  these  problems,  since  the  discrete- time  impulse  is  unaffected  by  a 
change  of  time  scale.  Hence  the  discretized  algorithms  (to  be  run  on 
a  computer)  do  not  contain  these  factors. 

Berryman  and  Greene  (1980)  have  pointed  out  another  subtle 
distinction  between  the  discrete  medium  solution  and  the  discretized 
continuous  medium  solution.  From  (3-85),  the  impedances  of  the  discrete 
medium  satisfy 

Zj^l/Zi  =  (l+r.)/(l-rp  (3-91) 

(for  normalized  pressure  waves).  However,  a  formal  discrete  inverse 
scattering  solution  using  a  discretized  Schrodinger  equation  (Berryman 
and  Greene,  1980)  results  in 

Zj^l/Zi  =  (l+r._j)/(l-r.)  .  (3-92) 

If  the  medium  is  continuous,  then  (3-91)  and  (3-92)  give  the  same  result 
for  the  impedance  Z(t)  as  A-^0.  However,  if  there  is  a  step  change  in 
the  medium  at  t,  then  the  discrete  medium  formula  (3-91)  assigns 

Z(t)  =  Z(t+)  (3-93) 

i.e.,  the  value  just  below  the  discontinuity,  while  the  discretized 
continuous  formula  (3-92)  assigns 


.  «.  A  . «  ^  a  . 


(3-94) 


Z(t)  =  Z(T-)/(l-r.)  =  (Z(t-)  +  Z(t+))/2 

i.e.  ,  the  arithmetic  mean  of  the  values  on  either  side  of  the  discontinviity 

In  this  chapter  the  one-dimensional  inverse  seismic  problem  at 
normal  incidence  has  been  solved ,  using  both  integral  equation  methods 
and  layer  stripping  methods.  In  the  next  chapter  we  proceed  to  the 
more  difficult,  but  more  interesting,  one-dimensional  problem  at  non¬ 


normal  incidence. 
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CHAPTER  IV 

The  One-Dimensional  Inverse  Problem  at  Non-Normal  Incidence 

4. 1  Introduction 

In  this  chapter  the  inverse  seismic  problem  for  a  one- dimensional 
acoustic  layered  medium  probed  by  impulsive  plane  waves  at  oblique 
incidence  is  solved  by  a  layer  stripping  algorithm.  Separate  profiles  of 
the  density  0(2)  and  wave  speed  c{z)  as  functions  of  depth  may  be 
obtained  from  the  reflection  responses  of  the  medium  to  obliquely  incident 
plane  waves  at  two  different  angles  of  incidence.  These  responses  may 
be  synthesized  from  the  response  of  the  medium  to  an  impulsive  point 
source  by  utilizing  the  Radon  and  Hankel  transforms. 

The  basic  results  of  this  chapter  are  taken  from  Yagle  and  Levy 
(1984).  However,  we  also  review  the  work  of  Coen  (1981),  Coen  (1982) 
and  Howard  (1983),  showing  how  their  results  relate  to  the  methods  of 
Chapters  II  and  III.  A  layer  stripping  algorithm  for  this  experiment 
performed  on  a  discrete  medium  is  also  specified.  The  Radon  and  Hankel 
transforms,  which  are  used  to  synthesize  plane-wave  reflection  responses 
from  the  impulsive  point  source  reflection  response,  are  discussed. 
Finally,  the  behavior  of  medium  pressure  and  displacement  at  a  turning 
point  is  analyzed,  and  a  possible  way  of  extending  the  layer  stripping 
algorithm  through  the  turning  point  and  back  up  to  the  surface  is 
discussed.  Although  most  of  the  latter  material  is  not  new,  it  is 
important  for  putting  the  layer  stripping  algorithms  in  the  proper 


perspective. 

The  basic  problem  considered  in  this  chapter  is  as  follows.  An 
acoustic  layered  medium,  whose  density  p(z)  and  wave  speed  c(z)  are 
continuous  functions  of  depth  alone,  is  probed  by  an  impulsive  plane 
pressure  wave  which  is  incident  on  the  medium  at  an  angle  of  incidence  6 
(see  Rgure  4,1).  Although  there  is  no  lateral  variation  in  the  medium, 
the  medium  must  of  course  have  a  lateral  dimension,  which  was  not 
required  by  the  normal  incidence  problem  of  Chapter  III.  Such  a  medium 
is  sometimes  referred  to  in  the  literature  as  a  "1.5  dimensional  medium," 
but  this  terminology  is  confusing  and  will  not  be  adopted  here.  By 
probing  the  medium  twice,  at  two  different  angles  of  incidence,  the 
profiles  p(z)  and  c(z)  are  recovered.  Two  variations  on  this  basic 
problem  are  also  considered:  a  discrete  medium,  in  which  p(z)  and  c(z) 
need  only  be  piecewise  continuous,  and  an  impulsive  point  source 
excitation  (see  Figure  4.2),  which  can  be  related  to  oblique  plane  wave 
excitations  by  the  Radon  and  Hankel  transforms.  Either  a  half-space  or 
free  surface  boundary  condition  may  be  used. 

Previous  methods  for  solving  this  problem  have  generally  employed  the 
integral  equation  methods  of  Sections  2.4  and  3.2,  applied  to  a  suitably 
transformed  problem.  Ware  (1969)  and  Coen  (1981)  transformed  the  non¬ 
normal  incidence  problem  into  a  normal  incidence  problem ,  and  solved  the 
resulting  Schrodinger  equation  with  the  Gel'fand- Levitan  integral  equation 
procedure  described  in  Section  3.2.2.  Howard  (1983)  transformed  the 
non-normal  incidence  problem  into  a  two-component  wave  system ,  which 
led  to  a  matrix  Marchenko  integral  equation.  Coen  (1982)  showed  how  the 
point-source  problem  can  be  reduced  to  the  oblique  plane  wave  problem; 
in  fact ,  this  can  be  done  immediately  with  the  Radon  transform . 
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4.1  The  non-normal  incidence  inverse  problem. 
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A  major  problem  with  this  approach  is  that  the  integral-equation-based 
techniques  are  unable  to  deal  with  some  of  the  complications  endemic  to 
the  non-normal  incidence  problem.  The  most  important  of  these  are 
turning  points,  which  occur  when  the  local  wave  speed  c(z)  has 
increased  to  the  reciprocal  of  the  slowness  p  of  the  probing  plane  wave. 

At  this  point,  by  Snell's  law,  the  ray  paths  of  the  probing  plane  wave 
become  horizontal  and  then  bend  back  up  to  the  surface.  Since  the 
Schrodinger  potential  V  blows  up  at  a  turning  point,  the  Gel'fand- 
Levitan  procedure  of  Section  3.2.2  cannot  be  used  if  a  turning  point  is 
present .  This  means  that  the  probing  plane  wave  must  be  chosen  to  be 
nearly  vertically  incident  on  the  medium ,  which  will  lead  to  small 
reflections  and  a  poorer  signal-to- noise  ratio. 

Another  complication  of  the  problem  that  can  preclude  the  use  of 
the  integral  equation  methods  is  a  low  (wave)  speed  layer,  in  which 
energy  can  be  trapped  and  propagate  as  in  a  waveguide.  The  energy  is 
transported  to  such  a  layer  by  evanescent  (imaginary  wavenumber)  waves, 
in  a  process  akin  mathematically  to  quantum  mechanical  tunneling. 

Although  these  "proper"  or  "tx’apped"  modes  can  be  treated  by  the 
integral  equation  methods,  they  must  be  known  a  priori ,  which  is  not 
possible  for  an  inverse  problem . 

Layer  stripping  methods,  in  contrast,  have  no  problem  with  these 
complications.  This  is  in  keeping  with  the  layer  stripping  concept  of 
treating  the  medium  one  layer  at  a  time,  rather  than  all  at  once  as  in  the 
integral  equation  methods.  A  turning  point,  for  example,  does  not 
affect  a  layer  stripping  algorithm  until  its  depth  is  reached ,  at  which 
point  the  algorithm  can  go  no  deeper  (below  a  turning  point  the 
propagating  waves  become  evanescent ,  and  probing  the  medium  with 
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exponentially-decaying  waves  is  an  inherently  unstable  problem).  However, 
an  integral  equation  procedure  cannot  reconstruct  any  part  of  the  medium 
if  any  other  part  of  it  causes  difficulties. 

There  have  been  very  few  attempts  to  apply  layer  stripping  concepts 
to  the  non- normal  incidence  problem  for  a  layered  acoustic  medium . 

Carrion  et  al.  (1984)  gave  recursions  for  computing  the  wave  speed 
c.^j  and  density  in  a  layer  from  their  values  and  c^  in  the  previous 
layer  and  the  layer  reflection  coefficients,  but  they  used  a  single 
scattering  approximation  that  neglected  all  multiple  reflections.  Carrion 
(1983)  applied  the  method  of  characteristics  to  slant-stacked  data  and 
obtain  recursions  from  the  midpoint  rule  for  approximating  integrals, 
but  these  recursions  were  far  more  complex  than  the  Levinson  or  fast 
Cholesky  recursions ,  and  offered  no  physical  insight .  The  wave  speeds 
were  reconstructed  by  taking  differences  in  arrival  times,  which  is  a 
very  unstable  procedure. 

Summary 

In  Section  4.2  the  inverse  problem  in  which  plane  waves  at  oblique 
incidence  are  used  to  probe  the  medium  is  discussed.  After  reviewing 
and  interpreting  the  results  of  Ware  (1969),  Coen  (1981),  and  Howard 
(1983),  the  layer  stripping  algorithm  for  solving  this  problem  is  derived. 
Then  it  is  shown  how  a  minor  modification  of  the  algorithm  enables  the 
reconstruction  of  a  discrete  (P(z)  and  c(z)  piecewise  continuous)  medium. 

In  Section  4.3  the  inverse  problem  in  which  an  impulsive  point 
source  is  used  to  probe  the  medium  is  discussed.  The  Radon  and  Hankel 
transforms  are  introduced  and  discussed,  and  it  is  shown  how  these 
transform  point-source  data  to  plane-wave  data.  Then  a  layer  stripping 
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algorithm  utilizing  cylindrical  waves,  rather  than  plane  waves,  is 
derived. 

Finally,  in  Section  4.4  the  behavior  of  medium  pressure  and 
displacement  waves  at  a  turning  point  is  analyzed,  and  the  results  are 
used  to  show  how  a  layer  stripping  algorithm  could  be  propagated  back 
up  to  the  surface  along  with  the  ray  paths.  This  would  allow  the  portion 
of  the  data  record  beyond  the  two-way  travel  time  to  the  turning  point 
to  be  used  in  the  inversion  process,  and  also  provide  a  check  on  the 
reconstructed  medium . 

Two  other  points  should  be  made.  First,  there  would  seem  to  be  a 
duality  between  reconstructing  the  medium  from  its  reflection  coefficient 
R(co,6)  specified  for  all  frequencies  w  and  two  angles  0^  and  Sg  (as  is 
being  done  in  this  chapter),  and  reconstructing  it  from  R(Lj,0)  specified 
for  two  frequencies  and  ^2  and  all  angles  9.  Actually,  the  duality 
is  between  frequency  and  wavenumber,  since  R(w,0)  is  needed  for  complex 
angles  of  incidence  (corresponding  to  probing  with  evanescent  waves) 
in  the  second  experiment.  The  first  experiment  is  covered  in  this 
chapter;  the  second  experiment  is  covered  in  Chapter  VII. 

The  second  point  concerns  sign  conventions.  In  Chapters  II  and 

III  the  standard  Fourier  sign  convention 

00 

f(oj)  =  J  dt  (4-1) 

*'—00 

was  used.  In  much  of  the  geophysical  literature,  however,  the  geophysical 
sign  conventions  (Aki  and  Richards,  1980,  p.  129) 

00 


dt 


(4-2a) 


dx 


(4- 2b) 


are  used.  The  main  reason  for  this  convention  is  that  if  f(x,t) 
represents  a  wave,  and  f(k,a})  has  been  obtained  by  other  means,  then 

f(x,t)  =  (l/4Tr^)  /  /  f(k,a))e^’^^^"‘^^^  (4-3) 

and  f(k,(jj)  is  the  amplitude  of  a  wave  propagating  in  the  +x  direction. 
However,  keeping  the  usual  convention  (4-1)  merely  reverses  the 
direction  of  the  wave,  and  makes  things  much  easier  for  non- geophysicists 
(including  the  author).  Hence  the  geophysical  sign  conventions  (4-2) 
will  not  be  used  in  this  thesis. 

4.2  Plane  Waves  at  Oblique  Incidence 

In  this  section  the  inverse  problem  for  a  layered  medium  probed  by 
an  impulsive  plane  pressure  wave  at  oblique  incidence  is  solved.  First, 
the  integral  equation  approaches  of  Ware  (1969),  Coen  (1981),  and 
Howard  (1983)  are  discussed,  to  put  them  in  perspective  relative  to 
the  layer  stripping  algorithm  derived  next.  Finally,  a  slight  modification 
in  the  layer  stripping  algorithm  allows  a  discrete  medium  to  be 
reconstructed . 

4.2.1  Integral  Equation  Solutions 

The  methods  of  Ware  (1969),  Coen  (1981),  and  Howard  (1983)  all 
involve  transforming  the  non-normal  incidence  problem  to  the  normal 
incidence  problem ,  and  then  solving  this  problem  by  solving  a  Marchenko 
integral  equation.  As  such,  these  approaches  can  be  considered  to  be 
dual  to  the  layer  stripping  approach  (see  Chapter  II).  In  addition. 


certain  aspects  of  these  papers  are  clarified  and  related  to  the 
transformations  used  in  Section  4.2.2  below. 

Ware  (1969)  starts  off  with  the  basic  linear  equation  for  medium 
displacement  u,  obtained  by  inserting  (3- la)  into  (3- lb): 


p3^u/3t^  =  V  (pc^V  ‘U)  . 


(4-4) 


Taking  the  Fourier  transform  with  respect  to  time  and  separating  into 
components  yields 


2  - 

■pu)  u. 


2  - 

■pw  u„ 


'  3x  V  3x  ' 


3  / 


(4-5a) 


(4- 5b) 


where  u  (x.z.co)  and  u  (x.z.u)  are  the  lateral  and  vertical,  respectively, 
X  z 

components  of  displacement.  Since  the  medium  properties  vary  only  with 
depth,  the  plane  wave  solutions  of  (4-5)  take  the  form 


u  (x,z,w)  =  U(z,u3)e^ 
z 


(4- 6a) 


u^(x,z,u)  =  V(z,w)e-’ 


(4-6b) 


where  p  =  sinGp/cQ  is  the  ray  parameter  for  a  plane  wave  incident  on  the 
medium  at  angle  of  incidence  9q  from  a  homogeneous  infinite  half-space 
in  which  the  wave  speed  is  Cq. 

Inserting  (4-6)  into  (4-5)  and  eliminating  V  yields 


-liV 


p:.  U  =  0  . 


(4-7) 


This  is  not  a  Schrodinger  equation,  but  may  be  transformed  into  a 
Schrodinger  equation  by  defining  e(z)  by  Snell's  law 


sin  e(z)  =  c(z)p  (4-8) 

and  employing  the  Liouville  transformations  (Courant  and  Hilbert,  1962), 
which  amount  to  changing  the  independent  variable  z  to  the  vertical 
travel  time 

t(z)  ^  cos  e(s)  ^  r^ds/c'(s)  (4-9) 

Jq  c(s)  Jq 


and  the  dependent  variable  U  to  the  normalized  displacement 

(t!(z,oj)  =  (p(z)c(z) /cos9(z))^  U(z,a))  =  Z(z)^U(z,w)  (4-10) 


In  (4-9)  and  (4-10)  we  have  implicitly  defined  the  vertical  wave  speed 
c'(z)  and  impedance  Z(z),  both  of  which  depend  on  p.  Inserting  (4-8)  - 
(4-10)  into  (4-7)  yields  the  Schrodinger  equation 

2 

(\  +u^-V(t,u)))  i(T,u))=0  (4-11) 

'ax  ' 


where  the  potential  V(T,a))  is  defined  as 


V(T,a))  =  i  ^  ,  Y  =  .  (4-12) 

^  dx^ 


Ware  (1969)  then  notes  that  the  Gel’fand- Levitan  procedure  of 
Section  3.2.2  can  be  used  to  recover  Z(t).  He  does  not ,  however,  note 
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that  performing  this  experiment  twice,  at  two  different  angles  of 
incidence,  allows  the  recovery  of  p(z)  and  c(z). 

Two  comments  on  Ware  (1969)'s  procedure  should  be  made.  First, 

Ware  makes  no  physical  justification  for  employing  the  Liouville 
transformation — why  does  this  work?  From  a  physical  point  of  view ,  the 
transformations  to  the  energy-normalized  displacement  $(z,a))  and  vertical 
travel  time  t(z)  are  evident,  in  light  of  Section  3.2.1.  From  a 
mathematical  point  of  view ,  the  utility  of  the  Liouville  transformation  in 
the  present  problem  is  far  less  obvious.  Second,  the  physical  essence  of 
the  transformation  to  a  normal-incidence  problem  is  not  explained .  What 
is  actually  happening  here  is  that  the  progress  of  the  obliquely-incident 
probing  wave  along  a  ray  path  is  being  projected  onto  the  vertical  depth 
axis,  and  the  component  of  the  probing  wave  that  is  normal  to  the 
vertical  axis  is  probing  the  medium  at  normal  incidence.  Thus  the 
problem  can  be  transformed  to  a  normal  incidence  problem  by  considering 
vertical  displacement,  normalized  for  vertical  energy  flux,  and  treated  as 
a  function  of  vertical  travel  time ,  which  is  precisely  the  transformation  that 
works. 

Coen  (1981)  similarly  obtains  the  Schrodinger  equation  (4-11)  by 
utilizing  the  Liouville  transformation;  the  only  difference  is  that  the 
normalized  pressure  is  used  instead  of  normalized  displacement .  However , 
Coen  (1981)  gives  no  physical  motivation  whatever  for  his  mathematics. 

He  does  not  mention  energy- normalized  pressure,  vertical  components  of 
wave  speed,  or  even  travel  time.  We  mention  here  that  his  inaptly- named 
"index  of  refraction"  n(s)  is  actually  PqCq/Z(s),  and  the  Liouville 
transformation  (11)  transforms  pressure  ^(s.w)  to  normalized  pressuie 
(scaled  by  (DQCQ)^)g(s ,u)) ,  and  depth  z  to  vertical  travel  time  (scaled  by  Cq) 


However,  Coen  (1981)  does  employ  a  useful  trick  to  recover  p(z) 


and  c(2).  By  defining  an  "apparent  depth"  s  by 
ds/dz  =  p(z)/p^ 
and  noting  that 

ds/di  =  Z(t)/p^ 


(4-13) 


(4-14) 


he  notes  that  s(t)  may  be  obtained  by  integrating  Z(t).  Then  the  inverse 
function  t(s)  is  obtained  from  s(t),  and  p(s)  and  c(s)  obtained  from 
Z(s)  =  Z(t(s))  for  two  different  angles  of  incidence.  Then  z(s)  is 
obtained  by  integrating  (4-13)  as 


z(s) 


(4-15) 


yielding  p(z)  =  p(s(z))  and  c(z)  =  c(s(z)).  This  procedure  is  similar  in 
spirit  to  the  reconstruction  procedure  used  by  Howard  (1983),  but  is 
much  simpler,  since  Howard  (1983)'s  procedure,  which  does  not  use  s, 
requires  the  solution  of  a  differential  equation.  The  reason  why  Coen 
(1981)'s  procedure  is  simpler  than  Howard(1983)’s  is  that  Coen  (1981) 
makes  use  of  the  fact  that  p(z)  is  the  same  for  both  experiments  (although 
the  vertical  wave  speed  c'(z)  is  not). 

Howard  (1983)  employs  an  approach  different  from  those  of  Ware 
(1969)  and  Coen  (1981).  He  derives  the  two-component  wave  system 
obtained  below  (4-30),  and  proceeds  to  define  Jost  solutions  for  it.  This 
results  in  the  matrix  Marchenko  equation 


M(y,T) ,  -Tlxlt 


(4-16) 


M(z,t)  =  R(z+t) 


-  J  dy  R(z+y) 


0  1 
1  0 


where  R{t)  is  the  inverse  Fourier  transform  of  the  medium  reflection 
coefficient.  The  reflectivity  function  rfx)  is  obtained  from 


r(T)  = 


(4-17) 


and  Z(t)  obtained  from 


Z(t  )  =  Z(0)  exp 


r(s)ds}  . 


(4-18) 


It  should  be  noted  here  that  Howard  (1983)  incorrectly  refers  to  (pc')^ 
as  the  impedance:  the  true  impedance  is  pc'.  A  rather  messy 
I  reconstruction  procedure  then  yields  p(z)  and  c(z)  from  the  results  of 

two  experiments  at  two  different  angles  of  incidence. 

Howard  (1983)'s  work  is  significant  because  he  was  able  to  formulate 
)  the  non-normal  incidence  problem  as  a  two-component  wave  system  problem , 

which  is  the  key  step  toward  deriving  a  layer  stripping  algorithm  for  the 
problem.  This  also  emphasizes  the  point  of  Chapter  II  that  the  above 
integral  equation  n  '+hods  are  mathematically  dual  to  the  layer  stripping 
algorithm  derived  next. 

4.2.2  Layer  Stripping  Solution  for  a  Cow^inuous  Medium 

The  layer  stripping  algorithm  for  the  non-normal  incidence  problem 
is  derived  in  a  manner  entirely  analogous  to  that  for  the  normal  incidence 
problem  (Section  3.2.3).  The  major  differences  are  that  the  resulting 
algorithm  consists  of  two  sets  of  recursions  running  in  parallel  (one  for 
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each  of  the  two  experiments),  and  employs  differential  updates  of  p(z) 

and  c(z).  These  updates  replace  the  messy  reconstruction  procedures 

of  Coen  (1981)  and  Howard  (1983). 

An  impulsive  plane  pressure  wave  incident  at  angle  9  from  the 

vertical  has  the  form  6(t-z  cos  e/c^  -  x  sin  6/c^)  in  the  homogeneous 

X  +  k  z) 

half-space  z<0.  In  the  frequency  domain,  this  is  e  ■'  x  z  ,  where 

k  =  ojcos  0/c  and  k  =  uj  sin  0/c  are  the  vertical  and  horizontal  wave 
z  ox  o 

numbers  and  c^  is  the  wave  speed  in  the  half-space.  The  pressure  field 
for  z<  0  is  thus 

p(x,z,w,0)  =  (e“^^z^  +  R(w,0)e^^z^)e“^^x^  (4-19) 


(compare  this  to  the  Schrodinger  equation  boundary  condition  (3-21)).  This 
shows  that  the  reflection  frequency  response  R(u),0)  in  the  time  domain 
has  the  form 


R(t,x:0)  =  R(t-x  sin  9/c^;9) 


(4-20) 


so  that  theoretically  it  should  only  be  necessary  to  measure  this  response 
at  a  single  surface  point  (e.g. ,  x  =  0).  However,  in  any  real-world 
application  it  would  be  a  matter  of  practical  necessity  to  take  data  for  a 
range  of  x  and  filter  or  stack  it  to  the  form  (4-20).  This  is  because  any 
real-world  impulsive  wave  could  only  be  locally  planar,  while  the  form  of 
(4-20)  assumes  a  plane  wave  of  infinite  extent. 

Taking  Fourier  transforms  of  the  basic  acoustic  equations  (3-1), 
and  writing  the  vector  equation  (3- lb)  as  two  scalar  equations  results  in 


p(z)(A)  u^(x,z,a))  =  3p/3x 


(4-21a) 


•  m 


p(x,z,oj)  =  -p(z)c(z)^  Ou^/3x  +  9u^/3z)  (4-21c) 

where  u  and  u  are  the  x  and  z  components  of  the  (vector)  displacement 
X  z 

u(x,z,t). 

Since  the  medium  properties  vary  only  with  depth  z ,  the  horizontal 
wave  number  is  preserved,  and  we  may  write  (followinsf  Coen,  1981) 

p(x,z,w)  =  \i)(z,Lo)e  ^^x^  .  (4-22) 

Substituting  (4-22)  in  (4-21b) ,  and  then  substituting  the  result  in 
(4-21c)  eliminates  u^  and  yields,  after  some  algebra, 

p(x,z,cij)  (l-(c(z)^/c^)sin^e)  =  -p(z)c(z)^3u  /9z  (4-23) 

o  z 

Next,  the  following  substitutions  are  made: 

cos^0(z)  =  1  -  (c(z)^/c^)  sin^G  (4-24) 

(G(z)  =  local  angle  ray  path  makes  with  vertical) 

c'(z)  =  c(z)/cos9(z)  =  local  vertical  wave  speed  (4-25) 

t(z)  =  ds/c'(s)  =  vertical  travel  time  to  depth  z  (4-26) 

Z(t)  =  p(t)c'(t)  =  effective  impedance  (4-27) 

Note  that  (4-24)  follows  from  Snell's  law  (sin  0(z)/c(z)  is  constant  along 


,v. 


any  ray  path),  and  (4-25)  defines  a  local  vertical  wavenumber  k  (z)  = 

z 

a)/c'(z).  Using  (4-24)  -  (4-27)  in  (4-23)  and  (4-2la)  yields 


9p/9T  =  Z(jj  u  (t,x,(jj) 


(4- 2 8a) 


9u  /3t  =  -  (l/Z)p(T  .x.to) 
z 


(4- 28b) 


and  once  again  defining  the  downgoing  and  upgoing  energy- normalized 
waves  (as  in  (3-33)) 


^  -  l  l '' 

v.(t,x,(jj)  =  p(t,x,w)/Z^  +  jwZ^u  (T.x.ca) 
^  z 

V2(t,x,w)  =  p(T,x,a))/Z*  -  jajZ*u^(T,x,io) 


(4- 2 9a) 


(4-29b) 


yields  the  two- component  wave  system 


9Vj/9t  =  -jwVj^  -  r(T)  Vg 


(4- 30a) 


9v2/9t  =  -r(T)  Vj  +  )WV2 


(4- 30b) 


with  the  reflectivity  function  r(T)  defined  as 


rrx  1  ^  Z(T) 

^  2Z  dT  ■  2  dT  Z(0) 


(4-31) 


Note  that  once  again  the  quantities  in  the  two-component  wave  system 
(4-30)  are  the  Fourier  transforms  of  the  downgoing  and  upgoing  waves, 
so  that  once  again  the  vertical  motion  of  the  medium  is  decomposed  into 
upgoing  and  downgoing  waves.  Of  course,  horizontally-travelling  waves 
could  not  furnish  any  information  on  the  vertical  variation  of  material 
parameters.  Since  these  waves  have  the  form  defined  by  equations  (2-22) 
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(i.e.,  Vj  contains  a  probing  impulse  and  and  V2  are  causal),  all  of 
the  algorithms  specified  in  Section  3.2.3  can  now  readily  be  identified 
for  the  oblique  incidence  problem. 

Now ,  suppose  this  oblique  incidence  experiment  were  run  twice ,  for 
two  different  angles  of  incidence  0j  and  Two  different  impedances 
ZiCTf)  and  Zgfxg),  as  functions  of  different  vertical  travel  times  and 
T2.  would  be  obtained.  The  reconstruction  procedures  given  in  Coen 
(1981)  and  Howard  (1983)  could  then  be  used  to  recover  the  separate 
profiles  p(z)  and  c(2)  from  Zj(Tj)  and  22(12).  However,  further 
consideration  of  the  layer- stripping  idea  yields  the  following  procedure 
for  recovering  o(z)  and  c(z)  while  the  two  algorithms  are  running, 
obviating  the  necessity  of  waiting  for  the  complete  impedances  Z.(Tp. 
This  procedure  is  also  much  simpler  than  the  computationally  cumbersome 
methods  of  Coen  (1981)  and  Howard  (1983). 

Let  r.(z)  be  the  reflectivity  function  associated  with  the  experiment 
with  angle  of  incidence  6.  (i  =  1,2),  and  let  c!(z)  =  c(z)/cos  0j(z)  be 
the  associated  vertical  wave  speed.  Then 

rj(z)  =  (l/2)(d/dz)log(p(z)  c:(z))  .  (4-32) 

Substituting  (4-25)  in  (4-26)  and  differentiating  with  respect  to  z  yields 

(d/dz)c;(z)  =  (1/cos^  6.(z))  (dc(z)/dz)  (4-33) 

Using  (4-33),  equation  (4-32)  may  be  rewritten  in  matrix  form  as 


rj(z) 


■l/(2p(z)) 

1/(2d(z)) 


l/(2c(z)cos^0j(z)) 

l/(2c(z)cos^e2(z)) 


(d/dz)p(z) 


■f.  ■ 


(d /dz)c(z) 


(4-34) 


Inverting  (4-34)  yields 


(d/dz)p(z) 


(d/dz)c(z) 


l/(2c(z)cos^e2(z))  -l/(2c(z)cos^0j(z)) 


■l/(2p(z)) 


l/(2p(z)) 


r^Cz) 


r2(z) 


where 


(4-35) 


d(z)  =  (cos  ^02^^^  ~  ^0j(2)) /(4p(z)c(z)) , 


(4-36) 


This  yields  the  following  recursive  algorithm  for  computing  p(z)  and  c(z), 
Discretizing  depth  as  z  =  nA  (note  that  time  is  not  discretized)  and 
assuming  (for  inductive  purposes)  knowledge  of  all  quantities  at  depth 
z,  the  update  procedure  is  as  follows: 


cos  6^(z)  =  (l-(c(z)^/c^)sin^0.)^ 


(4-37) 


dCz)  =  (cos  ~  ^0j(z))/(4p(z)c(z)) 


(4-38) 


r.(z)  =  2v2(t.,z) 


(4-39) 


p(z+A)  =  p(z) +  (rj(z) /cos^92(z)  -  r2(z) /cos^0j(z))A /(2c(z)d(z))  (4-40) 


c(z+A)  =  c(z)  +  (r2(z)-rj(z))A/(2p(z)d(z)) 

Vj(z+A  ,  t+A  cos0.(z) /c(z))  =  Vj(z,t)  -  r^Av^  (z,t) 
V2  (z+A,  t-A  cos0.(z) /c(z))  =  V2(z.t)  -  r.Av^(z,t) 


(4-41) 


(4-42) 


(4-43) 


(4-44) 


Tj(z+A)  =  t.(z) +  Acos0^(z) /c(z) 

At  this  point  all  quantities  have  been  updated  to  depth  z  +  A,  so  the 
recursion  is  complete.  Note  that  there  are  two  sets  of  recursions 
running  in  parallel,  each  one  initialized  by  the  data  from  one  of  the  two 
experiments  (i  =  1,2). 

The  reason  that  the  profiles  p(z)  and  c(z)  can  be  recovered 
separately  for  the  oblique  incidence  problem,  but  not  for  the  normal 
incidence  problem ,  is  that  by  running  the  oblique  experiment  twice 
information  has  been  gained  along  two  different  ray  paths.  This  option 
is  not  available  for  the  normal  incidence  problem — there  is  only  one  choice 
for  the  ray  path,  since  this  problem  is  completely  one-dimensional. 

Along  any  given  ray  path  Snell’s  law  shows  that 

p  =  sin  e(z)/c(z)  =  sin  6./c^  (4-45) 

o  o 

so  that  unless  9  is  less  than  the  critical  angle  sin  ^(c^/max  c(z))  e(z) 
will  become  imaginary  at  some  depth.  Physically,  this  situation  results  in 
evanescent  waves,  in  which  the  pressure  field  decays  exponentially 
instead  of  propagating  as  a  wave.  The  same  effect  is  observed  in  a 
waveguide  below  cutoff.  This  causes  no  p*  jblems  in  the  layer  stripping 
algorithm  until  the  ray  path  actually  becomes  horizontal,  prior  to  turning 
back  up.  At  this  point,  called  the  turning  point,  the  upgoing  and 
downgoing  waves  lose  physical  meaning,  and  the  algorithm  can  go  no 
deeper.  However,  the  method  of  Coen  (1981)  requires  precritical 
incidence,  or  it  cannot  be  used  at  all.  This  is  because  the  integral 
equation  method  of  Coen  (1981)  involves  all  of  the  medium  at  once,  so  that 


j 


any  complication ,  such  as  a  turning  point ,  ruins  it  at  once .  A  layer 
stripping  algorithm  has  no  trouble  with  a  turning  point  until  the 
critical  depth  is  reached ,  so  that  all  of  the  medium  above  the  turning 
point  can  stiU  be  reconstructed. 

In  Section  4.4  the  behavior  of  the  waves  at  a  turning  point  is 
analyzed,  and  it  is  shown  how  the  waves  can  be  propagated  through 
the  turning  point  and  back  up  to  the  surface.  This  allows  more  of  the 
reflection  response  data  to  be  used  to  reconstruct  the  medium.  The 
evanescent  waves  below  the  turning  point  could  furnish  information  about 
the  medium  below  the  turning  point ,  but  there  is  no  practical  way  to 
measure  these  waves  from  the  surface. 

4,2.3  Layer  Stripping  Solution  for  a  Discrete  Medium 


A  slight  modification  of  the  above  algorithm  allows  the  reconstruction 
of  a  discrete  medium,  in  which  p(z)  and  c(z)  are  only  required  to  be 
piecewise  continuous.  The  modifications  consist  of  incorporating  the 
transmission  losses  at  the  medium  discontinuities,  and  aAering  the 
updates  from  a  differential  form  to  a  discrete  form. 

The  medium  being  considered  has  continuous  variation  of  p(z)  and 
c(z),  with  occasional  quantum  jumps  in  either  or  both  quantities  at 
discrete  levels  (hence  the  term  "discrete  medium,"  which  is  not  to  be 
confused  with  the  Goupillaud  medium  of  Chapter  III).  This  is  tantamount 
to  letting  p(z)  and  c(z)  be  piecewise  continuous.  Note  that  the 
reflectivity  function  r(z)  will  contain  an  impulse  at  each  level  where  ^(z) 
and  c(z)  jumps.  Hence  the  differential  updates  (4-35)  will  no  longer  be 
defined  (i.e.,  will  also  contain  impulses),  and  the  second-order-in-i 
terms  neglected  in  (4-40)  and  (4-41)  will  become  significant. 


The  problem  is  treated  by  recognizing  that  the  continuous  algorithm 


is  in  fact  always  run  as  a  discretized  algorithm  (viz.  (4-37)  -  (4-44)), 
so  that  alterations  can  be  made  in  this  algorithm.  Recalling  that  the 
reflectivity  function  r(z)  was  defined  in  (3-87)  by 

_  LIM  ^z  _  LIM  lZ(z+A)-Z(z)  _  1  dZ 

A^-0  A  -  A-  0  AZ(z+A)  +  Z(z)  2Z  dz  ^ 


it  can  be  seen  that  an  impulse  in  r(z)  corresponds  to  a  finite,  non-zero 
reflection  coefficient  r^  and  a  step  change  in  Z(z).  It  also  can  be  seen 
that  for  small  A  we  have 


r  ~  r(z)A 
z 


Z(z+A)  -  Z(2) 
Z(z+A)  +  Z(z) 


(4-47) 


and  inverting  this  yields 


Z(z+A)  =  Z(z) 


1  +  r(z)A 
1  -  r(z) A 


(4-48) 


Thus  we  are  synthesizing  a  discrete  medium  on  which  the  discrete  algorithm 
operates.  The  levels  where  p(z)  and  c(z)  jump  are  now  merely  levels  at 
which  they  take  bigger  jumps  than  usual. 

The  new  algorithm  is  now  evident.  The  wave  updates  (4-42)  and 
(4-43)  are  modified  to  include  transmission  losses  by  multiplying  them  by 
(l-(r.(z)A)^)^;  see  (3-83).  The  o(z)  and  c(z)  updates  (4-40)  and  (4-41) 
are  replaced  by  the  impedance  updates 


Z.(z+A) 


Z.(z) 


1  +  rj(z)A 
r-  r.(z)A 


.  i  =  1.2 


(4-49) 


from  which  p(z+A)  and  c(z+A)  are  obtained  using 


W(z+A)  =  (Z2(z+A)/Zj(z+A))^ 

(4- 50a) 

c(z+A)  =  [(W(z+A)-l)/(W(z+A)p2-Pi)]^ 

(4- 50b) 

p(z+A)  =  Z^(z+A)  cos  6.(z+A)/c(z+A)  . 

(4-50c) 

Equations  (4-50)  follow  immediately  from  the  definition  (4-27)  of 
impedance.  Note  that  (4-49)  and  (4-50)  reduce  to  (4-40)  and  (4-41)  if 
t*(z)A  (not  just  A)  is  sufficiently  small. 

The  extra  computation  involved  in  using  (4-50)  instead  of  (4-40)  and 
(4-41)  is  so  trivial  that  in  practical  applications  the  discrete  algorithm 
should  always  be  used.  The  only  exception  might  be  in  a  systolic  array 
implementation,  for  which  the  square  root  extraction  in  (4-50b)  might 
be  too  time-consuming  (note  that  the  discrete  wave  updates  constitute  a 
rotation ,  which  a  CORDIC  processor  could  easily  implement  in  a  systolic 
array) .  However ,  for  the  elastic  problem  of  Chapter  VI ,  the  updates 
for  a  discrete  medium  are  hopelessly  messy,  and  the  differential  updates 
are  preferable. 

4. 3  Impulsive  Point  Source 

The  problem  considered  in  this  section  is  that  of  a  layered  medium 
excited  by  an  impulsive  point  source.  Although  the  medium  is  still 
laterally  homogeneous,  it  now  occupies  three  spatial  dimensions,  with 
cylindrical  symmetry  about  the  z-axis.  The  point  source  is  located  at 
the  origin ,  and  the  reflection  reponse  measured  as  a  function  of  radial 
distance  r  from  the  source.  The  situation  is  illustrated  in  Figure  4.2. 


This  problem  is  related  to  the  non-normal  incidence  plane  wave 
problem  by  the  Radon  and  Hankel  transforms.  After  discussing  these 
transforms,  the  problem  is  solved  by  either  of  two  equivalent  methods: 
transformation  of  the  point-source  reflection  response  to  non-normal 
incidence  plane  wave  responses,  or  a  layer  stripping  algorithm  involving 
cylindrical  waves. 

4.3.1  The  Radon  and  Hankel  Transforms 

The  Radon  transform 

The  Radon  transform  is  defined  as  (e.g.,  Robinson  (1982)) 

U(T,p)  =  R[u(x,t)]  =  j_ji(x,t  =  T+px)dx  (4-51) 

where  u(x,t)  is  the  displacement  or  pressure  measured  on  the  surface  as 
a  function  of  lateral  position  x  and  time  t ,  p  is  horizontal  slowness,  and 
*  is  travel  time.  The  Radon  transform  is  thus  a  line  integral  along  the 
line  t  =  T  +  px,  and  has  the  effect  of  stacking  up  values  of  u(x,t)  along 
the  line  with  slope  or  slant  p  and  intercept  t  .  For  this  reason  the 
Radon  transform  is  often  called  a  slant  stack. 

To  see  the  significance  of  this,  consider  an  oblique  plane  wave 
reflection  response  moving  upward  and  in  the  +x  direction.  Clearly 
different  parts  of  the  plane  wave  will  reach  the  surface  at  different  times 
in  different  places,  and  the  point  where  the  plane  wave  is  touching  the 
surface  will  move  in  the  +x  direction  at  speed  1/p.  Thus  the  arrival  time 
t  of  the  plane  wave  at  the  surface  at  position  x  depends  not  only  on  the 
travel  time  t  of  the  plane  wave,  but  also  on  x  by 


which  is  precisely  the  line  on  which  the  Radon  transform  stacks  values  of 
u(x,t). 

The  physical  meaning  of  the  Radon  transform  is  now  clear.  The 
Radon  transform  (4-51)  is  synthesizing  a  plane  wave  response  by  stacking 
up  those  values  of  u(x,t)  which  would  arise  from  a  plane  wave  reflection 
response  with  slowness  p  and  travel  time  t.  It  thus  amounts  to 
continuous  beamforming;  indeed,  (4-51)  is  simply  a  continuous  sum-of- 
delays  that  picks  out  those  ray  paths  emerging  at  the  angle 
determined  from  sin  0  =  pc^.  Equation  (4-51)  functions  like  a  phase-array 
radar  in  listening  mode,  receiving  only  the  response  due  to  a  specific 
plane  wave. 

It  may  be  shown  (by  the  Sommerfeld  integral;  see  Chapter  VII) 
that  the  point  source  experiment  is  mathematically  equivalent  to  probing 
the  medium  in  all  directions  with  an  infinite  number  of  plane  waves  of 
various  wavenumbers  (some  of  which  are  imaginary,  corresponding  to 
inhomogeneous  plane  waves,  i.e.  ,  evanescent  waves).  Radon  transforming 
the  point  source  data  thus  picks  out  the  response  due  to  a  certain 
obliquely  incident  plane  wave,  and  this  response,  for  two  different 
slownesses ,  could  then  be  used  to  initiate  the  layer  stripping  algorithm 
of  Section  4.2.  Thus,  the  point  source  problem  is  solved  by  the  Radon 
transform  and  the  layer  stripping  algorithm  for  the  obliquely-incident 
plane  wave  problem. 

Taking  the  Fourier  transform  with  respect  to  t  of  (4-51),  changing 
the  order  of  integration,  and  noting  that  a  delay  of  px  in  the  time 
domain  corresponds  to  multiplication  by  e  =  e  ^^x^  in  the 

frequency  domain  yields 


(4-53) 


FR[u(x,t)]  =  F^F^[u(x.t)l|^^ 

Again,  this  shows  that  the  Radon  transform  is  picking  out  a  plane  wave 
response  with  slowness  p.  The  Fourier  dual  of  (4-53)  is 


-1 

F  H[u(k  ai]  =  2TTu(x=af>,  t=aj) 

T  X 


(4-54) 


which  shows  that  knowledge  of  the  Radon  transform  of  u(k  ,w)  for  a 
single  value  of  p  is  equivalent  to  knowledge  of  u(x,t)  along  the  slice 
X  =  pt.  This  result,  called  the  projection- slice  theorem,  is  a  basic 
result  of  tomography. 

From  (4-53)  the  formula  for  the  inverse  Radon  transform  may  be 
obtained.  We  have 


FtU(T.P)l 


00  ^00  JX) 


— /  /  /  U(T,p)e  dilt^idp  dt 

(2.)2 


OO  00  po 


V  L  L  /„U(x.p)ei“<'-*P">|.| 
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duidi  dp 


.00  00 


=  —  I  /u(T, 

2tt  -«>-«> 


p)^H[d  (t-T+px)]  dx  dp 


1 

2t7 


I  ^  H[U(t  =  t+px,  p)]  dp 


(4-55) 


where  the  I'^l  is  the  Jacobian  for  changing  variables  from  k  to  p  in  the 


multiple  integcral,  and  H[-]  represents  the  Hilbert  transform.  Note  that 
multiplication  by  |w|  =  j  sgn  w)  in  the  frequency  domain  becomes  a 

time  derivative  and  Hilbert  transform  in  the  time  domain.  The  inverse 
Radon  transform  (4-55)  is  called  a  filtered  back-projection  in  tomography, 
since  it  amounts  to  filtering  with  |a)|  and  backprojecting  by  setting 
T  =  t-px  and  integrating  over  p. 

The  Hankel  transform 

The  Hankel  transform  is  defined  as  (Papoulis,  1968) 

F(?)  =H[f(r)]  =  f(r)J^(rQrdr  (4-56) 

where  J  (•)  is  the  Bessel  function  of  the  first  kind  of  order  zero.  The 
o 

inverse  Hankel  transform  is  then 

f(r)  =  fF(C)]  =  ^“F(C)J^(rOCdC  .  (4-57) 

To  show  the  significance  of  the  Hankel  transform,  let  f(x,y)  be  a 
circularly  symmetric  function,  so  that 

f(x,y)  =  f((x^  +  y^))^)  =  f(r)  (4-58) 

Then  the  two-dimensional  Fourier  transform  of  f(x,y)  may  be  evaluated 
using  polar  coordinates.  We  have 

00  27r  . 

F(k^,k^  )  =  F(p,(^)  =  FF  [f(x,y)]  =  f  f  ' "^rdrd o 
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where  the  cosine  addition  formula  has  been  used.  It  is  clear  from  (4-59) 
that  F(p,<j!)  will  not  depend  on  (p,  i.e.,  the  Fourier  transform  of  a 
rcularly  symmetric  function  is  itself  circularly  symmetric.  Using  the 
identity 

1  f  ^g-jxcos  ^  ^ 

^TT  O  O 

the  radial  slice  F(p)  of  the  circularly  symmetric  Fourier  transform  of 
f(r)  is  given  by 

00 

F(p)  =  2ir  ^  f(r)J^(pr)rdr  =  2iTH[f(r)]  .  (4-61) 


Thus  the  Hankel  transform  of  a  function  f(r)  yields  a  radial  slice  of  the 
circularly  symmetric  Fourier  transform  of  the  circularly  symmetric 
function  f(r).  The  above  development  is  due  to  Mook  (1983,  p.  27). 

Since  the  reflection  response  to  a  point  source  excitation  has 
circular  symmetry,  the  Hankel  transform  should  be  appropriate  for 
synthesizing  plane  wave  response  data  from  point  source  response  data. 
Indeed,  if  it  is  desired  to  synthesize  a  plane  wave  response  moving  in 
the  +x  direction  with  slowness  p,  we  have 


00  00  00 


F/yF^  [u(x,y,t)] 


=  L„  Leo  Io<M<x,y,t)e  ^'^^'^P^^dxdydt 


k  =Cijp  J~<x>  J- CO  J-co 

ky=  0 


^  °o  ^  2tt 


~  loo  Lq  Lq  ti(r,t)e  ^‘^e  ^“^^^°®®rd0drdt  =  2n  L,  Ju(r,t)e  ^'^J^(r[;jp)rdrdt 


=  2-rTHF^[u(r,t)] 


C^P 


(4-62) 
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Thus  another  way  of  solving  the  point  source  problem  is  to  Hankel 
transform  the  reflection  response  and  set  C  =  wp.  This  synthesizes  a 
plane  wave  response  which  can  be  used  to  initiate  the  algorithm  of 
Section  4.2. 

Combining  (4-53)  and  (4-62),  we  have 


F^RM  =  F^FyF^ 


[u] 


k  =up 
k*=  0 

y 


=  HF^lul 


C=a)p 


(4-63) 


showing  the  relations  of  the  Radon,  Hankel,  and  Fourier  transforms  to 
each  other.  Coen  (1982)  showed  the  equality  of  the  first  and  third 
terms  of  (4-63). 

The  equation  ^  =  ojp  suggests  that  5  is  really  a  radial  wavenumber 
k^,  and  J^(ojpr)e~^‘*^*  is  a  surface  wave.  Since 


cos(k  r  -  ~)  (4-64) 

or  7T  K  r  r  ^ 

r 

J^(k^r)e  behaves  like  the  sum  of  incoming  and  outgoing  waves  for 
large  r.  These  surface  waves  are  obtained  by  setting  z  =  0  in  the 
expression 


Jo(krr)e 


jkzZg-jujt 


,2  2,2 

k„  =  w  /c^  - 
z  o 


(4-65) 
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which  represents  cylindrical  waves.  These  are  fundamental  solutions  of 
the  wave  equation  in  cylindrical  coordinates.  In  the  next  section  the 
point  source  problem  is  shown  to  amount  to  using  cylindrical  waves  to 
probe  the  medium ,  and  a  layer  stripping  algorithm  embod3ring  the  principle 
is  derived. 


•  ^ 


V.: 
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4.3.2  Layer  Stripping  Solution 

The  point  source  problem  depicted  in  Figure  4.2  was  solved  by  Coen 
(1982)  by  transforming  it  into  a  non-normal  incidence  plane  wave  problem, 
which  could  then  be  solved  as  in  Coen  (1981).  It  has  already  been  shown 
here  that  the  layer  stripping  algorithm  for  the  oblique  plane  wave 
problem  can  be  used  to  solve  the  point  source  problem  by  transforming 
the  point  source  data  using  either  the  Radon  transform  or  the  Hankel 
transform.  But  there  should  be  some  way  to  formulate  a  layer  stripping 
algorithm  that  solves  the  point  source  problem  directly,  by  probing  the 
medium  with  cylindrical  waves.  In  this  section  this  algorithm  is  derived. 

Note  that  probing  the  medium  with  cylindrical  waves  from  an 
impulsive  point  source  makes  much  more  sense  physically  than  does 
probing  it  with  an  infinite  oblique  plane  wave,  which  cannot  exist. 

Although  an  impulsive  point  source  is  also  unphysical,  it  is  a  much  better 
model  of  a  real-world  experiment. 

In  order  to  solve  this  problem,  it  will  be  necessary  to  define  higher- 
order  Hankel  transforms.  The  n^^  order  Hankel  transform  is  defined  as 
(Papoulis,  1968) 

00 

H  {f(r)}  =  j  f(r)J  (rC)r  dr  =  F  (C)  (4-66) 

n  -^o  n  n 

where  is  the  n'^  order  Bessel  function.  Although  Hankel  transforms 

of  orders  zero  and  one  will  be  used  in  the  derivation,  the  final  algorithm 
will  contain  quantities  that  involve  Hankel  transforms  of  order  zero  only. 

In  the  course  of  the  derivation  the  properties 


H{f(r)/r  +  0/3r)f(r)}  =  CH,{f(r)} 


(4-67a) 


Hj{0/3r)f(r)}  =  -CHQ{f(r)} 


(4- 67b) 


will  be  employed. 

Writing  the  basic  acoustic  equations  (3-1)  in  cylindrical  coordinates, 
taking  Fourier  transforms,  and  noting  the  circular  symmetry  of  the 
present  problem  (no  0-dependence)  3rields 


2  ^  /s 

o(z)oju^  (r,z,u))  =  3p/3r 

(4- 68a) 

2'' 

d(2)cj  u^  (r.z.oj)  =  3p/3z 

(4-68b) 

p(r,z,u)  =  -o(z)c(z)^  (3u  /3z  +  3u  /3r  +  u  /r) 

z  r  r 

(4- 68c) 

where  u  and  u  are  the  r  and  z  (depth)  components  of  the  (vector) 
displacement  u.  Note  that  the  U0  component  of  u  does  not  appear. 

Taking  Hankel  transforms  of  order  zero  of  (4-68b)  and  (4-68c), 
and  the  Hankel  transform  of  order  one  of  (4- 68a)  yields 


p(z)Ju^(^,z,u))  =-C^(C,z,u) 

(4-69a) 

p(z)f.j  U^(C,z,L0)  =  3P/3Z 

(4- 69b) 

P(^,z,w)  =  -o(z)c(z)^  (3U,/3z  +  CU^(^,z,'j)) 

Z 

(4-69c) 

where 


Uj.(C,Z,U3) 

=  Hj{u^(r,z  ,0))} 

(4- 70a) 

=  H^{u^(r,z,a)} 

(4-70b) 

P(C.z.c.)  = 

H(p(r,z,^.)}  . 

(4- 70c) 
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Eliminating  from  (4-69)  yields 

p(z)lu^U^(S,z.u))  =  SP/3Z 

(4-71a) 

P(C,z,^j)(l-^  ^/w^)c(z)^)  =  -p(z)c(z)^  30, /3z 

z 

(4- 71b) 

and  defining  (compare  to  (4-24)  -  (4-27)) 

c’(z)^  =  c(z)^/(l-(C^/-^)c(z)^) 

(4-72) 

r(z)  =  f  ds/c'(s) 

J  o 

(4-73) 

Z(t)  =  p(t)c'(t) 

(4-74) 

results  in  the  familiar  equations  (compare  to  (4-28)) 


3P/3t  =  Zoj^U^(C,T,a))  (4-75a) 

)U^/3t  =  -(1/Z)P(C  ,T,c^)  .  (4-75b) 


Recalling  that  the  Hankel  transform  of  order  zero  is  the  two- 
dimensional  Fourier  transform  of  a  circularly  symmetric  function,  we  may 
once  again  define  the  Hankel-Fourier  transforms  of  the  downgoing  and 
upgoing  waves  (as  in  (4-29)) 


Vi(-.T.a) 

V2(C-t.-) 


P(C,t,!.')/Z^  +  iuZ^U^(C,T,a))  (4-76a) 

P(C,T,(.0/Z^  -  )^Z^U2(C,t,^)  (4-76b) 
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The  waves  (4-76)  satisfy  the  two-component  wave  system 

(4- 77a) 
(4-77b) 

with  the  reflectivity  function  r(T)  given  by 


9Vj/3t  =  -icoV^(^,  T,(jj)  -  r(T)  V2(C.  t.io) 
3V2/9t  =  -r(T)Vj^(5,T,(jj)  +  ja)V2(C  .t.w) 


r(T) 


2Z  dT 


Z(t) 

Z(0) 


(4-78) 


The  forms  of  the  waves  used  to  probe  the  two-component  wave  system 
(4-77)  are,  in  the  time-distance  domain 


Vj^(r,z,t)  =  6(t-T)5(r)/r  +  Vj(r,z  ,t)l(t-T)  (4-79a) 

V2(r,z,t)  =  V2(r  ,z  ,t)l(t-T)  (4-79b) 

where  the  probing  impulse  is  a  roughly  cylindrical  wave  and  i  =  t(z) 
(recall  that  the  medium  is  laterally  homogeneous).  The  Hankel  transforms 
of  (4-79),  which  are  the  waves  actually  used  in  the  fast  Cholesky 
algorithm  based  on  (4-77),  then  have  the  form  (2-22),  as  desired.  Note 
that  letting  C  =  1^^^  in  (4-72)  results  in  (4-25),  as  expected.  This  choice 
was  noted  by  Coen  (1982). 

4.  4  Turning  Points 

4.4.1  Turning  Points 


A  turning  point  in  a  layered  medium  is  a  depth  where  the  local 
wave  speed  c(Zo)  has  become  so  great  that  it  equals  the  reciprocal  of  the 
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slowness  of  the  probing  plane  wave,  i.e.,  c(Zq)  =  l/p.  By  Snell's  law 

p  =  sin  6(z)/c(z)  (4-80) 

the  ray  paths  of  the  probing  plane  wave  are  horizontal  at  a  turning  point , 
before  turning  back  up  to  the  surface.  The  reason  for  the  ray  paths 
turning  back  to  the  surface  is  that  the  lower  part  of  the  probing  wave, 
in  the  region  of  higher  wave  speed,  continues  to  move  faster  than  the 
upper  part.  This  bends  the  rays  up  toward  the  surface. 

The  location  of  a  turning  point  in  a  layered  medium  is  thus 
dictated  by  the  ray  parameter  or  slowness  p  of  the  probing  wave:  the 
steeper  the  angle  of  incidence,  the  deeper  the  turning  point.  Indeed, 
if  c(z)<Cjy|^jj  throughout  the  medium  and  the  probing  angle  0  in 
Figure  4.1  is  chosen  so  that  9  <  sin  ^  there  is  no  turning 

point . 

Since  it  depends  on  the  concept  of  rays,  and  on  Snell's  law,  turning 
points  as  defined  above  are  only  defined  for  the  case  of  geometrical 
acoustics.  This  is  tantamount  to  taking  w  i.e.,  the  medium  must 

not  vary  significantly  over  a  wavelength.  Another  definition  of  a 
turning  point ,  as  the  depth  where  the  character  of  the  solutions  of  the 
Schrodinger  equation  (4-82)  below  change  from  oscillatory  to  exponentially 
decaying,  is  useless  in  the  present  context  since  the  Schrodinger 
potential  V  is  unbounded. 

In  this  section  we  analyze  the  behavior  of  the  pressure  and 
vertical  displacement  near  a  turning  point,  and  then  show  how  these  can 
be  used  to  propagate  the  layer  stripping  algorithm  of  Section  4.2  through 
a  turning  point  and  back  up  to  the  surface.  This  allows  more  of  the 
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reflection  response  data  to  be  used  in  inverting  the  medium,  and 
provides  a  check  on  the  p(z)  and  c(z)  profiles  computed  on  the  way 
down  to  the  turning  point. 


WKBJ  solution 

The  expressions  obtained  for  pressure  p  and  vertical  displacement 
u  near  a  turning  point  must  be  matched  asymptotically  to  expressions 
valid  far  away  from  the  turning  point.  More  advanced  techniques, 
such  as  the  Langer  uniform  asymptotic  expansion  (Nayfeh  (1973)  is  a 
good  treatment)  obviate  the  need  of  having  different  expressions  in 
different  regions,  but  we  do  not  consider  them  here.  To  derive  the 
expressions  valid  far  away  from  the  turning  point ,  we  employ  a 
WKBJ  analysis  of  two  Schrodinger  equations.  The  presentation  here 
is  based  on  Ware  (1969),  although  .here  are  many  significant 
departures. 

Defining 


7t(z,u;)  =  p(z,'x')/p*(z) 


w(z,co)  =  (p(z)c'(z)  )^  U(Z,Cu) 


Z(z)  =  l/p*(z) 
Y(z)  =  (0c'(z)^)^ 


(4- 81a) 


(4- 81b) 


(4- 81c) 


(4-  31d) 


it  is  straightforward  to  show  from  the  basic  equations  f4-21)  and  (4-23) 
that  TT  and  w  satisfy  the  Schrodinger  equations 


-  -  —2)’ 

Z  dz  ' 


om 


oig 


oip 


+ 


0 


(4-82a) 
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/d-  ^  1  d^y  \  -  _ 

( — „  +  -  - - w  =  0. 


Ydz2 


(4- 82b) 


Since  these  two  equations  have  the  same  form ,  we  can  treat  both  of 
them  at  once.  Choosing  the  ansatz  or  trial  solution 


IT  =  Ae^ 


(4-83) 


substituting  (4-83)  into  (4- 82a)  and  writing  the  real  and  imaginary 
parts  separately  gives,  respectively. 


•*  9-9 

A  -  + 


AB  +  2AB  =  0 


which  in  turn  yield 


B  =  ±  - 

L.2 


A  =  C/B- 


—  A  -  ^  A  =  0 
,-2  Z 


••  ••  4 

-i-  *  4) 


Here  A  =  ^  and  C  is  a  constant, 
dz 

Neglecting  the  third  term  in  (4- 85a)  and  defining 


'as  w  “ 
c 


we  have  for  our  trial  solution 

1  ds/c”(s) 

TT(z,i.)  =  C(c”)*e  '  o 


(4- 8 4a) 


(4- 84b) 


(4- 85a) 


(4- 85b) 


(4-86) 


(4-87) 


m 


m, 


m 


;v:v^ 


".w 


E 


p(2,.)/(oc'')^  =  C^e^io  ds/c’'(s)  ^  ^26-3%  ds/c-'(s)  ^4_ggj 


for  constants  Cj^  and  C2. 

The  analysis  for  w  is  exactly  the  same  through  (4-87),  yielding 


(pc<')k(z,^)  =  C  ds/c"(s)  ^  -ic.^"ds/c’-(s) 


(4-89) 


for  constants  Cg  and  C^. 

In  the  limit  as  (geometrical  acoustics),  (4-88)  and  (4-89) 

become  simple  decompositions  of  the  energy- normalized  pressure  and 
displacement  into  downgoing  and  upgoing  waves--hardly  a  surprise. 

This  development  shows  how  much  this  depends  on  a  stowly  varying 
medium  relative  to  the  wavelength  of  the  probing  medium.  From  (4-86), 
we  require 


“  »='(!) 


(4-9U) 


and  it  is  clear  there  will  be  trouble  at  a  turning  point ,  Virhere  c'  . 


Air  solution  near  a  turning  point 

In  the  limit  of  geometrical  acoustics('x  -*■'»),  a  turning  point  has 

been  defined  as  the  depth  z^  where  c(z^)  =  1/p.  Then  c'(z^)  -*■  “ 

2 

and  l/c'(z^)  =  0.  Let  I/c’(z)  be  approximated  in  the  vicinity  of  the 
turning  point  z^  by 


l/c'(z)2  ^  l/c(z)2  -p2  [2p^  ^  (z^)]  (z^-z)  =  E(z^-z) 


(4-91) 


where  E  is  the  (unknown)  constant  specified  in  (4-91).  Substituting 
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(4-91)  in  the  Schrodinger  equation  (4-82a)  yields 
2 

+  A(z  -z)  -  =0  (4-92) 

'dz2  °  2/ 

and  neglecting  the  third  term  in  (4-92)  for  a;  large  yields  the 
Airy  equation 
2 

„  +  u.^E(z  -z))^T  =  0  .  (4-93) 

'dz^  °  ^ 

The  solution  of  this  equation  involves  the  Airy  function  Ai(-).  and  is 

2/  1/q 

t:  =  C,Ai(-  ^  2  E  (z  -z))  (4-94) 

D  O 


where  Cg  is  a  constant.  The  other  Airy  function,  Bi(-),  is  rejected 
since  it  leads  to  an  exponentially  growing  solution. 

Matching  asymptotic  forms 

From  Abramowitz  and  Stegun  (1965), 

Ai(-y)  =  TT^  y  ^  cos  ^  ^  y  ->-  »  (4-95) 


and  using  this  in  (4-94)  along  with  (4- 81a)  results  in 


p  =  Cgo^(ZQ-z)  ^  cos  (  I^E^tz^-z)"^  -  ^)  (4-96) 

for  z  <<  z^,  i.e.  ,  above  the  turning  point,  here  Cg  is  still  another 
constant,  which  is  related  to  Cg. 

On  the  other  hand,  inserting  (4-91)  in  the  WKBJ  equation  (4-88) 
and  taking  ..  large  results  in 


(4-97) 


j*  E-*(z  -2)-*  (C,ei"'e-i’“^*<V">^  t  C,e-j‘‘V’'’*^*‘^o-">’  ) 

O  1  6» 


where  t  is  the  travel  time  to  the  turning  point  z^ ,  defined  as 


-  f 

•^o 


ds  /c'  (s) 


(4-98) 


Now,  the  asymptotic  form  (4-96)  of  the  Airy  solution  away  from  the 
turning  point  must  match  the  asymptotic  form  (4-97)  of  the  WKBJ 
solution  near  the  turning  point.  Comparing  (4-96)  and  (4-97)  we  see 


C^e^^^E  i  =  Cg  e^  (1/2) 


(4- 99a) 


€26  ^"^"e  i  =  Cgc'^^^'*  (1/2) 


(4- 99b) 


For  the  experiment  in  which  an  oblique  plane  pressure  wave  is 
used  to  probe  the  medium ,  the  actual  form  of  p  is 


=  <;=■)*  .  r‘ 


(4-100) 


Comparing  (4-88)  and  (4-100),  and  using  (4-99),  it  may  be  seen  that 

/N 

the  reflection  response  R  (i^)  is  given  by 


Rp(w)  =  Cj/C2  =  e^'^2 


(4-101) 


The  first  term  of  (4-101)  is  simply  the  delay  due  to  the  two-way  travel 
time  to  the  turning  point.  The  second  term  is  a  phase  advance  of  tt/2, 
since  if  u)  is  negative  there  is  a  sign  change  in  the  independent  variable 
in  (4-94)  and  (4-95),  resulting  in  e  ^^^2  in  (4-101).  The  phase  advance 
of  7f/2  is,  in  the  time  domain,  a  negative  Hilbert  transform  of  the 


source  time  function. 


Comments 


There  are  several  comments  to  be  made  here.  First,  the  usual 
definition  of  a  turning  point  for  a  Schrodinger  equation  (for  finite  ^ ) 
is  the  depth  at  which  the  nature  of  the  solution  changes  from  oscillatory 
to  exponentially  decaying.  For  the  Schrodinger  equation  (4-82a),  this 
is  where 


so  employing  a  Unear  approximation  Uke  (4-91)  to  (4-102)  is  simply 
equivalent  to  replacing  c'  with  c"  throughout.  In  the  limit  of  high 
c'  and  c"  become  equal.  Note  in  fact  that  the  Airy  function  Ai(y)  is 
oscillatory  for  y  <  0  and  exponentially  decaying  for  y  >  0. 

Second,  it  should  be  emphasized  that  (4-101)  is  the  result  of  a 
WKBJ  analysis,  which  neglects  aU  internal  reflections.  It  is  not  true 
that  the  ampUtude  of  the  reflected  signal  carries  no  information  about  the 
medium!  The  purpose  of  this  analysis  is  simply  to  discern  what  happens 
to  a  pressure  wave  passing  through  a  turning  point — it  gets  negative 


■^-*!^’-.v*j‘r“-*'**h^**J»**>'*>'*.*''‘-***_*^\*'^.**^,>'**  •**  •**  ,** 
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I 

Hilbert-transformed . 

The  reflection  response  of  the  medium  can  be  separated  into  two 
parts:  the  part  before  2t^,  where  2t^  is  the  two-way  travel  time  to 
the  turning  point;  and  the  part  from  2t^  to  4t^.  The  first  part  of  the 
reflection  response  is  clearly  unaffected  by  the  presence  of  a  turning 
point ,  since  the  probing  impulse  has  not  penetrated  that  far  into  the 
medium.  By  causality,  it  is  impossible  for  the  nature  of  the  medium 
below  and  ahead  of  the  probing  impulse  at  any  time  to  affect  the 
reflection  response  of  the  medium  at  that  time.  From  2t^  to  4t^,  the 
probing  impulse  is  now  essentially  probing  a  mirror  image  of  the  medium , 
and  this  part  of  the  reflection  response  reflects  this.  (Of  course,  there 
are  also  lingering  multiple  reflections  from  the  downward  path,  but  these 
have  been  eliminated  by  the  layer  stripping  algorithm.)  The  reflected 
waves  propagate  back  through  the  turning  point  to  be  measured  as 
the  reflection  response. 

After  2":^,  the  transmitted  response  through  the  turning  point 
begins  to  appear  at  the  surface.  According  to  the  VVKBJ  analysis,  this 
transmitted  response  is  simply  the  negative  Hilbert  transform  of  the 
delayed  source  excitation.  However,  this  ignores  the  reflection  losses 
within  the  medium,  which  will  clearly  degrade  the  transmitted  response. 
Of  course,  the  arrival  time  of  the  transmitted  response  may  be  used  for 
travel  time  inversion;  however,  this  is  outside  the  scope  of  this  thesis. 

It  should  also  be  noted  that  the  result  of  (4-101),  which  is  the  only 
result  we  shall  actually  use  in  a  layer  stripping  algorithm,  is  amazingly 
accurate  in  practice.  Tolstoy  and  Clay  (1966),  p.  51)  report  that  for 
typical  frequencies  and  typical  oceanic  sound  channels,  (2-101)  is 
accurate  to  five  significant  figures. 
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Finally,  it  should  be  noted  how  this  analysis  differs  from  the  usual 
WKBJ-Airy  turning  point  analysis.  The  general  procedure  is  to 
approximate  -  V  by  a  linear  expression,  as  in  (4-91).  This  will  not 
work  on  the  Schrodinger  equation  (4-11)  considered  by  Ware  (1969) 
because  the  potential  V(z)  blows  up  at  the  turning  point.  Ware  (1969) 
modelled  V(z)  by  a  second-order  pole  and  branch  point,  and  obtained 
a  messy  result  that  reduced  to  (4-101)  in  the  limit  wx  -*■  We  have  used 

the  Schrodinger  equation  (4- 82a)  because  its  potential  does  not  blow 
up  at  the  turning  point.  Unfortunately,  the  potential  of  the 
displacement  Schrodinger  equation  does  blow  up  at  the  turning  point, 
and  a  different  equation  will  have  to  be  used  for  the  Airy  analysis  of 
that  problem. 


)lacernent 


The  WKBJ  formula  for  displacement  away  from  the  turning  point  was 

already  derived  in  (4-89).  However,  the  Airy  solution  near  the  turning 

2  i 

point  will  require  more  work,  since  Y  =  (pc’  )  blows  up  there  and  thus 
(4-82b)  cannot  be  used. 

The  displacement  equation  we  shall  use  near  the  turning  point  is 


In  the  vicinity  of  the  turning  point  c'(z)  is  changing  very  rapialy,  and 
of  course  we  continue  to  assume  high  ..  hence  the  fourth  term  in 
(4-103)  is  negligible.  Ajultiplying  (4-103)  by  l/c'(z)^  and  using  (4-91) 
gi 


(4-104) 


(E(z^-2) 


+ 


wE‘(z^-z)‘  +  E^j  u(2,,^)  =  0 


near  the  turning  point  z^. 

It  turns  out  that  the  solution  to  (4-104)  involves  the  derivative  of 
the  Airy  function,  Ai’(*).  To  see  this,  consider  the  Airy  differential 
equation 


—  -  zf(z)  =  0 

dz  2 


2 

divide  by  z,  differentiate,  and  mxiltiply  by  z  .  This  gives 


(4-105) 


2  df 
‘  dz 


=  0 


(4-106) 


which  is  an  equation  in  df/dz  having  the  form  (4-104). 
Therefore  the  solution  to  (4-104)  is 


u(z,u)  =  C.^Ai'(-^Jo"  e“  (z^-z))  (4-107) 

where  is  a  constant.  From  Abramowitz  and  Stegun  (1965) 

Ai'(-y)  = -7T  ^  y^  cos  (|  y'  +  |)  as  y  »  (4-108) 

so  the  asymptotic  form  of  (4-107)  above  the  turning  point  is 

u(z,a.)  =  Cg(ZQ-z)^  cos  (|a>E^  (4-109) 

where  Cg  is  a  constant  determined  by  C^. 

On  the  other  hand,  the  asymptotic  form  for  the  WKBJ  solution  (4-89) 


near  the  turning  point  is  found  by  inserting  (4-91)  in  (4-89),  yielding 


u(z,x)  =  p* 


(2^-Z) 


(z^-z)  = 


^4^ 


-j^T  j4^E 


(z„-z)'3 


(4-110) 


using  the  same  simpUcations  used  to  produce  (4-97), 

The  asymptotic  forms  (4-109)  and  (4-110)  must  agree,  so  we  have 


Cge^'^E^p'^  =  Cge-j^^4 

C^e”^"^E^c"i  =  Cge^ 


(4-llla) 

(4-lllb) 


and  from  (4-89)  the  reflection  response  i^y(^)  for  the  experiment  in  which 
an  oblique  acoustic  plane  displacement  wave  is  used  to  probe  the  medium 
is  given  by 

Ru(^)  =  C3/C4  =  e‘^'^2  =  _  .  (4-112) 

Therefore  the  reflection  coefficient  for  a  displacement  wave  is 
negative  the  reflection  coefficient  for  a  pressure  wave,  as  expected. 

This  amounts  to  a  phase  delay  of  v/2  as  the  displacement  wave  passes 
through  the  turning  point,  which  is  a  Hilbert  transform  in  the  time 
domain. 

Again  some  comments  are  in  order.  This  is  an  unusual  analysis  in 
that  some  juggling  was  required  to  produce  the  equations  (4-103)  and 
(4-106);  it  is  just  a  standard  Airy  analysis,  since  it  is  necessary  to 
isolate  the  effects  of  c'  blowing  up  at  the  turning  point.  This  is  much 
harder  to  do  for  displacement  than  it  is  for  pressure:  compare  the  two 
Schrodinger  equations  (4-82a)  and  (4-82b).  Incidentally,  it  is  worth 
noting  that  even  though  the  ray  paths  become  horizontal  at  the  turning 


point,  the  vertical  displacement  uCz^.w)  does  not  go  to  zero. 

Of  course,  it  is  hardly  surprising  that  the  vertical  displacement 
u(Zq,0u)  behaves  like  the  derivative  of  the  Airy  function,  in  light  of 
the  basic  equations  (4-21).  Indeed,  inserting  (4-94)  and  (4-107)  into 
the  basic  equations  (4-21b)  and  (4-23)  for  the  oblique  plane  wave 
problem  yields  a  consistent  set  of  equations  if  P  is  assumed  to  have 
negligible  variation  in  the  vicinity  of  the  turning  point. 

4.4.2  Propagation  of  the  Layer  Stripping  Algorithm  Through  a  Turning 
Point 

Using  the  results  (4-101)  and  (4-112),  we  now  show  how  the  layer 
stripping  algorithm  can  be  propagated  through  a  turning  point  and 
back  up  to  the  surface  along  the  ray  path.  This  allows  surface 
reflection  data  collected  past  2t^^,  the  two-way  travel  time  to  the 
turning  point,  to  be  used  in  the  inversion  procedure.  The  reflection 
coefficients  and  profiles  of  d(z)  and  c(z)  computed  on  the  way  down  can 
then  be  checked  on  the  way  back  up. 

The  basic  idea  is  to  regard  the  turning  point  as  a  "black  box"  that 
Hilbert  transforms  various  combinations  of  the  waves  and  changes  the 
downgoing  waves  into  the  upgoing  waves,  and  vice-versa.  The  only 
problem  is  to  determine  the  appropriate  time  delay  as  the  waves  travel 
through  this  "box." 

The  first  problem,  of  course,  is  to  detect  a  turning  point  when  it 

2 

is  encountered.  This  presents  little  difficulty,  since  cos  e(z)  = 

2  2 

1  -  p  c(z)  is  computed  in  the  course  of  the  algorithm  (equation  (4-37)). 

As  a  turning  point  is  approached,  a(z)  approaches  r/2  as  the  ray 

2 

becomes  horizontal,  and  cos  0(z)  goes  to  zero.  Of  course,  if 
2  2 

1  -  p  c(z)  <  0  then  clearly  a  turning  point  has  been  encountered  (even 
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if  noise  has  corrupted  the  computed  c(z),  a  turning  point  must  be  close). 
However,  a  better  procedure  is  to  set  a  threshold  e,  and  decree  that  if 

cos^  8(Zj)  =  1  -  p^c(2j)^  5  (4-113) 

then  a  turning  point  is  present  at  depth  Zj. 

Of  course,  if  the  medium  wave  speed  profile  c(z)  is  such  that  it 
increases  with  depth  to  approximately  c(z)  ~  1/p  and  then  decreases , 
(4-113)  may  identify  a  turning  point  that  is  non-existent.  This  simply 
represents  bad  luck  in  the  choice  of  ray  parameter  p.  The  error  wiU 
be  revealed  when  the  p(z)  and  c(z)  profiles  computed  on  the  way  up 
diverge  wildly  from  those  computed  on  the  way  down,  and  the 
algorithm  could  simply  be  rerun  with  a  different  choice  of  p. 

The  second  problem  is  to  determine  what  happens  to  the  waves 
as  they  pass  through  the  turning  point.  This  is  where  (4-101)  and 
(4-112)  are  useful.  Recall  that  the  downoing  wave  Vj(z,:..)  and  up  going 
wave  V2(z,uu),  which  we  rename  D(z„.j)  and  U(z,*)  for  convenience, 
are  given  in  (4-29)  as 

D(z,u))  =  p(z,c.)/(pc')^  +  i(,.(pc')^u(z,u.)  (4-114a) 

U(z,l)  =  p(z,uj)/(pc')^  -  jjj(pc')^u(z,w)  .  (4-114b) 

Now,  as  these  waves  pass  through  the  turning  point,  the  pressure 
is  negative  Hilbert  transformed  (4-101)  and  the  displacement,  hence  the 
velocity,  is  Hilbert  transformed  (4-112).  Thus,  after  passing  through 
the  turning  point,  D(z,t)  becomes  D'(z,t)  and  U(z.t)  becomes  U'(z,t). 


where 
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D'(z,t)  =  -H[p/Z^]  +  HlZ^v]  =-HtU(z,t)]  (4-115a) 

U'(z,t)  =  -H[p/Z^]  -  H[Z^vl  =  -HlD(z,t)]  .  (4-115b) 

A 

In  (4-115)  V  =  3u/3t  is  medium  velocity,  Z  =  pc'  is  impedance,  and  H[-] 
is  the  Hilbert  transform  operator,  which  is  -j  SGN(cii)  in  the  frequency 
domain  and  has  the  impulse  response  -  l/(TTt). 

However,  after  passing  through  the  turning  point  the  downgoing  and 
upgoing  waves  also  become  interchanged.  The  combination  of  this  and 
(4-115)  shows  that  the  net  effect  of  passage  through  a  turning  point  on 
the  waves  in  the  layer  stripping  algorithm  is  a  negative  Hilbert  transform 
of  both  waves.  This  is  precisely  what  would  be  expected  by  recalling 
that  the  waves  (4-114)  are  really  pressure  waves,  and  the  turning 
point  acts  like  a  reflection  coefficient  (4-101). 

The  final  problem  is  to  determine  the  time  delay  encountered  in 
passage  through  the  turning  point.  Recall  that  the  algorithm  stops  at 
the  depth  z  where 

1  -  p^c(Zj)^  =  .  (4-116) 

If  the  turning  point  is  located  at  depth  z^  >  Zj,  with  a  =  z^  -  Zj  small, 
then  we  have,  using  (4-91) 

=  1  -  p^c(zp^  =  (E/p^)  A  .  (4-117) 

The  travel  time  delay  through  the  turning  point  is,  using  (4-91), 

*Z  7 

Ax  =  2 j^^°ds/c'(s)  =  2f^  E^(z^-s)^ds  -  (4/3)E^A^  (4-118) 

and  eliminating  the  unknown  A  yields 
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At  =  (4/3)p^e^/E 


(4-119) 


Note  that  Ax  varies  with  the  threshold  £  as  z,  and  that  it  is 

3 

necessary  to  determine  E  =  2p  dc(z^)/dz  or  A .  E,  however,  can  be 
estimated  from  the  way  c(z)  is  varying  at  Zj. 

In  summary,  to  extend  the  layer  stripping  algorithm  through  a 
turning  point,  use  the  condition  (4-113)  to  detect  a  turning  point,  take 
the  negative  Hilbert  transform  of  the  waves,  and  delay  them  by  A  x 
in  (4-119).  Then  continue  the  algorithm  back  up  to  the  surface,  comparing 
the  computed  p(z)  and  c(z)  profiles  with  those  computed  on  the  way 
down.  This  makes  use  of  surface  reflection  data  collected  after  2t, 
the  two-way  travel  time  to  the  turning  point. 


In  the  next  chapter  the  effect  of  noise  on  the  layer  stripping 
algorithm  is  discussed ,  and  results  of  some  computer  runs  of  the 
algorithm  on  synthetic  data  presented. 
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CHAPTER  V 


Performance  of  the  Non-Normal  Incidence  Inversion  Algorithms 

5. 1  Introduction 

In  this  chapter  the  results  of  running  the  two  non-normal  incidence 
inversion  algorithms  of  Chapter  IV  on  a  computer  are  presented.  This 
chapter  is  not  intended  to  be  an  exhaustive  numerical  study  of  these 
algorithms.  Rather,  the  purposes  of  this  chapter  are  to  demonstrate 
that  the  algorithms  do  work,  and  to  illustrate  some  of  their  strong 
points  and  weak  points. 

The  goals  of  this  chapter  are  threefold:  (1)  to  demonstrate  that 
the  algorithms  of  Chapter  IV  do  indeed  reconstruct  a  layered  medium  from 
its  synthesized  forward  response ,  and  still  do  so  in  the  presence  of 
small  amounts  of  additive  noise;  (2)  to  demonstrate  some  circumstances 
under  which  the  algorithms  break  down,  and  explain  how  to  avoid  them; 
and  (3)  to  develop  some  minor  modifications  of  the  algorithms  that 
improve  their  performance  in  the  presence  of  noise.  In  addition,  some 
other  considerations  involved  in  running  the  algorithms  on  a  computer, 
such  as  discretization  of  time,  are  discussed.  All  of  the  computer 
programs  used  in  this  thesis  are  given  in  the  Appendix. 

5.1.1  Forward  vs.  Backward  Stability 

A  superficial  consideration  of  the  operation  of  a  layer  stripping 
algorithm  initiated  with  noisy  data  might  make  it  seem  as  though  errors 
would  accumulate  rapidly  as  the  medium  were  penetrated,  to  the  point 
where  the  algorithm  would  quickly  break  down.  However,  this  is  not 
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the  case,  as  this  chapter  will  show.  Note  that  each  step  of  the  discrete 
algorithm  amounts  to  a  Givens  rotation  of  normalized  waves  (equation 
(3-86)),  so  that  the  waves  cannot  blow  up.  Indeed,  Bultheel  (1979) 
has  shown  that  the  basic  fast  Cholesky  algorithm  is  numerically  stable. 

And  it  is  important  to  remember  that  the  layer  stripping  algorithms  are 
mathematically  dual  to  the  integral  equation  procedures  that  constitute 
an  alternative  to  them.  Therefore,  mathematically ,  the  performance  of 
the  integral  equation  methods  used  on  noisy  data  is  no  better  than  that 
of  the  layer  stripping  methods.  So  how  did  dynamic  deconvolution  methods 
get  the  reputation  of  performing  poorly  on  noisy  data?  To  answer  this 
question  requires  some  discussion  of  forward  vs.  backward  stability, 
i.e. ,  the  stability  of  an  algorithm  vs.  the  conditioning  of  the  problem  to 
which  it  is  applied. 

An  inverse  problem  is  defined  to  be  forward  stable  if  a  slight 


perturbation  of  the  data  leads  to  a  slight  perturbation  of  the  parameters 
of  the  reconstructed  medium.  This  is  tantamount  to  requiring 
continuity  of  the  mapping  from  the  set  of  admissible  data  to  the  set 
of  possible  media.  This  mapping,  which  is  the  inverse  of  the  forward 
problem  mapping,  is  uniquely  specified  if  the  inverse  problem  is  well- 
defined.  An  inverse  problem  that  is  not  forward  stable  is  said  to  be 
ill-conditioned. 

An  alfforithm  is  defined  to  be  backward  stable  if  the  numerical  result 


of  running  the  algorithm  on  a  given  set  of  data  is  the  same  result  that 
would  be  obtained  from  an  exact  run  (no  roundoff  errors,  etc.)  of  the 
algorithm  on  a  slight  perturbation  of  the  given  data.  Thus,  for  a  forward 
stable  problem ,  errors  inherent  in  the  algorithm  are  equivalent  to  a 
slight  perturbation  of  the  data,  which  in  turn  results  in  a  slight 


perturbation  of  the  reconstructed  medium. 

These  two  definitions  are  taken  from  Stewart  (1973),  where  the 
"inverse  problem"  considered  is  that  of  solving  the  matrix  equation  Ax  =  b. 
However,  the  definitions  also  apply  to  the  general  class  of  well-defined 
inverse  problems  (i.e.  ,  those  for  which  a  unique  solution  can  be 
found  from  the  data) . 

The  significance  of  these  two  definitions  is  that  they  distinguish 
between  the  conditioning  of  a  problem  and  the  stability  of  the  algorithm 
used  to  solve  it.  A  stable  algorithm  appUed  to  an  ill-conditioned 
problem  (such  as  inversion  of  a  nearly  singular  matrix)  may  give  poor 
results,  even  though  the  algorithm  itself  performs  well  in  general.  The 
fault  lies  not  with  the  algorithm ,  but  with  the  decision  to  use  it 
inappropriately  (and  there  may  well  be  ^  algorithm  that  works  well  on 
a  severely  ill-conditioned  problem). 

This  is  important  in  discussing  the  performance  of  layer  stripping 
algorithms  applied  to  inverse  seismic  problems,  because  the  conditioning 
of  an  inverse  seismic  problem  gets  poorer  with  increasing  depth. 

Bruckstein  et  al.  (1984)  have  shown  that  the  condition  number  c(n) 
for  the  one-dimensional  discrete  normal  incidence  inverse  seismic  problem 
n  layers  deep  is  given  by 


n  1  +  Ir. 

c(n)  =  n  - - 

i=l  1  -  Ir, 


(5-1) 


where  r.  are  the  reflection  coefficients,  assumed  to  have  absolute  values 
less  than  one,  and  c(n)  is  defined  as 


c(n)  = 


=  o  /a  . 
max  min 


(5-2) 


Here  is  a  matrix  that  represents  the  transmission  matrix  for  the 

medium,  defined  by  (3-52),  and  a  ^  and  a  ^  are  its  maximum  and 

max  min 

minimum  sin^lar  values.  The  condition  number  c(n)  is  the  amplication 
factor  by  which  a  perturbation  or  error  in  the  data  is  multiplied  to  give 
the  perturbation  or  error  in  computing  r^^^  if  {rj....r^}  are  known 
exactly . 

It  is  clear  from  (5-1)  that  c(n)  increases  with  depth  n,  so  that  the 
inverse  problem  of  reconstructing  r^  for  each  n  becomes  steadily  more 
poorly  conditioned.  Physically,  this  can  be  understood  by  noting  that 
the  medium  excitation  becomes  weaker  as  it  penetrates  the  medium  and 
suffers  reflection  losses.  In  the  event  of  near-total  reflection  at  a  level 
m  (Ir^l  =  1  ),  (5-1)  shows  that  c(n)  becomes  very  large  for  all  n  >m. 
Cybenko  (1980)  also  derived  (5-1)  as  the  condition  number  of  the 
symmetric  Toeplitz  matrix  of  size  n  that  has  been  inverted  after  n 
recursions  of  the  Levinson  algorithm. 

It  is  important  to  remember  that  the  increasing  condition  number  c(n) 
specified  by  (5-1)  is  a  property  of  the  inverse  problem  itself,  even  in 
the  absence  of  noise ,  and  applies  regardless  of  the  method  used  to  solve 
it.  This  explains  why  layer  stripping  algorithms  perform  more  poorly 
as  depth  increases:  the  problem  is  not  the  accumulation  of  noise  in 
the  algorithm ,  but  the  poor  conditioning  of  the  inverse  problem  itself. 

The  same  problem  is  encountered  in  the  use  of  integral  equation  or  matrix 
equation  methods;  however,  these  methods  disguise  the  variation  of  the 
conditioning  with  depth,  since  the  entire  problem  for  all  depths  is 
solved  in  one  huge  operation.  Layer  stripping  methods,  being  layer- 
recursive,  spotlight  the  problem  correctly;  the  result  is  an  unjust 
reputation  for  poor  performance. 


5.1.2  Previous  Work 


Numerical  work 

Previous  work  on  the  numerical  performance  of  layer  stripping 
algorithms  has  all  been  applied  to  the  one  dimensional  normal  incidence 
inverse  problem ,  since  only  for  this  problem  is  the  layer  stripping 
solution  widely  known.  Bultheel  (1979)  showed  that  the  fast  Cholesky 
algorithm ,  the  basic  layer  stripping  algorithm  for  the  normal  incidence 
inverse  problem  (though  few  seem  to  know  its  name) ,  is  backward  stable 
by  employing  an  error  analysis.  Exhaustive  numerical  studies  of  this 
algorithm  have  been  made  by  Symes  and  Zimmerman  (1982),  Bube  and 
Burridge  (1983),  and  Bruckstein  et  al.  (1984),  and  all  are  quite 
favorable.  We  now  summarize  their  results. 

Bube  and  Burridge  (1983)  tested  what  they  called  the  "downward 
continuation"  algorithm  against  the  one-dimensional  Born  approximation 
method,  and  found  that  the  layer  stripping  algorithm  completely  out¬ 
performed  the  Born  approximation  method ,  due  to  the  inability  of  the 
latter  to  deal  with  multiple  reflections.  Bruckstein  et  al.  (1984)  found 
that  the  fast  Cholesky  algorithm  began  to  diverge  after  about  fifty  layers, 
since  the  conditioning  of  the  problem  at  this  depth  was  so  poor  that 
roundoff  errors  and  accumulation  errors  in  the  numerical  operation  of 
the  algorithm  were  magnified  into  significant  errors  in  the  output.  The 
work  of  Symes  and  Zimmerman  (1982)  tested  the  algorithm  in  the  presence 
of  noise  and  bandhmitation  of  the  source  and  data.  Their  results  were 
that  noise  in  the  seismic  band  (10-40  Hz)  had  little  effect  on  the 
reconstruction  of  the  impedance  of  the  medium  for  signal-to-noise  ratios 
greater  than  about  five,  but  the  absence  of  low-frequency  data  (0-10  Hz) 
had  a  significant  effect  on  the  reconstruction.  This  is  not  surprising, 


since  the  low-frequency  response  of  the  medium  determines  the  trend  of 
the  impedance  profile. 

Estimation 

If  noisy  data  are  to  be  used,  it  might  seem  natural  to  try  to 
incorporate  some  sort  of  estimation  procedure  into  the  inversion 
algorithm.  However,  attempting  to  do  this  for  a  layer  stripping  algorithm 
generally  leads  to  a  mess,  even  for  the  normal  incidence  inverse  problem. 
The  reason  for  this  is  that  the  resulting  estimation  problem  is  very 
non-linear,  as  a  few  recursions  of  the  fast  Cholesky  algorithm  will  show. 
Theriault  (1977)  derived  some  Cramer-Rao  bounds  for  the  mean-square 
error  of  any  estimation  procedure,  and  implemented  numerically  a 
maximum-likelihood  estimator  that  required  the  application  of  a 
conjugate  gradient  method  maximization  at  each  depth. 

The  approach  of  Habibi-Ashrafi  and  Mendel  (1982)  is  more  promising. 
They  employ  a  layer  stripping  solution  to  the  discrete  normal  incidence 
inverse  problem  with  a  suboptimal  maximum-likelihood  estimation  at  each 
depth.  Instead  of  projecting  ahead  to  a  specific  time  to  read  the  next 
primary  reflection,  their  method  searches  for  the  next  primary  reflection 
using  a  matched  filter  and  a  transversal  equalizing  filter,  which  corrects 
for  wave  overlapping  effects.  This  a  posteriori  approach  is  in  contrast 
to  the  a  priori  (project  ahead  to  a  specific,  computed  time)  approach 
used  in  this  thesis.  Some  Kalman- filter- like  combination  of  these 
approaches  would  be  ideal,  but  it  is  not  clear  how  this  could  be  done. 

The  estimator  of  Habibi-Ashrafi  and  Mendel  (1982)  reduces  to  an 
a  priori  project-and-read  if  the  medium  excitation  is  a  probing  impulse. 

It  is  also  interesting  to  note  that  taking  the  maximum-likelihood  approach 
as  a  starting  point  leads  to  a  layer  stripping  approach  as  the  optimal 


inversion  procedure  (Habibi-Ashrafi  and  Mendel,  1982). 

If  the  data  are  bandlimited ,  then  the  inverse  problem  is  ill-posed, 
since  the  missing  frequency  components  of  the  impedance  profile  cannot 
be  reconstructed  •  For  example ,  if  the  data  are  only  specified  up  to  a 
cutoff  frequency,  a  sinusoidally-varying  impedance  profile  (as  a  function 
of  travel  time)  with  spatial  frequency  above  the  cutoff  frequency  would 
be  reconstructed  as  a  constant  profile.  On  the  other  hand,  the  absence 
of  low-frequency  data  would  result  in  the  loss  of  low-spatial-frequency 
(i.e.  ,  trend)  information  about  the  impedance  profile.  There  is  no 
way  around  these  ambiguities — some  additional  information  is  necessary 
in  order  to  have  a  unique  reconstructed  medium. 

One  approach  is  the  maximum-entropy  estimation  procedure  used  by 
Santosa  and  Symes  (1983).  Their  approach  is  to  pick  the  impedance 
profile  with  the  flattest  wave  number  spectrum  that  still  matches  the 
bandlimited  data.  However,  this  amounts  to  a  reformulation  of  the 
problem.  The  layer  stripping  methods,  since  they  operate  in  the  time 
domain,  simply  assume  the  missing  frequency  responses  to  be  zero.  Any 
corrections  to  this  must  be  made  on  the  data  itself. 

5.1.3  Summary 

In  Section  5.2  the  performance  of  the  algorithms  of  Chapter  IV  in 
the  absence  of  noise  is  investigated.  The  main  goal  of  this  section  is 
to  establish  that  the  various  algorithms  do  in  fact  work  on  a  computer, 
even  with  imperfections  in  the  data  generated  by  the  forward  problem 
algorithms.  The  two  forward  problem  algorithms  are  discussed  and 
compared,  and  the  performances  of  the  fast  Cholesky  layer  stripping 
inversion  algorithm  with  continuous  medium  updates  and  with  discrete 


medium  updates  compared.  Some  circumstances  under  which  the  inversion 
algorithm  breaks  down  are  discussed  and  investigated.  Finally,  the 
Schur  and  dynamic  deconvolution  algorithms  for  the  non-normal  incidence 
problem  are  demonstrated  with  computers  runs. 

In  Section  5.3  the  performance  of  the  fast  Cholesky  algorithm  for 
the  non- normal  incidence  problem  on  noisy  data  is  investigated.  Random- 
number-generated  noise ,  uniformly  distributed  over  a  prespecified 
amplitude  range,  is  added  to  the  reflection  data  before  the  inversion 
algorithm  is  run.  The  effect  this  has  on  the  operation  of  the  inversion 
algorithm  is  illustrated  by  a  series  of  runs  in  which  progressively  worse 
signal-to- noise  ratios  results  in  progressively  poorer  performance  of  the 
algorithm,  as  expected. 

In  Section  5.4  several  minor  modifications  of  the  fast  Cholesky 
algorithm  for  the  non-normal  incidence  problem  are  developed  in  order 
to  improve  its  performance  in  the  presence  of  noise.  First,  the 
suggestion  of  Bruckstein  et  al,  (1984)  to  set  to  zero  all  measured 
reflection  coefficients  less  than  a  threshold  value  determined  by  the 
condition  number  and  noise  level  is  adopted.  Next,  reflection  data 
measured  for  many  different  angles  of  incidence  is  combined  to  produce 
a  least-squares  fit  for  the  updates  of  density  p(z)  and  wave  speed  c(z) 
at  each  depth.  This  has  two  major  advantages  over  least-squares  fits 
of  the  entire  parameter  profiles:  (1)  the  problems  at  each  depth  are 
decoupled;  and  (2)  the  resulting,  more  accurate  updated  parameters  are 
used  immediately  in  the  algorithm  while  it  is  still  running.  Both  of 
these  modifications  are  illustrated  with  computer  runs.  Finally,  a 
modification  that  allows  a  slightly  lossy  medium  to  be  reconstructed  is 
specified.  The  losses  must  be  small  enough  that  dispersion  of  the  probing 


impulse  is  negligible. 

Section  5.5  then  summarizes  the  results  of  this  chapter.  The 
strong  points  and  weak  points  of  employing  layer  stripping  algorithms 
are  discussed,  and  some  ways  in  which  these  algorithms  break  down  are 
reviewed.  A  significant  advantage  of  layer  stripping  inversion  procedures 
over  other  inversion  procedures  is  the  physical  interpretations  available 
for  almost  every  aspect  of  the  operation  of  the  algorithm.  This  makes 
it  much  easier  to  determine  when  and  why  an  algorithm  might  break  down 
than  is  generally  the  case  in  numerical  analysis. 

The  computer  programs  impelemnting  these  algorithms  are  all 
written  in  FORTRAN,  and  they  are  all  given  in  an  Appendix  to  this 
thesis.  These  programs  were  run  on  a  VAX  11/782  minicomputer,  and 
the  plots  made  at  the  Joint  Computer  Facility  at  MIT  in  1984. 

5,2  Performance  of  the  Algorithms  in  the  Absence  of  Noise 

In  this  section  we  present  computer  runs  of  the  continuous  and 
discrete  fast  Cholesky  layer  stripping  algorithms  for  the  non-normal 
incidence  inverse  problem.  Two  different  forward  problem  algorithms 
are  used — one  based  on  a  time  domain  (Bremmer  series)  method ,  and  one 
based  on  a  frequency  domain  (reflectivity)  method.  We  show  that  the 
inversion  algorithms  do  in  fact  work,  and  work  well,  on  high  quality  (but 
not  perfect)  data.  Some  ways  in  which  the  algorithms  break  down  are 
illustrated  and  discussed.  The  idea  here  is  to  be  illustrative  rather  than 
perform  exhaustive  numerical  studies.  Computer  runs  of  the  Schur  and 
dynamic  deconvolution  algorithms  for  the  non-normal  incidence  problem 
are  also  given. 
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5.2.1  Forward  Problem  Algorithms 

Two  different  forward  problem  algorithms  are  used.  One,  FORI, 
is  a  frequency- domain  algorithm  that  uses  the  reflectivity  method  (see 
(Aid  and  Richards,  1980,  p.  393)  for  a  good  discussion)  and  reqiiires 
an  inverse  Fourier  transform  to  obtain  time  responses.  The  other, 
BREM ,  is  a  time-domain  algorithm  that  computes  directly  all  of  the 
primary  and  secondary  (first-order  multiple)  reflections,  i.e.  ,  the  first 
two  terms  of  the  Bremmer  series  for  the  medium  response.  Both 
algorithms  have  advantages  and  disadvantages. 


FORI 


The  reflectivity  method  used  by  FORI  works  as  follows.  It  is  known 
that  if  a  layered  medium  bounded  above  and  below  by  two  infinite, 
homogeneous  half-spaces  is  probed  with  an  impulse ,  the  downgoing  and 
upgoing  waves  in  the  lower  half-space  will  be,  respectively,  tfo.)  and 
zero  .  Here  T(ijj)  is  the  transmission  response  of  the  mediiom ,  and  there 
is  no  upgoing  wave  in  the  lower  half-space  by  the  radiation  boundary 
condition.  Thus,  if  we  initialize  the  waves  Dj^^j(a')  and  in  the 

lower  half-space  to  one  and  zero,  respectively,  and  multiply  the  wave 


vector 


LlJj,^+l(a))J 


by  the  layer  matrices  for  layers  N,  N-1,  ...2,  1  in 


succession,  we  get  the  wave  vector 


- 1 

o> 

o 

€ 

_ 1 

■l/T(u;) 

.R(.) 

Dividing  U^(u)  by  D^(u;)  then  gives  the  medium  reflection  response 
R(.). 

In  FORI  the  subroutine  RECOPP,  which  is  taken  from  Kind  (1976). 


•  K 

'•4 
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m 

•  I  j 


*•> ; 


n.  ’ 
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implements  the  above  procedure.  It  is  then  necessary  to  take  the  inverse 
Fourier  transform  of  R(^)  in  order  to  get  the  time  response  R(t).  This 
is  accomplished  by  using  an  FFT  algorithm  taken  from  Oppenheim  and 
Schafer  (1975,  p.  332)  to  implement  a  discrete  inverse  Fourier 
transform  of  R(^),  which  is  computed  at  2"^  integer  multiples  of  Aui 
by  RECOPP.  Since  R(t)  is  real,  doubling  the  real  part  of  the  discrete 
inverse  Fourier  transform  gives  the  desired  time  response  at  2"^  integer 
multiples  of  it  =  2  7t/(2^A^0- 

Since  the  impulse  response  of  a  discrete  layered  medium  contains 
sharp  peaks,  computing  it  at  discrete  time  instants  runs  the  risk  of 
missing  some  of  the  peaks.  To  avoid  this,  and  to  make  the  computation 
of  the  inverse  Fourier  transform  more  stable,  the  program  FORI 
actually  computes  the  integrated  impulse  response  ,  takes  the 

inverse  Fourier  transform  of  this,  and  then  takes  differences  of  the 
result.  This  results  in  the  computation  of  {R^}  .  where 

-(n+l).!.t 

""n  =  /*-t 

The  major  disadvantage  in  using  FORI  is  the  inverse  Fourier 
transform  required.  Since  the  frequency  response  is  only  computed  up  to 
=  2*’^  A:.  =  the  resulting  computed  time  response  is  bandUmited. 

Indeed,  FORI  actually  computes  the  sine  response  of  the  medium,  i.e.  , 
the  response  of  the  medium  to  the  probing  function  (sin  t.:^t)/^^t.  This 
results  in  the  peaks  in  the  time  response  being  broadened,  or  smeared. 
Since  accurate  strengths  of  the  primary  reflections  are  essential  to  the 
layer  stripping  algorithms,  this  is  potentially  a  serious  matter.  However, 
the  performance  of  the  algorithms  did  not  seem  to  be  excessively  hampered 


by  this.  Gibbs  phenomenon  (side  lobes  or  peaks  due  to  the  oscillation 
of  the  sine  function)  was  also  observed,  but  proved  to  be  relatively 
insignificant . 

BREM 

In  the  program  BREM  the  response  of  the  medium  is  computed 
directly  in  the  time  domain,  so  that  an  inverse  Fourier  transform  is  not 
needed.  This  is  indeed  a  significant  improvement  over  FORI;  since  BREM 
requires  much  less  computation  time  than  FORI,  most  of  the  forward  runs 
in  this  chapter  were  performed  with  BREM.  However,  the  absence  of 
higher-order  multiple  reflections  in  the  output  of  BREM  was  found  to 
be  troublesome  for  large  reflection  coefficients. 

BREM  constructs  the  time  response  of  a  layered  medium  directly  in 
the  time  domain  by  ray  theory.  Each  primary  reflection  is  accounted  for 
by  computing  the  two-way  travel  time  to  each  interface ,  and  assigning 
to  that  time  in  the  medium  time  response  a  reflection  strength  proportional 
to  the  reflection  coefficient  at  that  interface.  Second-order  multiple 
reflections  are  handled  similarly,  using  two  nested  DO  loops  to  compute 

3 

them  all.  The  amount  of  computation  required  for  this  is  0(N  ),  which 
is  manageable.  However,  computation  of  the  third-order  multiple 

5 

reflections  would  require  0(N  )  operations,  and  the  strength  of  each 
such  reflection  would  be  proportional  to  the  product  of  five  reflection 
coefficients.  This  is  so  weak  that  in  general  it  is  not  worth  computing. 
Thus  BREM  computes  only  the  first  two  terms  of  the  Bremmer  series  of 
the  time  response  of  the  layered  medium. 

Comparison  of  the  performances  of  FORI  and  BREM 


The  performances  of  FORI  and  BREM  are  most  easily  compared 
running  the  same  inversion  algorithm  on  the  outputs  of  both  of  them.  If 
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all  other  factors  are  equal,  the  closer  the  reconstructed  medium  is  to 
the  actual  medium ,  the  closer  the  computed  forward  response  must  be  to 
the  actual  forward  response  of  the  medium.  Figures  5.1a  and  5.1b  show 
the  results  of  computer  runs  of  FORI  and  BREM,  both  of  which  were 
then  inverted  using  the  inversion  program  INVDISC  (which  is  described 
below  in  Section  5.2.2).  Note  that  both  forward  programs  (and,  of 
course,  the  inversion  program)  performed  quite  weU,  since  the 
reconstructed  medium  almost  matches  the  actual  medium. 

However,  if  the  number  of  points  at  which  the  frequency  and  time 
responses  are  computed  is  reduced,  FORI  begins  to  break  down.  Figures 
5.2a  and  5.2b  compare  FORI  and  BREM  on  the  same  medium  as  Figures 
5.1 — the  only  difference  is  that  the  medium  responses  are  computed  at 
256  points  instead  of  512.  Note  that  FORI  is  breaking  down  badly  while 
BREM  is  stiU  working.  Figures  5.3a  and  5.3b  show  another  cause  of 
breakdown  for  FORI  that  does  not  affect  BREM — large  primary  reflections 
have  their  peaks  smeared  by  the  inverse  Fourier  transform ,  so  that  the 
reflection  coefficients  read  by  the  algorithm  are  too  small. 

On  the  other  hand ,  large  reflection  coefficients  can  also  cause 
problems  for  BREM ,  due  to  the  absence  of  high-order  multiple  reflections 
in  BREM's  output.  Figure  5.4  shows  an  example  of  this.  The  missing 
higher-order  multiple  reflections  constitute  a  form  of  noise,  and  at  the 
ninth  layer  the  inversion  algorithm  breaks  down. 

5.2.2  Inversion  Algorithms 

Two  different  layer  stripping  algorithm  computer  programs  were 
written.  One,  INVl ,  utilized  the  updates  (4-40)  -  (4-41)  for  a 
continuous  layered  medium.  The  other,  INVDISC,  utilized  the  sUghtly 


•*_  fci*. 


F-th 

C3Ct 

CCOBIP 

rhoact 

rhocomp 

rcl 

rc2 

0.05 

5.0000 

4.9992 

5.0000 

5.0078 

0.0007 

0.0006 

0.10 

5.1000 

5.1102 

4.9000 

4.8959 

0.0061 

0.0145 

0.15 

5.1000 

5.1086 

4.9000 

4.9049 

0.0007 

0.0005 

0.20 

5.2000 

5.2122 

4.8000 

4.8048 

0.0060 

0.0147 

0.25 

5.2000 

5.2113 

4.8000 

4.8126 

0.0007 

0.0006 

0.30 

5.3000 

5.3171 

4.7000 

4.7096 

0.0059 

0.0159 

0.35 

5.3000 

5.3173 

4.7000 

4.7152 

0.0006 

0.0007 

0.40 

5.3000 

5.2998 

4.6000 

4.6520 

-0.0095 

-0.0113 

0.45 

5.3000 

5.3013 

4.6000 

4.6560 

0.0007 

0.0008 

0.50 

5.3000 

5.3060 

4.5000 

4.5430 

-0.0115 

-0.0111 

0.55 

5.3000 

5.3061 

4.5000 

4.5498 

0.0007 

0.0008 

0.60 

5.4000 

5.4058 

4.5000 

4.5517 

0.0161 

0.0265 

0,65 

5.4000 

5.4055 

4.5000 

4.5579 

0.0006 

0 . 0006 

0.70 

5.5000 

5.5155 

4.5000 

4.5648 

0.0184 

0.0314 

0.75 

5.5000 

5.5119 

4.5000 

4.5761 

0.0007 

0.0002 

0.80 

5.4000 

5.4291 

4.4000 

4.4361 

-0.0288 

-0.0387 

0.85 

5.4000 

5.4300 

4.4000 

4.4424 

0.0009 

0.0009 

0.90 

5.3000 

5.3133 

4.3000 

4.3626 

-0.0277 

-0.0400 

0.95 

5.3000 

5.3196 

4.3000 

4.3606 

0.0008 

0.0014 

1.00 

5.2000 

5.1918 

4.2000 

4.2916 

-0.0282 

-0.0401 

1.05 

5.2000 

5.1939 

4.2000 

4.2955 

0.0008 

0.0010 

1  . 10 

5.1000 

5.1292 

4.1000 

4.1391 

-0.0287 

-0,0342 

1 .15 

5.1000 

5.1263 

4.1000 

4.1493 

0.0008 

0.0005 

1.20 

5.1000 

4.9996 

4.1000 

4.0995 

-0.0259 

-0.0356 

1 .25 

5.0000 

5.0014 

4.0000 

4.1027 

0.0007 

0.0008 

1.30 

5.0000 

5.0009 

4.0000 

4.1086 

0.0006 

0,0006 

1.35 

5 . 0000 

5.0012 

4.0000 

4.1137 

0.0007 

0.0007 

1.40 

5.0000 

5.0008 

4.0000 

4.1196 

0.0007 

0.0006 

1.45 

5.0000 

5.0006 

4.0000 

4.1254 

0.0007 

0.0006 

1.50 

5.0000 

S.OOOIt 

4.0000 

4.1313 

0.0007 

0.0007 

5.1a  Result  of  runnin;;  the  frequency-domain  method  forward 
program  FORI  with  the  inverse  program  INVDISC,  using 
512  points. 
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n=15  •=  9  dd=0.100  del  =  0.050  dt*0. 00250  f*1  =  0.12  p2=0.15 


depth 

C3Ct 

CCOBP 

0.00 

5.0000 

5.0000 

0.05 

5.0000 

5.0000 

0.10 

5.1000 

5.1000 

0.15 

5.1000 

5.1000 

0.20 

5.2000 

5.2000 

0.25 

5.2000 

5.2000 

0.30 

5.3000 

5.3000 

0.35 

5.3000 

5.3000 

0.40 

5.3000 

5.3000 

0.45 

5.3000 

5.3000 

0.50 

5.3000 

5.3000 

0.55 

5.3000 

5.3000 

0.60 

5.4000 

5.4000 

0.65 

5.4000 

5.4000 

0.70 

5.5000 

5.5000 

0.75 

5.5000 

5.5000 

0.80 

5,4000 

5.4001 

0.85 

5.4000 

5.4000 

0,90 

5,3000 

5.2999 

0.95 

5.3000 

5.3000 

1.00 

5,2000 

5.2012 

1,05 

5.2000 

5.2012 

1 .10 

5.1000 

5.1013 

1 . 15 

5.1000 

5.1018 

1.20 

5.0000 

5.0040 

1 . 25 

5.0000 

5.0031 

1.30 

5.0000 

5,0037 

1.35 

5.0000 

5.0036 

1.40 

5.0000 

5.0043 

1.45 

5.0000 

5.0043 

1.50 

5.0000 

5.0046 

rhoact 

PhOCOBP  n 

5.0000 

5.0000 

0,0000 

5.0000 

5.0000 

0.0000 

4.9000 

4.9000 

0.0055 

4.9000 

4.9000 

0.0000 

4.8000 

4.8000 

0,0054 

4.8000 

4.8000 

0,0000 

4.7000 

4.7000 

0,0053 

4.7000 

4.7000 

0,0000 

4.6000 

4.6000 

-0,0108 

4.6000 

4.6000 

0.0000 

4.5000 

4.5000 

-0,0110 

4.5000 

4.5000 

0.0000 

4.5000 

4.5000 

0.0159 

4.5000 

4.5000 

0.0000 

4.5000 

4.5001 

0.0160 

4.5000 

4.5001 

0.0000 

4.4000 

4.3999 

-0.0273 

4.4000 

4.4001 

0,0000 

4.3000 

4.3001 

-0.0274 

4.3000 

4.3000 

0,0000 

4.2000 

4.1984 

-0.0276 

4.2000 

4.1984 

0,0000 

4.1000 

4.0984 

-0.0278 

4.1000 

4.0978 

0.0000 

4.0000 

3.9954 

-0,0280 

4.0000 

3.9966 

0.0000 

4.0000 

3.9956 

0,0000 

4.0000 

3.9955 

0.0000 

4,0000 

3.9946 

0,0000 

4.0000 

3.9942 

0.0000 

4.0000 

3.9939 

0.0000 

rcl  r2  pc2 
0.0000  0.0000  O.OOOO 

0.0000  0.0000  0.0000 

0.0055  0.0131  0.0131 

0.0000  0.0000  0.0000 

0.0054  0.0138  0.0138 

0.0000  0.0000  0.0000 

0.0053  0.0146  0.0146 

0.0000  0.0000  0.0000 
-0.0108  -0.0108  -0.0108 
0.0000  0.0000  0.0000 
-0.0110  -0.0110  -0.0110 
0.0000  0.0000  0.0000 
0.0159  0.0263  0.0263 

0.0000  0.0000  0.0000 

0.0160  0.0277  0.0277 

0.0000  0.0000  0.0000 
-0.0273  -0.0389  -0.0389 
0.0000  0.0000  0.0000 
-0.0274  -0.0377  -0.0377 
0.0000  0.0000  0.0000 
-0.0276  -0.0368  -0.0367 
0.0000  0.0000  0.0000 
-0.0277  -0.0361  -0.0361 
0.0000  0.0000  0.0000 
-0,0279  -0.0356  -0.0354 
0.0000  0.0000  -0.0001 
0.0000  0,0000  0.0000 
0.0000  0,0000  0.0000 
0,0000  0.0000  0,0001 
0.0000  0.0000  0.0000 
0.0000  0.0000  0.0000 


5.1b  Result  of  running;  the  tine-domain  method  forward  program 
BREM  with  INVDISC.  Both  forward  programs  work  well 
if  512  points  are  used. 
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depth 

0,05 

0.10 

0.15 

0,20 

0.25 

0,30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

1.35 

1.40 

1.45 

1.50 


ceci 

5.0000 

5.1000 

5.1000 

5.2000 

5.2000 

5.3000 

5.3000 

5.3000 

5.3000 

5.3000 

5.3000 

5.4000 

5.4000 

5.5000 

5.5000 

5.4000 

5.4000 

5.3000 

5.3000 

5.2000 

5.2000 

5.1000 

5.1000 

5.1000 
5.0000 
5.0000 
5.0000 
5.0000 
5.0000 
5.0000 


ccoap 
5.0002 
5.0996 
5.0964 
5.2037 
5.2025 
5.2931 
5.4032 
5.4139 
5.4043 
5.4018 
5,2934 
5.3301 
5.3977 
5.5059 
5.6876 
5.5895 
5.4538 
5.3070 
4.8682 
4.7211 
4.7024 
4.6029 
4.4282 
3.8826 
3.8730 
3.8780 
3.8820 
3.8850 
3 . 8866 
3.8904 


rhoect 

5.0000 

4.9000 

4.9000 
4.8000 
4.8000 
4.7000 
4.7000 
4.6000 
4.6000 

4.5000 

4.5000 

4.5000 

4.5000 

4.5000 

4.5000 

4.4000 

4.4000 

4.3000 

4.3000 

4.2000 

4.2000 

4.1000 

4.1000 

4.1000 
4.0000 
4,0000 
4.0000 
4.0000 
4.0000 
4.0000 


rhocomp 

5.0122 

4.9303 

4.9463 

4.8493 

4.8623 

4,7903 

4.6387 

4.5263 

4.5589 

4,4741 

4.6466 

4.7442 

4.6589 

4.6545 

4,4027 

4.3211 

4.3209 

4.3434 

4,9505 

4.9051 

4,9519 

4.8362 

5.1162 

6,0289 

6.0640 

6,0700 

6.0772 

6.0875 

6.1008 

6.1092 


rcl 

0,0012 

0.0073 

0.0011 

0,0070 

0.0011 

0.0069 

0.0014 

-0,0106 

0.0020 

-0.0098 

0,0017 

0.0162 

0.0017 

0,0169 

0.0018 

-0.0254 

-0.0219 

-0.0208 

-0.0034 

-0.0275 

0.0018 

-0.0273 

0.0007 

-0,0054 

0.0013 

0.0013 

0.0013 

0,0013 

0.0014 

0.0013 


Pc2 

0.0013 

0.0149 

0.0009 

0.0159 

0.0010 

0.0153 

0.0128 

-0.0094 

0.0010 

-0.0100 

-0.0095 

0.0198 

0.0088 

0.0295 

0,0273 

-0,0399 

-0.0392 

-0.0366 

-0.0383 

-0.0364 

0.0008 

-0.0326 

-0.0076 

-0,0256 

0.0010 

0.0015 

0.0014 

0.0014 

0.0014 

0.0014 


5.2a  Result  of  running  PORI  with  INVDISC  on  the  medium 
used  in  Rgure  5.1,  using  256  points. 


r.  =  15  m=  8  dd=0.100  del=0.050  dt*0. 00500  p1=0,12  p2*0.15 


depth 

cact 

CCOBIP 

O.OO 

5.0000 

5.0000 

0.05 

5.0000 

5.0000 

0.10 

5.1000 

5.1000 

0.15 

5.1000 

5.1000 

0.20 

5.2000 

5.2000 

0.25 

5.2000 

5.2000 

0.30 

5.3000 

5.3000 

0.35 

5.3000 

5.3000 

0.40 

5.3000 

5.3000 

0.45 

5.3000 

5.3000 

0.50 

5.3000 

5.3000 

0.55 

5.3000 

5.3000 

0.60 

5.4000 

5.4000 

0.65 

5.4000 

5.4000 

0.70 

5.5000 

5.5000 

0.75 

5.5000 

5.4999 

O.SO 

5.4000 

5.3999 

0.85 

5.4000 
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0.0001 

5.2b  Result  of  running  BREM  with  INVDISC  on  the  medium 
used  in  Figure  5.1,  using  256  points.  FORI  is 
breaking  down  while  BREM  is  still  working. 
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0.40 
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0.0013 

0.0012 

1.50 
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5.3a 

Result  of  running  FORI 

with  INVDISC 

on  a  more 

sharply  varying  medium 

than  the  one 

used  in 

Figures  5.1 

and  5.2. 

depth 

cact 

CCOltP 

rhoact 

rhocoap 

rcl 

rc2 

0. 10 

5.2000 

5.2000 

4.8000 

4.8000 

0.0006 

0.0061 
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0.0000 

0.0000 
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0.0000 

0.0000 

5.3b  Result  of  running  BREM  with  INVDISC  on  the  medium 
used  in  Figure  5.3a.  FORI  has  trouble  synthesizing 
the  larger  primary  reflections,  while  BREM  does  not. 
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5.4  Result  of  running  BREM  with  INVDISC  on  a  sharply 

varying  medium.  The  failure  of  BREM  to  generate  tertiary 
reflections  (second-order  multiple  reflections)  causes  errors. 
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more  complicated  updates  (4-50)  for  a  discrete  layered  medium.  Other¬ 
wise,  both  algorithms  were  the  same.  The  discrete  wave  updates  (3-83) 
were  used  for  both  algorithms,  so  that  each  step  of  the  algorithm  would 
constitute  a  Givens  rotation  of  the  normalized  waves.  Actually,  the 
effect  of  transmission  losses  for  the  media  used  in  these  runs  is  less 
than  one  part  in  a  thousand. 

Modification  of  the  algorithms 

The  results  of  running  these  two  algorithms  showed  immediately 
that  one  modification  was  necessary.  Although  Bultheel  (1979)  proved 
that  the  fast  Cholesky  algorithm  was  backward  stable ,  the  algorithm  used 
for  the  non-normed  incidence  inverse  problem  is  not,  strictly  speaking, 
the  fast  Cholesky  algorithm  (although  the  two  algorithms  are  quite 
similar).  The  main  difference  is  that  the  computed  wave  speed  in  a 
layer  must  be  used  to  project  ahead  to  the  arrival  time  of  the  next 
primary  reflection.  That  this  is  a  potential  source  of  instability  may  be 
seen  as  follows. 

In  running  the  algorithm  on  a  computer,  time,  as  well  as  depth, 
must  be  discretized.  Suppose  that  the  actual  arrival  time  of  a  primary 
reflection  is  t  =  (n  +  i  -  e)At ,  where  At  is  the  discretization  time.  Then 
the  arrival  time  of  the  reflection  will  be  rounded  down  to  nAt.  Now 
suppose  that  due  to  a  slight  error  in  the  last  reconstructed  value  of 
wave  speed,  the  projected  time  of  arrival  of  this  primary  reflection  (i.e. , 
the  time  at  which  the  algorithm  will  look  for  this  reflection)  is 
t  =  (n  +  i  +e)At.  This  time  wiU  be  rounded  up  to  (n  +  l)At ,  and  even 
though  the  error  in  time  is  only  2eAt,  the  algorithm  will  miss  this 
primary  reflection. 


This  instability  can  be  fixed  by  having  the  algorithm  read  the 


upgoing  wave  at  not  only  the  projected  time  n^^t ,  but  at  the  previous 
and  following  times  (n-l)-it  and  (n+l)-lt,  respectively.  Summing  these 
three  values  of  the  upgoing  wave  makes  it  very  unlikely  that  the 
primary  reflection  will  be  missed,  unless  the  computed  wave  speed  is  in 
considerable  error.  Summing  three  values  of  the  upgoing  wave  also 
helps  compensate  for  the  spreading  of  the  reflected  wave  itself  due  to 
bandlimitation  of  the  computed  medium  response.  Note  that  there  is  no 
danger  of  adding  in  a  multiple  reflection  from  previous  layers,  since  all 
of  the  succeeding  multiple  reflections  from  the  previous  layers  have  been 
eliminated  by  the  algorithm. 

Figures  5.5  show  that  this  modification  works  well.  BREM  was  used 
to  generate  the  forward  response  of  the  given  medium ,  and  INVl  was 
used  to  invert  this  response,  first  without  the  modification  (Figure  5.5a), 
then  with  it  (Figure  5.5b).  Note  that  without  the  modification  the 
algorithm  misses  the  primary  reflection  from  the  sixth  interface  (the 
computed  reflection  coefficient  rc2  is  zero)  and  breaks  down  completely , 
while  with  the  modification  it  works  fairly  well  through  forty  layers. 

One  problem  encountered  by  employing  this  modification  is  worth 
noting.  Near  a  turning  point,  the  vertical  wave  speed  becomes  very 
large,  and  the  time  differences  between  primary  reflections  become  very 
small.  If  the  time  difference  over  which  the  algorithm  projects  to  look 
for  the  next  primary  reflection  becomes  less  than  3At,  it  is  possible  for 
the  algorithm  to  read  the  same  primary  reflection  twice!  An  example  of 
this  double  reading  is  shown  in  Figure  5.6,  in  the  twelfth  and  in  several 
succeeding  layers. 

The  conditions  under  which  this  double  reading  becomes  possible 
can  be  derived  as  follows.  The  layer  thickness  Az  divided  by  the 
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5.5a  Result  of  running  BREM  with  INVDISC  while  reading 
the  reflection  coefficient  from  a  single  value  of  the 


upgoing  wave.  Errors  in  the  computed  wave  speeds 
soon  cause  the  algorithm  to  miss  primary  reflections. 
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5.5b  Result  of  running  BREM  with  INVDISC  while  reading 
the  reflection  coefficient  from  three  neighboring  values 
of  the  upgoing  wave.  This  corrects  the  instability 
revealed  in  Figure  5.5a. 
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Result  of  running  BREM  with  INVDISC  showing  the 
double  reading  of  primary  reflections  that  can  occur 
from  the  alteration  used  in  Figure  5.5b. 
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5.7a  Result  of  running  BREM  with  the  continuous  medium 
inversion  program  INVl  for  a  fairly  smooth  medium. 
This  shows  INVl  works  fairly  well  for  such  a  medium. 
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5.7b  Result  of  running  BREIW  with  INVDISC  on  the 
medium  used  in  Figure  5.7a.  Both  inversion 
programs  work  well  on  fairly  smooth  media. 
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5.8a 

Result  of  running  BREM  with  INVDISC  on  a 
more  sharply  varying  medium  than  the  one  used 
in  Figures  5.7.  INVDISC  still  works  well. 
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5,8b  Result  of  running  BREM  with  INVl  on  the  '  '  l 

medium  used  in  figures  5.8a.  INVl  now  breaks 
down,  as  expected. 
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5,9a  Result  of  running  BREM  with  INVDISC  on  the 

medium  used  in  Figures  5.8,  showing  the  actual 
(rl,  r2)  and  computed  (rcl,  rc2)  reflection 
coefficients. 
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5,9b  Result  of  running  BREM  with  INVl  on  the 

medium  used  in  Figures  5.8.  Note  that  even 
though  the  reflection  coefficients  are  read 
perfectly  through  ten  layers,  the  computed  wave 
speeds  and  densities  are  in  error,  showing  that 
the  problem  lies  in  the  medium  parameter  updates. 


t 


compensates  for  the  square  root  extraction  required  by  INVDISC.  In 
the  sequel,  INVDISC  will  be  used  as  the  inversion  algorithm. 


Some  other  comments  on  the  use  of  these  algorithms  are  appropriate. 
If  FORI  is  being  used  to  generate  the  medium  response,  it  is  important 
that  tj.  =  2”™ At  be  chosen  large  enough  to  avoid  aliasing  when  the 
discrete  inverse  Fourier  transform  is  taken  (recall Aia)=  2TT/tj).  Ganley 
(1981)  recommends  choosing  t^  to  be  four  to  eight  times  the  two-way 
travel  time  to  the  deepest  interface.  This  seems  excessive;  choosing  t^ 
to  be  half  that  size  gave  satisfactory  results.  If  the  source  spectrum 
S((i^)  is  known,  then  the  impulse  response  of  the  medium  is  the  inverse 
Fourier  transform  of  R(aj)/S(^),  where  R(ii.')  is  the  medium  response  to 
S(u).  This  can  be  used  to  compensate  for  the  smoothing  (low  pass 
filtering)  action  of  the  Radon  transform.  The  finite  size  of  the  array 
used  to  measure  the  medium  response  will  result  in  aliasing  between 
wavenumbers,  even  though  the  medium  response  decays  to  zero  with 
distance;  the  situation  is  analogous  to  the  time  aliasing  problem  discussed 
above ,  except  that  the  array  cannot  in  general  be  made  big  enough  to 
avoid  aliasing.  However,  this  will  not  be  a  problem  in  the  current 
experiment  as  long  as  the  two  angles  of  incidence  are  widely  separated. 

5.2.3  Frequency-Domain  Layer  Stripping  Algorithms 

The  Schur  algorithm  and  dynamic  deconvolution  versions  of  the 
discrete  medium  layer  stripping  algorithm  can  also  be  used  to 
reconstruct  a  layered  medium.  The  main  feature  of  these  algorithms  is 
that  they  use  frequency-domain  data:  R((j^),  rather  than  R(t).  Thus 
they  avoid  the  necessity  of  performing  an  inverse  Fourier  transform  and 
its  attendant  complications. 


vertical  wave  speed  c(z)/cos  6(z)  gives  the  one-way  travel  time  through 
the  layer.  If  double  this  time  (the  two-way  travel  time)  is  less  than  3Zit, 
then  a  double  reading  may  occur.  This  condition  may  be  written  as 


^  Az  cos  e(z)/(At  c(z))  <  3/2  ,  (5-5) 

[  so  that  if  AZ  is  too  small,  At  too  large,  or  cos  6(z)  too  small  (e.g.,  near 

a  turning  point),  a  double  reading  may  result.  The  left  side  of  (5-5) 

^  was  0.8  when  the  first  double  reading  of  Figure  5.6  occurred. 

Double  readings  can  be  avoided  if  care  is  taken  to  ensure  that 
(5-5)  is  never  satisfied.  An  alternative  is  to  monitor  the  left  side  of 
^  (5-5),  and  replace  the  modified  read  at  three  neighboring  times  with  a 

read  at  a  single  time  whenever  (5-5)  is  satisfied. 

^  Comparison  of  the  performances  of  INVl  and  INVDISC 

A  comparison  of  the  performances  of  INVl  and  INVDISC  reveals 
exactly  what  would  be  expected:  both  algorithms  work  well  on  media  with 
fairly  smooth  changes,  but  INVl  breaks  down  on  media  with  sharp  changes. 
Figures  5.7  show  both  INVl  and  INVDISC  satisfactorily  inverting  a 
smoothly  varying  medium.  Here  INVl  might  be  preferred  since  its 

parameter  updates  are  simpler  and  do  not  require  a  time-consuming 

I 

square  root  extraction.  Figures  5.8  and  5.9  show  INVDISC  still  working 
almost  perfectly,  while  INVl  breaks  down.  Figure  5.9,  in  particular, 

shows  that  INVl  is  reading  the  reflection  coefficients  correctly,  proving 

I 

that  the  error  lies  in  the  update  equations  for  the  medium  parameters. 

The  conclusion  is  thus  that  INVDISC  works  very  well  on  all  types 


of  layered  media,  whether  slowly  varying  or  sharply  varying,  while  INVl 
breaks  down  for  sharply  varying  media.  This  advantage  more  than 
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5.10  Result  of  running  FORI,  without  its  inverse 
Fourier  transform ,  with  the  Schur  al^rithm 
inversion  program  SCHUR. 


From  Chapter  III ,  the  Schur  algorithm  for  the  discrete  medium  non¬ 
normal  incidence  inverse  problem  consists  of  the  set  of  equations 


D(z+A,^) 

=  D(z,u)e 

-  r(z)iiU(z,w) 

(5-6a) 

U(z+A,aj) 

-  r(z)  A  D(z,i»j) 

(5- 6b) 

r(z)  =  i 

^  00  . 

/  e^"'^U(z,w)du) 

'o 

(5-6c) 

T(z)  = 

^  dz/c'(z) 

(5-6d) 

c'(z)  =  c(z)/(l-c(z)^p^)^ 

(5-6e) 

taken  twice  (one  for  each  experiment)  and  the  discrete  medium  parameter 
updates  (4-50).  The  initial  conditions  are 

D(0,o.)  =  1  (5- 7a) 

U(0,a.)  =  R(uj)  (5- 7b) 

where  R(u))  is  the  frequency  response  of  the  layered  medium.  Note  that 
the  complex  exponentials  in  (5-6a)  and  (5-6b)  represent  the  time  delays 
through  the  layer  in  the  interval  [z,  z+A). 

The  frequency  response  of  the  medium  was  generated  by  FORI ,  and 
the  program  SCHUR,  implementing  (5-6),  (4-50),  and  (5-7),  was  used 
to  reconstruct  the  medium.  The  results  of  two  runs  are  given  in  Figures 
5.10,  and  it  can  be  seen  that  the  algorithm  functions  quite  well.  The 
difference  in  the  performances  of  the  two  runs  seems  to  be  due  to  the 
inverse  Fourier  transforms  required  to  obtain  r(z) ;  these  transforms 
are  less  accurate  for  256  points  than  they  are  for  512. 


Again  by  analogs  to  Chapter  III,  the  dynamic  deconvolution 
algorithm  for  the  discrete  medium  non-normal  incidence  inverse  problem 
consists  of  the  set  of  equations 

R(z+A,a))  =  -  r(z))/(l  -  r(z)R(z,Lo))  (5-8a) 

00 

r(z)  =  I  jT  R(z,i^)daj  (5-8b) 

taken  twice,  along  with  (5-6d),  (5-6e)  and  the  discrete  medium  parameter 
updates  (4-50).  The  initial  condition  is 


R(0,UJ)  =  R(a))  .  (5-9) 

Note  that  since  the  dynamic  deconvolution  algorithm  computes  the 
response  R(z,w)  of  that  portion  of  the  medium  below  depth  z,  there  is 
no  phase  shift  in  (5-8b). 

The  frequency  response  of  the  medium  was  again  generated  by 
FORI,  and  the  program  DYNDEC,  implementing  the  dynamic  deconvolution 
algorithm,  was  used  to  reconstruct  the  medium.  The  results  of  two 
runs  are  given  in  Figures  5.11,  and  these  are  comparable  to  the 
Schur  algorithm  results.  Since  the  two  methods  are  mathematically 
equivalent,  this  is  hardly  a  surprise.  However,  the  fact  that  a  phase 
shift  (relying  on  a  computed  c'(z))  is  not  present  in  (5- 8b)  would 
seem  to  make  the  dynamic  deconvolution  algorithm  preferable  to  the 
Schur  algorithm. 

5.3  Performance  of  the  Algorithm  in  the  Presence  of  Noise 


In  this  section  a  series  of  computer  runs  shows  the  effects  of 
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5.11  Result  of  runninjf  FORI,  without  its  inverse  Fourier 
transform ,  with  the  dynamic  deconvolution 
inversion  program  DYNDEC. 


noise  on  the  discrete  layer  stripping  algorithm  for  the  non-normal 
incidence  inverse  problem.  As  the  noise  level  increases,  the  performance 
of  the  algorithm  is  degraded,  as  expected.  The  algorithm  begins  to 
break  down  badly  at  a  signal- to- noise  ratio  of  about  eight ,  although 
this  threshold  varies  with  the  medium  being  reconstructed. 

The  program  NOISE  takes  the  medium  impulse  response  computed 
by  BREM,  adds  noise  to  it,  and  then  runs  INVDISC  to  try  to  reconstruct 
the  medium  from  the  noisy  data.  The  noise  is  generated  by  a  center- 
squaring  random  number  generator,  and  is  evenly  distributed  over  the 
interval  [-xl,  xl]  ,  where  xl  is  the  (inputted)  noise  maximum  amplitude. 

The  signal-to-noise  ratio  S/N  is  defined  as 

.T  ,  ,T 

S/N  =  10  logjQ[J^  R(t)^dyj^  n(t)^dt]  ,  (5-10) 

where  R(t)  is  the  impulse  response  of  the  medium  and  n(t)  is  the  noise 
level  at  time  t. 

The  impulse  responses  of  a  thirteen- layer  medium  at  two  different 
angles  of  incidence  were  computed  using  BREM ,  and  NOISE  was  run 
for  three  values  of  signal-to-noise  ratios  48.6,  28.6,  and  8.6.  Results 
are  plotted  in  Figures  5.12,  5.13,  and  5.14.  For  each  figure.  Figures 
tabulates  the  results  of  the  run  (for  the  two  angles  of  incidence)  ,  Figures 
b  and  c  plot  these  results,  and  Figures  d  and  e  plot  both  the  ideal, 
noise-free  impulse  response  and  (over  it)  the  noisy  impulse  response 
from  which  the  inversion  is  made.  This  provides  a  dramatic  visual 
check  on  the  corruption  level  of  the  data. 

It  is  evident  from  Figures  5.12  -  5.14  that  the  performance  of  the 
layer  stripping  algorithm  degrades  with  noise,  as  might  be  expected, 
and  that  even  at  a  signal-to-noise  ratio  of  8.6  the  algorithm  still  does 
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5.12a  Result  of  running  BREM  with  NOISE,  which  adds 

noise  to  the  results  of  BREM  and  then  uses  INVDISC 
on  the  noisy  data.  Here  a  high  SNR  is  used. 
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5.13a  Result  of  running  BREM  with  NOISE  for  a  moderate 
SNR. 
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5.14a  Result  of  running^  BREM  with  NOISE  for  a  low  SNR. 


a  reasonable  job  of  reconstructing  the  medium.  More  dramatic  results 
are  available;  Figure  5.15  shows  the  results  of  a  computer  run  on  the 
same  medium  with  S/N  =  7.6  and  5.1.  The  algorithm  does  not  work  weU, 
but  in  view  of  the  low  S/N  its  performance  is  surprisingly  good. 

Generally  speaking,  the  layer  stripping  algorithm  works  very  well 
at  S/N  ratios  above  20,  works  moderately  well  for  S/N  ratios  between 
8  and  20,  and  starts  to  break  down  at  a  S/N  ratio  of  8.  High  angles 
of  incidence,  corresponding  to  wide-angle  reflections,  help  since  this 
makes  the  reflection  coefficients  larger,  increasing  the  strength  of  the 
reflection  response.  However,  this  can  result  in  having  problems  with 
double  readings  and  post-critical  incidence. 

The  particular  medium  and  values  of  noise  greatly  influence  matters 
in  the  S/N  range  of  8-20,  since  one  noisy  primary  reflection  can  lead 
to  computation  of  an  incorrect  wave  speed,  projection  to  the  wrong  time 
for  the  next  reflection,  and  misreadings  of  consequence  reflections. 

Below  a  S/N  value  of  8  or  so,  the  algorithm  breaks  down  after  about 
10-15  layers,  where  the  conditioning  of  the  problem  becomes  poor. 

It  should  be  kept  in  mind  that  the  layer  stripping  algorithm 
considered  here  is  not  the  true  fast  Cholesky  algorithm  investigated 
by  Symes  and  Zimmerman  (1982)  and  Bruckstein  et  al.  (1984).  Those 
works  considered  the  inverse  problem  at  normal  incidence ,  for  which  the 
goal  is  merely  reconstruction  of  the  impedance  profile  as  a  function  of 
travel  time.  Since  there  was  never  any  need  to  project  ahead  to  a 
computed  time  to  read  the  next  primary  reflection,  the  consequences 
of  a  misreading  were  not  as  dire  as  in  the  present  algorithm.  This  is 
why  those  works  reported  results  that  were  more  impressive  (though 
not  excessively  so)  than  those  reported  here. 
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5.15  Result  of  running  BREM  with  NOISE  for  a  low  SNR, 
showing  how  the  algorithm  breaks  down  after  20 


However,  it  is  not  necessary  to  deal  with  the  algorithm  only  in  its 
present  form.  In  the  next  section  we  consider  some  modifications  of  the 


254 


algorithm  designed  to  improve  its  performance  in  noise. 


5.4  Modifications  of  the  Algorithm  for  Dealing  with  Noisy  Data 


5.4.1  Zeroing  Out  Reflection  Coefficients  Using  the  Condition  Number 

One  problem  with  the  layer  stripping  algorithm  as  it  stands  is  that 
the  reading  of  the  reflection  coefficients  from  the  data  is  a  completely 
a  posteriori  process.  Although  the  algorithm  cannot  provide  an  a  priori 
estimate  of  the  next  reflection  coefficient,  it  can  provide  a  measure  of 
accuracy  of  its  measurement:  the  condition  number  c(n)  of  the  inverse 
problem  at  the  depth  z  =  nA  in  question.  As  noted  by  Bruckstein  et 
al.  (1984),  the  condition  number  for  the  normal  incidence  inverse 
problem  is  given  by  (5-1).  Furthermore,  an  error  analysis  given  in 
Bruckstein  et  al.  (1984)  for  the  normal  incidence  inverse  problem  with  a 
free  surface  boundary  condition  reveals  that  the  error  in  reading  the  nth 
reflection  coefficient  can  be  bounded  by  c(n-l) ,  as 


n-1  1+  |r.  I 


l*’n"^nl  -  2ec(n-l)  +  0(e'^)  =  j— ^  +  0(£^)  , 


(5-11) 


where  e  is  the  maximum  noise  strength  and  the  r.  have  absolute  values 
less  than  one. 

Bruckstein  et  al.  (1984)  point  out  that  by  symmetry  the  roles  of 

the  read  and  actual  reflection  coefficients  can  be  interchanged,  i.e.  , 

r  can  be  considered  the  data  and  r  the  actual  value.  This  means  that 
n  n 

the  possible  error  in  reading  can  be  bounded  by  the  following  bound 


computed  from  the  previous  read  reflection  coefficients 

iV^nl  -  ^  +0(£^)  ,  (5-12) 

i=l  1-  Ir^  I 

which  can  be  computed  as  the  layer  stripping  algorithm  runs.  Since  the 
two-component  wave  system  (4-30)  for  the  non- normal  incidence  inverse 
problem  has  the  same  form  as  the  wave  system  (3-34)  for  the  normal 
incidence  inverse  problem,  these  results  all  carry  over  into  the  non-normal 
incidence  inverse  problem.  Of  course,  the  reflection  coefficients  them¬ 
selves  have  different  values,  but  that  is  irrelevant. 

Even  equation  (5-12)  would  seem  to  be  of  little  help,  since  we  have 

no  a  priori  notion  of  what  r^  is.  However,  for  a  true  discrete  layered 

medium,  with  a  small  A  chosen,  it  would  be  expected  that  most  of  the 

reflection  coefficients  would  be  zero,  and  that  the  non- zero  reflection 

coefficients,  particularly  at  high  angles  of  incidence,  would  be  quite 

large  (on  the  order  of  0.1  or  so).  In  this  situation,  it  makes  sense  to 

incorporate  these  a  priori  notions  into  the  algorithm  by  setting  values 

of  f  less  in  absolute  value  than  the  bound  in  (5-12)  to  zero.  This 
- n - 

serves  to  eliminate  much  of  the  observation  noise,  and  should  improve 
the  performance  of  the  algorithm.  Of  course,  this  also  may  eliminate 
some  weak  primary  reflections  and  their  succeeding  multiples,  but  these 
are  generally  buried  in  the  noise  anyway. 

Bruckstein  et  al.  (1984)  report  that  incorporating  this  modification 
into  the  fast  Cholesky  algorithm  for  the  normal  incidence  inverse  problem 
considerably  improves  its  performance.  Certainly  for  a  medium  consisting 
of  relatively  thick  (compared  to  A)  layers  of  sharply  varying  properties 
this  modification  should  help.  However,  for  relatively  smoothly  varying 
media  with  layer  thicknesses  less  than  about  4 A,  results  are  mixed. 


Figures  5.16  show  the  results  of  running  the  layer  stripping  algorithm 
with  and  without  this  modification  on  the  response  of  a  medium  whose 
layer  thicknesses  are  4u,  at  S/N  =  8.7  and  9.7.  Note  that  without  this 
modification  the  noise  has  more  opportunities  to  degrade  the  algorithm 
and  it  breaks  down  at  the  twelfth  layer.  With  the  modification  it  works 
well  through  eighteen  layers.  Figures  5.17,  showing  the  effect  of  the 
modification  on  a  medium  with  a  mixture  of  strong  and  weak  reflections 
at  S/N  =  13.8  and  16.9,  shows  how  the  modification  smooths  out  the 
reconstructed  profiles.  On  the  other  hand.  Figures  5.18  show  the 
modification  leading  to  a  worse  reconstruction,  due  to  the  suppression  of 
several  weak  primary  reflections. 

In  summary,  it  seems  that  setting  measured  reflection  coefficients 
less  than  the  threshold  (5-12)  to  zero  improves  the  performance  of  the 
algorithm  if  A  is  much  less  than  a  typical  layer  thickness,  since  this 
eliminates  much  of  the  noise.  On  the  other  hand,  if  a  is  greater  than 
about  one-third  of  a  typical  layer  thickness,  the  noise  suppression  due 
to  this  modification  becomes  minimal,  and  suppression  of  weak  primary 
reflections  tends  to  worsen  the  performance  of  the  algorithm.  The 
decision  of  whether  or  not  to  use  this  modification  must  be  made  on  the 
basis  of  a  priori  knowledge  about  the  general  nature  of  the  medium.  In 
any  case,  monitoring  the  threshold  (5-12)  gives  some  notion  of  the 
reliability  of  the  reconstruction  at  each  depth. 

5.4.2  Use  of  Reflection  Responses  at  More  Than  Two  Angles  of  Incidence 

In  the  layer  stripping  algorithm ,  the  response  of  the  medium  is 
stacked  at  two  values  of  slowness  p  (i.e.,  computed  at  two  angles  of 
incidence),  since  this  suffices  to  compute  the  updates  of  the  two 
parameters  p(z)  and  c(z).  However,  it  is  possible  to  compute  the  medium 


257 


:i '  j 

-  .  1 0  0 

'  i  t?  1.  -  0 . 0  2 

.  .  •.  *:  r 

-■  1  ••  ’• 

V.  '  _ 

■  I  -  V' 

.  00S274 

0 . 00931 

6  r  ni'3 

*■  1 0  .;  e  - 

7 .  '0 : 3  » c 

■  ’ 

L  1; 

L.'  c  o  rfi  p 

T-  h  o  i  c  t 

r  h  o  c 

il 

f  c  1. 

, 

0  0  0  0 

5 . 0000 

5 . 0000 

5 . 0000 

0 . 0000 

‘.J  '  j  '.j  '^1 

0  -  ■:  0  0  •  ' 

.*»  r"i  •'^1 

J  .  0000 

5 . 0000 

5 . 0000 

0 . 0000 

O  ,  0  0  0  0 

,  i  ^  *• .  .  .*  . 

0  00  0 

5 .0000 

5.0000 

5 . 0000 

0 . 0  0  0  0 

0 . 000  0 

r,  .  ."i 

-■)  I't  !  • 

’  J  0 

5.0000 

5 . 0000 

5-0000 

0 , 0  0  0  0 

0 . 0  0  0  0 

0  t  C'  '■}  0 

.  ■,  ,7.  r-i 

0000 

5 .8923 

4 . 0000 

4.0762 

-0.013  0 

-0.0135 

0  .  '0192 

\  J  4  /' 

0000 

5.8923 

4 . 0000 

4.0762 

0 . 0000 

0 . 0000 

0 . 0000 

0 .0000 

000  0 

5 .8923 

4 . 0000 

4.0762 

0.0000 

0 . 0  0  0  0 

.  0  0  0  0 

'  ' '  0  () ''  > 

0  0  0  0 

■5.8923 

4 . 0000 

4.0762 

0.0000 

0 . 0  00  0 

0  .  '0  0  0  0 

0 . 0000 

0000 

5.8923 

4 . 0000 

4.0762 

0 . 0  0  0  0 

0 . 0  0  0  0 

0  *  C  'J  0 

0 . 000'' 

0000 

5 . 8923 

4 . 0000 

4.0762 

0 . 0  0  0  0 

0 . 0  0  0  0 

0 . 0000 

0  *  0  0  0  ' 

0000 

5.8923 

4 . 0000 

4.0762 

0.0000 

0 . 0  0  0  0 

0.00  0  0 

0 . 0000 

0000 

5 . 8923 

4 . 0000 

4.0762 

0 . 0000 

0 . 00  00 

0 . 0000 

0  .000  0 

0000 

5.3057 

4 . 5000 

4.6442 

0.0533 

0.0571 

0 .0588 

0 . 05  3  '' 

0000 

5.8057 

4 . 5000 

4 . 6442 

0 . 0000 

0 .0000 

.  0000 

r  ,  ,7.  ,7, 

O'  0  0  0 

5 . 80  5  7 

4 . 5000 

4.6442 

0 , 0  0  0  0 

0 .0000 

C  .0  000 

0  .  OO'-''' 

OOO'O 

5 .8057 

4 . 5000 

4 .6442 

0  •  0  0  0  0 

0.0000 

•  ’  ‘  OOO'D 

A 

0  0  0  0 

5 . 9  983 

5.0000 

4.9558 

0 .0526 

0 .050  3 

0  0  5  26 

:•  '  0  /  '  ■ 

000  0 

5 . 9933 

5.0000 

4 . 9558 

0 . 0  0  0  0 

0  ♦  0  0  0  0 

•0 . 0  000 

0  0  0 

0  0  0  0 

5.9983 

5.0000 

4.9558 

0 . 0  0  0  0 

0 . 0000 

0 . 0  0  0  0 

0.00"' 

0  0  00 

6.3234 

5 . 0000 

4 . 5515 

0 . 0000 

"  V  *  'J  1  i  4 

0  •  C  0  O'  0 

'0  ■-  0  0 

J  0  0  0 

5.9788 

5 . 0000 

4 . 3354 

“  0  *  C'  4 

-0.0552 

-0.0639 

—  1 '(  ,’'i  ..  O' 

jOOO 

5 .9788 

5 . 0000 

4 . 3354 

0 . 0000 

0  ♦  0  '  * ) 

0  00  00 

0  .  (' 

500  0 

5 . 9  78  8 

5 . 0000 

4 . 3354 

0 . 0  0  0  0 

0.0000 

0 . 0000 

i' ,  0  0  0'^' 

o 

o 

5.9788 

5 , 0 '}  0  0 

4.3354 

0 . 0000 

0.0000 

0 . 0  0  0  c 

'  .  ■ .  0  ■  0  0 

0000 

5 . 2526 

5 . 0000 

4.5652 

-0.0511 

-0.0444 

-  f  0  6  5 

—  0  .  '-1  7 

0000 

5.2526 

5.0000 

4.5652 

0 . 0000 

0.0000 

.  O'  0>  0  0 

0  0  0 

0  0  0  0 

5.2526 

5 . 0000 

4.5652 

0.0000 

0.0000 

■m-  ^  '0  w' 

.  0000 

'J  0  0  0 

5.2526 

5 . 0000 

4 . 5652 

0 . 0  0  0  0 

()  ♦  0  'J  0  0 

O' »  O’  O' 0 

O'  *  )  0  'O'  'O' 

000  0 

6 . 35^4 

6 . 0000 

3.4197 

-0 . 0263 

-  0  ,  O'  4  0  0 

-.6  .  ’  4P7 

0  ■'  0  0  0 

0000 

5.1096 

6.0000 

4 . 3402 

0 . 0  0  00 

0  .  'OO'OO 

»  v'O'O'j 

-  0 . 2'  4  4  1 

0000 

5.1096 

6 ♦ 0000 

4.3407 

0 . 0000 

•  ^  .'1  ■•7  >'■  r'  1 

5,16a  Result  of  running  BREM  with  NOISE  using  the  condition 
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5.16b  Result  of  running  BREM  with  NOISE  without  the 
condition  number  modification.  In  this  case  the 
modification  improves  the  performance  of  INVDISC. 
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5.17a  Result  of  running  BREM  with  NOISE  using  the  condition 
number  modification. 
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5.17b  Result  of  running  BREM  with  NOISE  without  the 

condition  number  modification.  Again  the  modification 
improves  the  performance  of  INVDISC. 
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5.18a  Result  of  running  BREM  with  NOISE  using  the  condition 
number  modification. 
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-0.0002 

0 . 0  0  0  0 

0 . 0  0  0  i 

5.2000 

5.2164 

4.3000 

4.7662 

0.0138 

0.0139 

0.0029 

0 . 0  0  2  0 

5 . 2000 

5.2215 

4.8000 

4.7469 

0.0000 

-0.0008 

0.00  0  0 

-0.0014 

5.3000 

5.3275 

4.7000 

4.6305 

0.0146 

0.0145 

0 . 0026 

0 .001  5 

5.3000 

5.3107 

4 . 7000 

4.6581 

0.0000 

-0 . 0014 

0 . 0  0  0  0 

0  •  0  0  0  8 

5.3000 

5.3083 

4 . 7000 

4.6536 

0.0000 

-0.0011 

0.0000 

-0.0008 

5.3000 

5.3007 

4 . 7000 

4.6623 

0 . 0000 

-0.0010 

0 . 0  000 

0 . 0  0  0  0 

5.2000 

5.2076 

4 . 6000 

4.5561 

-0.0358 

-0.0349 

-0.0239 

-0.0238 

5.2000 

5.2091 

4 . 6000 

4 . 5454 

0.0000 

-0 . 0003 

0 . 000  0 

-  0  •  0  0  1  0 

5. 1000 

5 .1071 

4 . 5000 

4.4519 

-0.0351 

-0.0350 

-0 . 0242 

-0 . 0239 

5 . 1  0  0  0 

5.1131 

4 . 5000 

4 .4355 

0 . 000  0 

0 . 0005 

i  ‘i  ^  »■  *  1  »  tj  1 

-  0  -  0  0  0  6 

5.0000 

5.0001 

4 . 4000 

4.3658 

-0.0345 

-0 .0352 

-0 . 0245 

-  0  »  0  2  8  -4 

5 . 0000 

4 . 9847 

4 .4000 

4 . 3951 

0.0000 

-0 . 0002 

0 . 0  0  0  0 

0  .  '0  0  1  3 

*1 . 9000 

4 .9036 

4 . 3000 

4 . 3655 

-0.0340 

-0 , 0332 

-0 . 0249 

-  0  »  0  2  J 

■4  ♦  V  0  0  0 

4 . 9034 

4 . 3000 

4 . 25S4 

0 . 0000 

-0 . 0009 

0  *  0  0  0  0 

-  0 . 0  0 V 

4.3000 

4.8136 

4 . 2000 

4.1541 

-0.0337 

-0.0321 

-0.0252 

-0.024:.' 

4 . 6000 

4.3615 

4 . 2000 

4*0  /'  o  3 

0 . 0  0  0  0 

0.0013 

0 . 0  000 

-  0  »  0  0  2  7 

4.7000 

4 .7736 

4 . 3000 

4 . 1574 

-0.0096 

-0 . 0096 

-0.0018 

-0.0023 

4 . 7000 

4 . 7506 

4 . 3000 

4 , 1904 

0.0000 

-0 . 0010 

0 . 0000 

0.0008 

4.7000 

4 . 7533 

4.3000 

4.1828 

0.0000 

-0.0003 

0.0000 

-0.000  5 

4  .  "000 

4.7345 

4 . 3000 

4.2119 

0 . 0  0  0  0 

- 0 . 0005 

0 . 0000 

0 . 0  0  0 

4 . 8000 

4.8023 

4 . 4000 

4 . 3594 

0.0329 

0.0318 

0.0251 

0 . 0264 

4 . 3000 

4 .7763 

4.4000 

4 . 3  £-6  4 

0.0000 

-  ' . 0  02  5 

■J  .  U  0  0  0 

-  0 . 0  0  0  4 

4 . 9000 

4 .3389 

4 .5000 

4 . 4565 

0.0331 

0 . 0325 

0.0247 

0.0231 

4 . 9000 

4 . 3984 

4 . 5000 

4 . 4461 

0.0000 

.0009 

0 • 0000 

0 . OOO 1 

5 . 0000 

5.0144 

4 . 5000 

4 . 4047 

0.0225 

0.0215 

0.0134 

0.0108 

5 . 0000 

5.0264 

4 . 5000 

4 . 3354 

0 . 0  0  0  0 

0 . 0  0  0  6 

0.00  0  0 

-•  ■')  .  •  i  ■  -  6 

5.0000 

5.0318 

4 .5000 

4 . 3817 

0.0000 

0 . 0008 

0.0000 

0 . 0  0  V  3 

5,18b  Result  of  running  BREM  with  NOISE  without  the 
condition  number  modification.  In  this  case  the 
modification  hampers  the  performance  of  the  algorithm. 


response  at  more  than  two  angles  of  incidence,  resulting  in  an  over- 
determined  system  for  the  two  updates  at  each  depth,  and  then  use  a 
least-squares  fit .  This  can  be  done  as  follows. 

If  the  medium  response  is  computed  for  m  different  values 
Pj  . . .  p^  of  slowness  p,  i.e. ,  m  different  angles  of  incidence 
(9.  =  sin~^  Pi*^o’  ^  ^  •••  running  m  copies  of  the  wave 

updates  (4-42)  -  (4-43)  will  result  in  the  computation  of  m  different 
reflectivity  functions  (r^(z) ,  i  =  1  ...  m) ,  which  are  related  to  the 
medium  parameter  updates  by 


■ri(z)  ■ 

1 

2 

■l/p(z) 

l/(c(z)  cos^Sj(z))‘ 

"(d/dz)  p(z)" 

.1/P(z) 

l/(c(z)  COS^0JJ^(Z)). 

.(d/dz)  c(z). 

Note  that  (5-13)  reduces  to  (4-34)  for  m  =  2,  as  it  should. 

The  overdetermined  system  (5-13)  can  be  written  as 

r(d/dz)  p(z)-] 

r(z)  =  M(z)  (5-14) 

L(d/dz)  c(z)J 

and  it  is  well-known  that  the  minimum  square  error  solution  to  (5-14) 
is  given  by 


■(d/dz)  p(z)' 
,(d/dz)  c(z) 


=  (IVl^M)"’  r(z) 


(5-15) 


After  discretization,  (5-15)  becomes 


m  m  m  m 

pfz+A)  =  P(z)+  2Ap(z)  cos  ^9.(z)^  r.(z)  -  ^r.(z)cos  ^0.(z)  ^  cos  ^6. 

'  ’  i=l  J  ^  i=l 


DET(z)  i=l  i=l  J  i 


(5- 16a) 


m 


m  m 


c(z+A)  =  c(z)  +  2Ac(z)f- cos  ^e,(z)  ^.r-Cz)  +m^r.(z)cos  ^e,(z)) 

T\r«»T»/— \'  1  j  ^  1  ' 


DET(z)'  i=l  j=l  ^  i=l 


(5-16b) 


where 


m 


m 


DET(z)  =  m 


X  cos  ^e.(z)  -  (X  cos  ^  9.(z))^ 


(5-17) 


The  results  of  this  modification  were  tested  by  computing  the 
reflection  responses  of  a  layered  medium  at  five  different  angles  of 
incidence  using  the  progrram  MULTFOR,  adding  noise,  and  then  running 
five  copies  of  the  wave  updates  (4-42)  -  (4-43)  together  with  the  medium 
parameter  updates  (5-16)  and  the  condition  number  modification.  The 
program  MULTI  does  all  this.  Results  are  tabulated  in  Figure  5.19a,  and 
are  rather  dramatic:  the  algorithm  works  quite  well,  even  though  the 
data  has  S/N  =  1,  1.5,  2.6,  4.8,  and  8.3!  Note  that  the  condition 
number  modification  is  a  big  help.  For  comparison,  NOISE  was  run  on 
the  data  with  the  two  highest  S/N.  The  results,  shown  in  Figure 
5.19b,  are  much  poorer. 

For  a  discrete  medium  with  sharp  variation  at  interfaces,  the 
continuous  updates  can  no  longer  be  used,  and  the  least-squares  fit  of 
the  updated  parameters  becomes  a  very  complicated  non- Unear  problem. 

An  easier  procedure  is  simply  to  compute  updated  parameters  for  each 
pair  of  reflection  coefficients,  and  then  average  them.  If  m  different 
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values 

sn  r  = 

depth 

of  p  are 
1.0  1  . 
cact 

0.05 

5  2.6 

cconiP 

0.08  0. 
4.8 

r  o  a  c  t 

11  0.1 
8.3 

rhoconip 

4  0.16 

r  1 

rc  1 

r2 

0.00 

5.0000 

5.0000 

5.0000 

5.0000 

0.0000 

0.0000 

0.0000 

0,0000 

0.05 

5.0000 

5.0171 

5.0000 

4.9532 

0.0000 

0,0000 

0.0000  - 

■0.0044 

0.10 

5.0500 

5.0894 

5.0500 

4.9684 

0.0103 

0.0101 

0.0109 

0.0055 

0.15 

5.0500 

5.0952 

5.0500 

4.9489 

0.0000 

0.0000 

0.0000 

0.0108 

0.0000 

0.20 

5.1000 

5.1432 

5.1000 

5.0232 

0.0102 

0.0118 

0  #  0 1  4  0 

0.0000 

0.25 

5.1000 

5.1432 

5.1000 

5.0232 

0.0000 

0.0000 

0,0000 

0.30 

5.1500 

5.1578 

5.1500 

5.1305 

0.0101 

0.0124 

0.0107 

0.0097 

.  ■  -  ■  • 

0.35 

5.1500 

5.1531 

5.1500 

5.1298 

0.0000 

0.0000 

0,0000 

0.0000 

0.40 

5.2000 

5.2021 

5.1000 

5.0711 

0.0003 

0.0000 

0.0010 

0.0000 

0.45 

5.2000 

5.2021 

5. 1000 

5.0711 

0.0000 

0.0000 

0.0000 

0.0009 

0.0000 

0.50 

5.2500 

5.2386 

5.0500 

5.0323 

0.0002 

0.0000 

0  ♦  0  0  0 V 

0 . 55 

5.2500 

5.2386 

5.0500 

5.0323 

0.0000 

0,0000 

0.0000 

0.0000 

0 . 60 

5.3000 

5.3030 

5.0000 

4.9591 

0.0001 

0.0000 

0,0008 

0.0000 

0.65 

5.3000 

5.2977 

5.0000 

4.9788 

0.0000 

0.0000 

0.0000 

0,0000  v'-'.-'v 

0.70 

5.3500 

5.3544 

4.9500 

4.9172 

0.0000 

0 , 0000 

0.0007 

0.0000 

0.75 

5.3500 

5.3544 

4.9500 

4.9172 

0.0000 

0.0000 

0,0000 

0.0000  v;-.-v 

0.80 

0.85 

5.4000 

5.4000 

5.4141 

5.3944 

4.9000 

4.9000 

4.8256 

4.8512 

-0.0001 

0.0000 

0,0000 

0.0000 

0.0006 

0.0000 

-0.0047 

0.0000  MPIti 

0 . 90 

5.4500 

5.4231 

4.8500 

4.8421 

-0.0002 

0.0000 

0.0005 

0.0000 

0.95 

5.4500 

5.4282 

4.8500 

4.8219 

0.0000 

0.0000 

0,0000 

0.0000 

1 . 00 

5.5000 

5.4691 

4.8000 

4.7980 

-0.0003 

0.0000 

0.0005 

0.0000 

1.05 

5.5000 

5.4691 

4.8000 

4.7980 

0.0000 

0 . 0000 

0 . 0000 

0.0000 

1.10 

5.4500 

5.4042 

4.7500 

4.7583 

-0.0102 

-0.0142 

-0.0109 

-0.0102 

1  .  15 

5.4500 

5.4042 

4.7500 

4.7583 

0.0000 

0.0000 

0.0000 

o.oooo 

1 .20 

5.4000 

5.3487 

4.7000 

4.7198 

-0.0103 

-0.0075 

-0.0110 

-0.0128  .'v-.-- 

1 . 25 

5.4000 

5.3487 

4.7000 

4.7198 

0.0000 

0.0000 

0.0000 

0.0000  r-:--.;*-.: 

p  V 

1 . 30 

5.3500 

5.3235 

4.6500 

4.6331 

-0.0104 

-0.0126 

-0.0110 

-0.0142 

0.0000 

1.35 

5.3500 

5.3235 

4.6500 

4.6331 

0.0000 

0,0000 

0.0000 

1 .40 

5.3000 

5.286  7 

4.6000 

4.5764 

-0.0105 

-0.0073 

-0.0111 

-0.0098 

1  ,  45 

5.3000 

5.2867 

4.6000 

4.5764 

0.0000 

0,0000 

0.0000 

0,0000 

1 .50 

5.2500 

5.2183 

4.5500 

4.5272 

-0.0106 

-0,0116 

-0.0112 

-0,0134 

1 .55 

5.2500 

5.2183 

4.5500 

4.5272 

0.0000 

0.0000 

0.0000 

0.0000 

1 . 60 

5.2000 

5.1663 

4.5000 

4.4664 

-0.0107 

-0,0124 

-0.0113 

-0.0105  v-.-  V 

1.65 

5.2000 

5.1663 

4.5000 

4.4664 

0.0000 

0.0000 

0.0000 

0.0000 

1 . 70 

5.2000 

5.1663 

4.5000 

4.4664 

0.0000 

0,0000 

0 . 0000 

0.0000 

1 . 75 

5.2000 

5.1897 

4.5000 

4.4120 

0.0000 

-0.0050 

0.0000 

-0.0050 

5.19a  Result  of  running:  MULT FOR,  which  runs  BREM  using 
several  different  angles  of  incidence,  with  MULTI, 
which  adds  noise  and  uses  a  least-squares  fit  to  compute 
the  updated  wave  speed  and  density  at  each  depth. 

Note  the  low  SNR's. 
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r3 

rc3 

r4 

rc4 

r5 

rc5 

0,0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

-0.0046 

0.0000 

0,0000 

0.0000 

0.0000 

0,0121 

0.0171 

0.0148 

0.0144 

0.0190 

0.0218 

0.0000 

-0.0048 

0.0000 
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0.0000 

0.0121 

0.0136 

0.0149 

0.0184 

0.0194 

0.0210 

0.0000 

0.0000 

0.0000 

0.0000 

0 . 0000 

0.0000 

0.0120 

0.0144 

0.0149 

0.0156 

0.0198 

0.0139 

0.0000 

0.0000 

0.0000 

-0.0044 

0.0000 

0.0000 

0.0023 

0.0000 

0,0053 

0.0051 

0.0105 

0.0090 

0.0000 

0.0000 

0.0000 

0.0000 

0 , 0000 

0.0000 

0.0022 

0.0000 

0.0054 

0.0064 

0,0110 

0.0065 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0022 

0.0000 

0.0055 

0.0080 

0.0115 

0.0128 

0.0000 

0.0052 

0.0000 

0.0000 

0.0000 

0.0000 

0.0021 

0.0055 

0.0055 

0,0000 

0.0121 

0.0149 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0021 

0,0000 

0.0057 

0.0000 

0.0128 

0.0132 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

-0.0054 

0.0020 

0.0060 

0.0058 

0.0084 

0,0136 

0.0078 

0.0000 

-0.0056 

0.0000 

0,0000 

0.0000 

0.0000 

0.0020 

0.0067 

0.0059 

0.0080 

0,0144 

0.0118 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

-0.0124 

-0.0090 

-0.0163 

-0.0208 

-0.0249 

-0.0292 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

-0.0125 

-0,0087 

-0.0162 

-0.0204 

-0.0240 

-0.0229 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

-0.0125 

-0,0101 

-0.0161 

-0.0134 

-0,0232 

-0.0188 

0,0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

-0,0126 

-0.0153 

-0,0160 

-0.0136 

-0.0225 

-0.0182 

0,0000 

0.0000 

0.0000 

0,0000 

0.0000 

0.0000 

-0.0126 

-0.0154 

-0.0159 

-0.0203 

-0.0219 

-0.0278 

0.0000 

0 . 0000 

0.0000 

0.0000 

0.0000 

0.0000 

-0,0127 

-0,0164 

-0.0158 

-0.0174 

-0.0214 

-0,0230 

0.0000 

0.0000 

0,0000 

0.0000 

0.0000 

0.0000 

0,0000 

0,0000 

0.0000 

0.0000 

0,0000 

0.0000 

0,0000 

0.0000 

0.0000 

0.0000 

0,0000 

0.0000 
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5.1000 

5.1457 
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0.30 

5.1500 

5.1304 

5.1500 

5.1806 

0.0149 

0.0135 

0.0198 

0.0182 

0.35 

5.1500 

5.1304 

5.1500 

5.1806 

0.0000 

0.0000 

0.0000 

0.0000 

0.40 

5.2000 

5.1708 

5.1000 

5.1588 

0.0053 

0.0061 

0.0105 

0.0101 

0.45 

5.2000 

5.1708 

5.1000 

5.1588 

0.0000 

0.0000 

0.0000 

0.0000 
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0.50 

5.2500 

5.2514 

5.0500 

5.0356 

0.0054 

0.0044 

0.0110 

0.0133 

r  V 

0.55 

5.2500 

5.2514 

5.0500 

5.0356 

0.0000 

0.0000 

0.0000 

0.0000 

0.60 

5.3000 

5.3367 

5.0000 

4.8586 

0.0055 

0.0000 

0.0115 

0.0107 

0.65 

5.3000 

5.3367 

5.0000 

4.8586- 

0.0000 

0.0000 

0.0000 

0.0000 

0.70 

5.3500 

5.4064 

4.9500 

4.7157 

0.0055 

0.0000 

0.0121 

0.0099 

•y 

0.75 

5.3500 

5.3723 

4.9500 

4.7856 

0.0000 

0.0000 

0.0000 

-0.0050 

0.80 

5.4000 

5.4632 

4.9000 

4.6002 

0.0057 

0 . 0000 

0.0128 

0.0140 

0.85 

5.4000 

5.4632 

4.9000 

4.6002 

0.0000 

0.0000 

0.0000 

0.0000 

0.90 

5.4500 

5.5425 

4.8500 

4.4398 

0.0058 

0 . 0000 

0.0136 

0.0144 

0.95 

5.4500 

5.5425 

4.8500 

4.4398 

0.0000 

0.0000 

0.0000 

0,0000 

1.00 

5.5000 

5.5814 

4.8000 

4.4194 

0.0059 

0.0066 

0.0144 

0.0145 

1.05 

5.5000 

5.5814 

4.8000 

4.4194 

0.0000 

0.0000 

0.0000 

0.0000 

1.10 

5.4500 

5.6469 

4 . 7500 

4.1601 

-0.0163  - 

0.0150 

-0.0249 

0.0000 

1.15 

5.4500 

5.5401 

4.7500 

4.3706 

0.0000 

0.0000 

0,0000 

-0.0234 

1.20 

5.4000 

5.6301 

4.7000 

4.0343 

-0.0162  - 

•0.0193 

-0.0240 

0.0000 

1.25 

5.4000 

5.4986 

4.7000 

4.2844 

0.0000 

0.0000 

0.0000 

-0.0271 

1 .30 

5.3500 

5.4986 

4.6500 

4.2844 

-0.0161 

0.0000 

-0.0232 

0.0000 

1.35 

5.3500 

5.3374 

4.6500 

4.5954 

0.0000 

0.0000 

0.0000 

-0.0249 

1.40 

5.3000 

5.3374 

4.6000 

4.5954 

-0.0160 

0.0000 

-0.0225 

0.0000 

1.45 

5.3000 

5.1680 

4.6000 

4.9300 

0.0000 

0.0000 

0.0000 

-0.0199 

HMBBb 

1.50 

5.2500 

5.1680 

4.5500 

4.9300 
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5,19b  Result  of  running  BREM  with  NOISE,  for  comparison 
with  5.19a. 


angles  of  incidence  are  used,  this  gives  m(m-l)/2  updated  parameters 
to  average.  The  program  MULTINV  implements  this  procedure. 

This  modification  was  tested  on  a  discrete  medium  for  five  different 
angles  of  incidence.  Results  are  tabulated  in  Figure  5.20.  This 
procedure  does  not  work  as  well  as  the  least-squares  fit,  but  certainly 
it  helps. 

5.4.3  Reconstruction  of  Slightly  Lossy  Media 

Still  another  modification  of  the  layer  stripping  sdgorithm  allows  the 
reconstruction  of  a  slightly  lossy  medium.  However,  the  absorption  of 
the  medium  must  be  small  enough  that  the  effects  of  dispersion  in 
spreading  out  the  probing  impulse  can  be  neglected.  This  assiamption 
must  break  down  at  great  depths ,  although  a  shallow  portion  of  the 
medium  can  be  reconstructed  despite  this  breakdown. 

Absorption  losses  in  the  medium  are  generally  modelled  by  allowing 
the  wave  speed  c(2)  to  be  complex  (e.g. ,  Aid  and  Richards,  1980; 
Ganley,  1981).  The  reason  for  this  can  be  seen  as  follows.  Let 

c(z)  =  c^(z)  +  jc.(z)  ,  Cj(z)  <<  c^(z)  ,  (5-18) 

and  note  that  the  phase  shift  e  representing  the  travel  time 

delay  through  a  layer  of  thickness  A ,  becomes 

^-jojA/c  ^  g-jajA(Cr-jci)/|c|2  .  g-u^c./|cj^  _ 

Equation  (5-19)  shows  that  the  complex  wave  speed  (5-18)  can  be 
interpreted  as  resulting  in  the  usual  time  delay  specified  by  Cr(z), 
and  an  attenuation  specified  by  c.(z)  and  c  (z).  The  quality  Q,  whose 
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5.20  Result  of  running  MULTFOR  with  MULTINV,  which 
adds  noise  and  averages  the  updated  wave  speeds 
and  densities  computed  by  using  the  discrete  medium 
updates  on  every  pair  of  experiments. 
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reciprocal  is  defined  as  the  fraction  of  energy  lost  per  unit  cycle  due  to 
absorption,  divided  by  2tt,  is  then  specified  by 

1/Q(z)  =  (AE/E)/2Tr  =  2c.{z)/ jctz)  |  .  (5-20) 

The  assumption  that  Q  is  independent  of  frequency  is  generally  tenable 
for  seismic  frequencies  (0.001  -  100  Hz)  (Aki  and  Richards,  1980,  p. 
170). 

However,  in  the  attenuation  factor  in  (5-19),  it  is  clearly  necessary 
to  replace  oj  with  lojj  if  negative  frequencies  are  to  be  considered  (note 
that  this  makes  (5-19)  conjugate  symmetric,  so  that  its  inverse  Fourier 
transform  is  real).  This  means  that  the  inverse  Fourier  transform  of 
(5-19)  is  not  causal.  In  general,  this  problem  must  be  removed  by 
letting  c  vary  with  frequency  (Aki  and  Richards,  1980,  p.  171). 
Therefore,  an  absorbing  medium  is  necessarily  dispersive,  and  if 
an  impulse  is  used  to  probe  the  medium,  it  will  become  dispersed.  Thus 
the  layer  stripping  algorithm  would  seem  to  be  inapplicable  to  lossy 
media. 

However ,  if  Q  is  large  and  the  medium  is  only  slightly  lossy ,  then 
it  is  also  only  slightly  dispersive.  The  dispersive  relations  covering 
the  behavior  of  c(w)  often  depend  logarithmically  on  w;  the  relation 

cCi3j) /c('ji)2)  =  1  +  log(cjj/u}2) /tiQ  (5-21) 

works  well  and  is  often  used  (Aki  and  Richards,  1980,  p.  177). 

Further,  the  effects  of  dispersion  of  the  probing  impulse  will  not 
be  apparent  at  shallow  depths,  since  the  impulse  has  not  had  time  to 
disperse  significantly.  Most  importantly,  the  use  of  a  layer  stripping 


algorithm  ensures  that  the  disperson  of  the  impulse  at  great  depths  will 
not  affect  the  reconstruction  of  the  medium  at  shallow  depths.  The 
conclusion  is  that  a  modified  layer  stripping  algorithm  should  be  able 
to  reconstruct  the  shallow  layers  of  a  high-Q,  slightly  lossy  medium. 

Since  the  only  change  in  the  inverse  problem  is  that  the  wave  speed 
c(z)  is  now  complex,  the  alterations  to  the  layer  stripping  algorithm  are 
minor.  The  equations  for  the  reflection  coefficients  and  impedances  are 
unaltered  (Ganley,  1981),  although  these  quantities  are  now  complex. 

The  major  change  is  that  since  the  reflection  coefficients  are  complex 
and  depend  on  the  sign  of  ui,  the  Schur  algorithm  must  be  used  in  place 
of  the  fast  Cholesky  algorithm. 

The  complete  algorithm  consists  of  two  sets  of  wave  updates 

Dj^(z+A,uj)  =  -  r^(z)A  Uj^(z,a.')  (5-22a) 

Uj^(z+A,u))  =  _  rj^(z)  A  Dj^(z ,u))  (5-22b) 

rk(2)A  =  2jo.e^'^^k  Uj^(z,u)  ,  k  =  1,  2,  c  >  0  (5-22c) 

initiated  using  the  two  reflection  responses  by 

=  1  (5-23a) 

Uj^(0,i^)  =  Rj^(u))  ,  k  =  1,  2  ,  (5-23b) 


and  the  set  of  parameter  updates 


1  +  r,  (z)A 

Z,  (z+A)  =  - - -  Z,  (z)  ,  k  =  1.  2  (5-24) 

1  -  rj^(z)A 

U(z)  =  cos^e2(z)/cos^0j(z)  =  (Zj(z)/Z2(z))^  (5-25) 

Cj.(z)  =  [(U(z)  -  l)/(U(z)Pj -P2)]^  (5-26) 

cj^(z)  =  c^(z)/(l  -  Cp(z)^p^)^  (5-27) 

P(z)  =  Re[Zj^(z)]/cj^  (z)  (5-28) 

c.(z)  =  Im[Zj^(z)]c^(z) /(P(z)cj^  (z))  (5-29) 

Tj^(z+A)  =  T^(z)  +  A/c'j^(z),  k  =  1,  2  .  (5-30) 


Note  that  although  Zj  and  Z2  are  both  complex,  their  ratio  is  real. 
It  should  also  be  noted  that  we  are  able  to  recover  three  medium 
parameter  profiles  p(z) ,  Cp(z) ,  and  c.(z)  from  only  two  reflection 
responses  R^(a))  and  62(10).  This  is  possible  because  the  profile  c^(z) 
manifests  itself  as  the  imaginary  parts  of  rj^(z)  and  Zj^(z) ,  which  were 
previously  constrained  to  be  real. 

It  may  seem  as  though  the  introduction  of  a  complex  wave  speed 
should  make  the  reflection  time  responses  Rj^(t)  complex.  However,  this 
is  not  the  case,  since  the  imaginary  part  of  the  wave  speed  c.(z)  is 
implicitly  mviltipUed  by  SGN  w.  This  correction  made  (5-19)  conjugate 
symmetric  in  to,  so  that  its  inverse  Fovirier  transform  is  real  but  non- 
causal.  A  similar  effect  holds  for  the  reflection  time  responses  Rj^(t). 
Note  that  since  the  probing  excitation  is  no  longer  causal,  it  is  hardly 
surprising  that  the  R]^(t)  ai*©  also  no  longer  causal. 


It  should  be  noted  that  since  Cj(z)  is  implicitly  multiplied  by  SGN 
-0,  the  simple  multiplications  of  r(z)  times  the  waves  in  the  frequency 
domain  become  convolutions  involving  the  Hilbert  transform  in  the  time 
domain.  This  is  why  the  Schur  algorithm,  which  only  uses  non-negative 
frequencies,  must  be  used  instead  of  the  fast  Cholesky  algorithm,  which 
has  a  very  complicated  form  for  this  problem.  Recall  that  (5-22c) 
requires  only  that  the  reflection  responses  at  each  depth  be  strictly 
proper  (see  Chapter  III),  which  is  still  true. 

5.5  Summary 

The  primary  goal  of  this  chapter  was  to  demonstrate  that  the  layer 
stripping  algorithms  work  in  the  presence  of  small  amounts  of  noise. 

Since  this  has  been  demonstrated ,  the  application  of  noise  reduction 
techniques  such  as  beamforming  should  allow  the  algorithm  to  work  on 
noisy  data.  The  modifications  of  Section  5.4,  especially  the  use  of 
reflection  data  at  many  angles  of  incidence,  should  also  help  considerably. 

If  the  signal-to-noise  ratio  is  low  (less  than  eight) ,  then  it  may  be 
expected  that  the  layer  stripping  algorithm  wiD  break  down  at  the  depth 
a‘  which  the  conditioning  of  the  inverse  problem  becomes  so  poor  that 
the  noise  overwhelms  it.  In  this  event,  there  is  probably  little  choice 
but  to  use  deconvolution-type  methods  that  treat  the  reconstruction  of 
the  medium  as  a  problem  in  modelling  a  random  process  by  an  AR 
(autoregressive)  filter.  This  amounts  to  a  reformulation  of  the 
inverse  problem,  and  thus  lies  outside  the  scope  of  this  thesis.  The 
algorithms  given  in  this  thesis  produce  exact  reconstructions  in  the  limit 
as  A  0,  so  they  would  be  preferable  in  situations  where  noise  levels  are 
low. 


The  weak  point  of  the  layer  stripping  algorithms  is  of  course  their 


susceptibility  to  imperfect  data.  However,  part  of  the  reason  for  this 
is  their  layer- recursive  nature,  which  makes  the  inverse  problem  solved 
at  each  recursion  steadily  more  poorly  conditioned.  This  loss  of 
conditioning  with  depth  must  be  experienced  by  any  inversion  process, 
but  is  often  disgviised  by  the  machinery  of  the  process,  rather  than 
illuminated  by  it  as  it  is  for  the  layer  stripping  algorithms.  Band- 
limitation  of  the  source  and  data  also  causes  problems ,  but  again  there 
is  no  way  around  this  without  reformulation  of  the  problem.  The  only 
major  fault  inherent  in  the  algorithms  themselves  is  the  catastrophic 
nature  of  their  breakdown  when  it  does  occur. 

The  strong  points  of  the  layer  stripping  algorithms  are  as  follows. 
First,  of  course,  is  that  they  provide  an  exact  solution  as  A-^0.  Second 
is  their  great  simplicity,  which  lends  itself  to  fast  processing  on  a 
computer.  Third  is  their  physical  interpretability ,  providing  a  physical 
insight  into  the  inversion  process  that  other  inversion  methods  in  general 
cannot  match.  Reasons  for  the  algorithm  breaking  down  often  carry  with 
them  a  physical  interpretation  that  makes  them  much  easier  to  visualize 
and  perhaps  solve. 

The  results  of  this  chapter  can  be  summarized  as  follows.  The 
time-domain  foward  problem  program  BREM  was  found  to  be  preferable 
to  the  frequency-domain  forward  problem  program  FORI ,  since  the 
former  did  not  require  an  inverse  Fourier  transform  and  its  attendant 
complications.  The  continue  us- medium  inversion  program  INVl  broke 
down  when  applied  to  discrete  media,  as  expected,  while  the  discrete 
medium  inversion  program  INVDISC  continued  to  work  satisfactorily. 

This  more  than  compensated  for  the  more  complicated  updates  (including 
a  square  root  extraction)  required  by  INVDISC. 


The  inversion  algorithm  tended  to  work  quite  well  for  several  layers , 
until  the  steadily  increasing  error  in  the  computed  wave  speed  caused 
the  algorithm  to  project  ahead  to  the  wrong  time  and  miss  the  next 
primary  reflection,  at  which  point  the  algorithm  broke  down.  The 
a  posteriori  methods  of  Habibi-Ashrafi  and  Mendel  (1982)  are  better 
at  preventing  this,  although  much  more  computation  is  required,  and 
there  is  still  a  chance  of  missing  a  weak  primary  reflection.  The  algorithm 
still  worked  when  noise  was  added  to  the  data,  although  the  greater 
the  noise  level,  the  shallower  the  depth  at  which  the  algorithm  broke 
down,  as  expected. 

Some  modifications  for  improving  the  performance  of  the  algorithm 
on  noisy  data  were  developed.  The  first  modification  consisted  of 
setting  to  zero  all  measured  reflection  coefficients  below  a  varying 
threshold  determined  by  the  condition  number  of  the  problem  at  each 
depth.  This  proved  quite  effective  for  discrete  media  composed  of  layers 
several  times  thicker  than  the  discretization  depth  A.  However,  it  could 
also  lead  to  worse  results  for  more  continuously  varying  media,  whose 
weak  reflection  coefficients  could  be  mistakenly  suppressed  as  noise. 

The  other  modification  consisted  of  using  reflection  data  at  several 
different  angles  of  incidence  to  perform  a  least-squares  fit  for  the 
updated  medium  parameters  at  each  depth. 

The  problem  of  determining  the  profiles  of  p(z)  and  c(z)  for  a  layered 
acoustic  medium  by  probing  it  with  impulsive  plane  waves  and  measuring 
the  reflection  response  has  now  been  quite  thoroughly  covered ,  as  far 
as  layer  stripping  inversion  methods  are  concerned.  We  now  proceed 
to  a  more  complicated  generalization  of  this  problem — that  of  determining 
the  parameter  profiles  for  an  elastic  medium  from  its  reflection  responses. 
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CHAPTER  VI 


The  Inverse  Problem  for  a  One-Dimensional  Elastic  Medium 


6.1  Introduction 

In  this  chapter  the  inverse  seismic  problem  for  a  one-dimensional 
elastic  layered  medium  probed  by  impulsive  plane  waves  at  oblique 
incidence  is  solved  by  a  layer  stripping  algorithm.  Separate  profiles  of 
the  Lam^  parameters  A(z)  and  m(z)  and  the  density  p(z)  as  functions  of 
depth  may  be  obtained  from  the  P  -  to  -  P ,  P  -  to  -  SV ,  and  SV  -  to  - 
SV  reflection  responses  of  the  medium.  Alternative  choices  for  the  data 
to  initiate  the  algorithm  are  discussed  in  Section  6.3.2. 

The  basic  results  of  this  chapter  are  taken  from  Yagle  and  Levy 
(1985).  However,  those  results  are  supplemented  by  a  dynamic 
deconvolution  inversion  procedure  for  an  elastic  medium.  Some 
alternative  formulations  of  the  layer  stripping  algorithm  that  allow  the 
reconstruction  of  an  elastic  medium  when  it  is  probed  from  a  fluid 
half-space  are  also  given.  This  is  clearly  applicable  to  probing  the 
sea  bottom  from  the  ocean  above  it.  Finally,  some  comments  on  discrete 
elastic  media,  collected  from  a  variety  of  sources,  are  made. 

Problem  formulation 

The  basic  problem  considered  in  this  chapter  is  as  follows.  An 
elastic  layered  medium ,  which  supports  the  propagation  of  both 
compressional  (P)  waves  and  shear  (S)  waves,  is  parametrized  completely 
I  by  the  continuous  profiles  of  the  Lame  parameters  A(z)  and  m(z)  and 

the  density  p(z).  The  medium  is  isotropic  and  laterally  homogeneous, 

i 


waves  at  oblique  incidence.  This  procedure  allowed  recovery  of  the 
parameter  profiles  by  solving  Marchenko  integral  equations,  but  it 
sidestepped  the  issue  of  P-SV  mode  conversions.  Blagoveshchenskii  (1967) 
exhibited  several  integral  equations  whose  solutions  yielded  the  parameter 
profiles  as  functions  of  travel  times;  by  combining  the  Gel' fand- Levitan 
inverse  scattering  method  with  the  solution  of  a  Volterra  equation, 

Carroll  and  Santosa  (1982)  were  able  to  recover  the  parameter  profiles 
as  functions  of  depth.  Baker  (1982)  solved  the  related  problem  of 
reconstructing  radially  varying  parameters  by  using  spherical  harmonics 
and  Marchenko  integral  equations. 

Kennett  and  Illingworth  (1981)  used  propagator  matrices  to 
propagate  upgoing  and  downgoing  P  and  SV  waves  between  various 
depths.  The  waves  were  expressed  by  a  generalization  of  the  Langer 
uniform  approximation  (involving  Airy  functions) ,  which  is  tantamount  to 
neglecting  all  multiple  reflections  and  wave  interconversions  (i.e. ,  a 
single  scattering  approximation).  Although  their  inversion  procedure 
is  very  complicated,  it  does  incorporate  multiple  turning  points  nicely. 
Frasier  (1969)  attempted  to  use  matrix  methods  to  solve  the  discrete 
elastic  problem,  but  the  different  wave  speeds  for  P  and  S  waves  cause 
problems  in  defining  a  Goupillaud  medium  model,  and  his  solution  is 
necessarily  only  an  approximation. 

Clarke  (1984)  and  Shiva  and  Mendel  (1983)  have  recently  given 
algorithms  that  utilize  the  layer- stripping  principle.  However,  their 
algorithms  are  far  more  complicated  than  the  algorithm  of  this  chapter. 
Clarke  (1984)  requires  the  iterative  solution  (using  Newton's  method 
for  solving  equations)  of  several  equations  at  each  step  of  the  algorithm 
in  order  to  update  the  medium  parameters.  His  numerical  example 


and  has  a  lateral  dimension,  so  that  it  may  be  probed  at  oblique 
incidence.  The  medium  is  probed  with  an  impulsive  plane  P  wave  at 
oblique  incidence ,  and  its  P  -  to  -  P  and  P  -  to  -  SV  reflection 
responses  measured.  The  medium  is  then  probed  again  with  an  impulsive 
plane  SV  wave  at  oblique  incidence,  and  its  SV  -  to  -  SV  reflection 
response  measured.  Either  a  half-space  or  a  free  surface  boundary 
condition  may  be  used  at  the  surface. 

This  problem  is  far  more  complex  than  the  acoustic  problem 
considered  in  Chapter  IV  because  there  is  interconversion  between  P 
and  SV  waves  as  the  inhomogeneous  medium  is  penetrated.  Thus  instead 
of  having  two  waves  with  continuous  coupling  between  them,  there  are 
four  waves  with  continuous  coupling  between  each  pair  of  waves.  Due 
to  various  symmetries ,  the  couplings  can  be  parametrized  by  three 
reflectivity  functions  and  an  interconversion  transmissivity  function.  In 
the  operation  of  the  layer  stripping  algorithm ,  the  three  reflectivity 
functions  are  recovered  from  the  three  surface  reflection  responses  or 
traces  (i.e.  ,  seismograms),  X(z),  y(z) ,  and  p(z)  are  computed,  and 
the  layer  stripping  algorithm  is  then  propagated  to  the  next  depth. 
Complications  are  introduced  by  the  different  wave  speeds  for  P  and  S 
waves ,  so  the  algorithm  is  much  more  than  a  simple  generalization  of 
the  algorithms  of  Chapter  IV. 

Previous  work 

Previous  work  on  this  elastic  problem  has  yielded  methods  of 
solution  that  are  computationally  arduous  to  implement.  For  example, 
Coen  (1981)  solved  this  problem  by  employing  solutions  to  the  acoustic 
problem  for  the  separate  cases  of  P  and  SV  impulsive  plane  waves  at 
normal  incidence,  which  are  decoupled  for  a  layered  medium,  and  of  SH 


consists  of  only  six  layers ,  perhaps  as  a  result  of  the  complexity  of 
his  algorithm.  He  also  assumes  that  the  P  -  to  -SV  and  SV  -  to  -SV 
reflectivity  functions  are  independent  of  the  P-wave  speed ,  and  that 
the  P  -  to  -  P  reflectivity  function  depends  only  on  the  P-wave  speed. 
The  algorithm  of  Shiva  and  Mendel  (1983)  requires  the  solution  of  a 
cubic  equation  at  each  step,  and  some  more  algebra  to  update  the 
medium  parameters.  In  addition,  they  employ  maximum-likelihood 
estimation  to  look  for  the  next  set  of  first  reflections ,  which  yield  the 
reflectivity  functions.  This  a  posteriori  approach  is  in  contrast  to  the 
much  simpler  a  priori  approach  of  the  algorithm  of  this  chapter,  in 
which  the  times  of  the  first  reflections  are  projected. 

The  reason  that  the  layer  stripping  algorithms  of  Clarke  (1984) 
and  Shiva  and  Mendel  (1983)  are  so  complicated  is  that  these  papers 
assume  the  medium  is  discrete  .  Here,  it  is  assumed  that  the  medium  is 
continuous,  which  allows  the  use  of  differential  updates  of  the  medium 
parameters.  The  computational  results  of  Section  6.4  indicate  that  this 
assumption  is  generally  workable ,  and  that  the  vastly  more  complicated 
discrete  updates  may  not  be  worth  the  amount  of  work  they  require. 

It  should  be  noted  that  there  is  no  single  procedure  for  solving 
the  elastic  problem  that  is  analogous  to  the  Gel'fand-Levitan  procedure 
of  Section  3.2.2.  This  is  because  the  different  wave  speeds  of  P  and  S 
waves  makes  it  impossible  to  formulate  the  elastic  problem  as  a  matrix 
Schrodinger  equation,  to  which  the  Gel'fand-Levitan  procedure  could  be 
applied . 

Summary 

In  Section  6.2  the  layer  stripping  algorithm  for  a  continuous  elastic 
medium  is  derived,  specified,  and  physically  interpreted.  The  algorithm 


IS  more  than  a  simple  generalization  of  the  algorithms  of  Chapter  IV , 
since  the  different  wave  speeds  of  P  and  S  waves  complicates  matters 
immensely.  Indeed,  there  are  no  simple  integral  equation  methods  for 
solving  the  elastic  problem  that  take  into  account  wave  conversions, 
for  this  reason. 

In  Section  6.3  some  alternative  formulations  of  the  algorithm  are 
presented.  First,  a  dynamic  deconvolution  algorithm  involving  a  matrix 
Riccati  equation  is  derived.  Next,  the  problem  of  probing  an  elastic 
medium  from  an  acoustic  (i.e.  ,  liquid)  half-space  is  solved  using  a 
different  version  of  the  layer  stripping  algorithm.  Note  that  for  this 
problem  the  elastic  medium  cannot  be  probed  with  S  waves,  and  the 
reflected  response  of  S  waves  cannot  be  measured ,  since  the  liquid 
half-space  does  not  support  shear  stresses.  This  problem  has  an 
obvious  application  in  probing  the  sea  bottom  from  the  ocean  above  it. 
Finally,  some  comments  are  made  on  discrete  elastic  media,  in  order  to 
show  the  relations  between  acoustic  medium  results  and  their  elastic 
medium  generalizations. 

In  Section  6.4  the  results  of  a  computer  run  on  a  twenty-layer 
medium  are  presented.  The  forward  problem  reflection  responses  were 
generated  using  the  reflectivity  method,  and  an  inverse  Fourier  transform 
taken.  This  introduces  errors  into  the  synthesized  responses  in  the  form 
of  bandlimiting ,  aliasing,  and  Gibb's  phenomenon,  but  the  layer  stripping 
algorithm  nevertheless  works  satisfactorily. 


Some  basic  concepts  of  elastic  wave  propagation 

The  two  basic  equations  for  a  linear  elastic  medium  in  the  absence 
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and  Hooke's  law 
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where  i..  represents  an  element  of  the  symmetric  stress  tensor,  e 
represents  an  element  of  the  symmetric  strain  tensor,  and  u.  is  the 
component  of  displacement  in  the  direction  (Aki  and  Richards,  1980). 
Suppose  all  deformations  of  the  medium  are  adiabatic,  so  that  a  strain 
energy  function  can  be  defined,  and  the  medium  is  isotropic.  Then,  due 
to  various  symmetries,  the  tensor  c..  ,  which  contains  81  elements,  is 

actually  a  function  of  just  two  quantities,  since  it  has  the  form 
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The  quantities  A  and  y  are  called  the  Lame  parameters.  Along  with  the 
density  p,  these  quantites  completely  specify  the  medium:  other  quemtities 
such  as  bulk  modulus ,  can  be  specified  in  terms  of  A  and  y  (Aki  and 
Richards,  1980). 

Unlike  an  acoustic  or  liquid  medium ,  an  elastic  medium  can  support 
shear  stresses,  since  y  #  0.  This  means  that  an  elastic  mediuhi  can 
support  two  types  of  propagating  waves;  P  waves,  which  are  physically 
the  same  as  acoustic  waves ,  and  travel  at  a  wave  speed 
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a  =  ((A  +  2y)/p)^  ; 


(6-4) 


and  S  waves,  in  which  the  wave  displacement  is  perpendicular  to  the 
direction  of  propagation  (which  clearly  req\xires  shear  stress) ,  and 
which  travel  at  a  wave  speed 


B  =  (y/p)‘ 


(6-5) 


Note  that  P  waves  always  travel  faster  than  S  waves.  In  fact, 
the  notations  "P"  and  "S"  come  from  the  fact  that  the  first  or  Primary 
body  wave  from  an  earthquake  is  always  a  P  wave,  while  a  Secondary 
arrival  is  an  S  wave.  Also  note  that  S  waves  can  be  polarized  in  any 
direction  perpendicular  to  the  ray  path.  S  waves  are  generally 
decomposed  into  components  in  the  vertical  plane  (SV  waves)  and  the 
horizontal  plane  (SH  wave^).  For  a  layered  medium,  in  which  A.  y. 
and  p  are  functions  of  depth  only,  the  SH  waves  are  decoupled  from 
the  P  and  SV  waves  (Aki  and  Richards,  1980).  At  normal  incidence, 
the  P  and  SV  waves  are  also  decoupled.  Coen  (1981)  used  these  facts 
in  order  to  solve  the  inverse  problem  for  an  elastic  medium  using  the 
Gel' fand- Levitan  procedure.  Since  the  SH  waves  are  completely 
independent  of  the  P  and  SV  waves,  we  shall  disregard  them  for  the 
remainder  of  this  chapter. 

6 . 2  Layer  Stripping  Solution  for  a  Continuous  Elastic  Medium 

In  this  section  we  derive  and  specify  the  layer  stripping  algorithm 
that  solves  the  inverse  problem  for  a  continuous  layered  elastic  medium. 
The  resulting  algorithm  is  very  simple  coniputationally ,  and  lends  much 
physical  insight  into  the  inversion  process. 


The  problem  considered  is  as  follows.  A  continuous,  lossless, 
layered  elastic  medium  is  probed ,  in  separate  experiments ,  with  impulsive 
plane  P  and  SV  waves,  and  the  P  -  to  -  P ,  P  -  to  -  SV ,  and  SV  -  to  -  SV 
reflection  responses  of  the  medium  are  measured  (note  that  the  P  -  to  - 
SV  and  SV  -  to  -  P  responses  are  identical).  The  angles  of  incidence 
0p  and  9g  are  chosen  (i.e.  ,  the  data  are  slant-stacked)  so  that  the 
slowness  p  for  both  incident  plane  waves  is  the  same,  i.e.  , 


p  =  sin  6  /a(0)  =  sin  0„/B(O)  . 
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The  goal  is  to  recover  the  profiles  >.(2),  vj(z)  ,  and  p(z) ,  which 
characterize  the  medium  completely. 


Although  the  reflection  response  is  defined  for  a  half-space  boundary 
condition,  a  free  surface  boundary  condition  may  also  be  used.  In  this 
case ,  the  reflection  response  may  be  synthesized  from  the  surface  traces 
(seismograms)  by  inverting  the  formulae  (Frasier,  1969) 
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where  Vj^(t)  and  Vy(t)  are  the  horizontal  and  vertical  velocity  traces; 
DP ,  UP ,  DS ,  and  US  are  the  amplitudes  of  the  downgoing  and  upgoing 
P  and  SV  waves;  and 
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Zg  =  pBcos  Bg 

are  the  P-  and  SV-wave  impedances  at  the  surface.  Inverting  (6-7)  for 
the  two  experiments  gives ,  for  the  P-wave  experiment , 

Rpp(w)  =  Zp^/(bpCOs(ep-eg))(sin  egVjj(w)-cos  ''^p^ 

(6- 9a) 

Rpg(oj)  =  Zg^/(bpCOS(6p- 0g))(cos  9pV^(u;)-fsin  6pV^(u;)-bpSin  2  e^/Zp) 

(6- 9b) 


and  inverting  (6-7)  for  the  SV-wave  experiment  gives 

RgpCu.')  =  Zp^/(bgCOs(9p-9g))(sinegVjj(uj)-cos  egV^(u))-bgSin  2dJZ^) 

(6- 10a) 

Rgg(a))  =  Zg^/(bgcos(0p-eg))(cos  0pVjj(w)+sin  0pVy(cu)-bgCOs(ep+0g)/Zg) 

(6-lOb) 

where  b  and  b  are  the  strengths  of  the  incident  P  and  SV  excitations. 

It  should  also  be  noted  that  the  algorithm  may  be  run  concurrently 
with  many  different  values  of  slowness  p  from  a  single  point  source 
experiment.  In  this  case,  the  updated  medium  parameters  at  each 
depth  from  each  run  may  be  averaged,  and  the  averaged  values  then 
used  in  the  algorithms.  This  reduces  the  effect  of  noise  in  the  data, 
as  discussed  in  Chapter  V.  Furthermore,  the  desired  responses  for  P 
and  SV  excitations  could  be  obtained  by  an  appropriate  superposition  of 


the  responses  to  a  P-wave  source  and  to  a  mixed ,  P-  and  SV-wave 
source.  Other  possibilities  of  using  data  for  several  different  values  of 
slowness  p  are  noted  in  Section  6.3.2. 


We  now  define  the  following  quantities: 


a(z)  =  ((a(z)  +  2y(z)) /p(z))^  =  local  P-wave  velocity  (6-lla) 

S(z)  =  (m(z)/p(z))^  =  local  S-wave  velocity  (6-llb) 

sin  6  (z)  =  oc(z)p  =  sine  of  local  angle  between  P-wave  (6-llc) 

^  ray  and  vertical 

sin  Sg(z)  =  2(z)p  =  sine  of  local  angle  between  S-wave  (6-lld) 

ray  and  vertical 

a'(z)  =  a(z)/cos  0p(z)  =  local  vertical  P-wave  velocity  (6-lle) 

S'(z)  =  S(z)/cos  0  (z)  =  local  vertical  S-wave  velocity.  (6-llf) 
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We  also  define  the  vector 

g(t,x,z)  = 

where  u  and  u  are  the  horizontal  and  vertical  components  of  the 
X  z 

displacement,  and  where  t  and  x  are  the  horizontal  and  vertical 

zx  zz 

tractions  on  an  element  perpendicular  to  the  z  axis. 

An  impulsive  plane  wave  b^iCt-px-qz)  is  used  to  probe  the  elastic 
medium.  Here  i(-)  denotes  the  Dirac  delta  function,  and  q  is  the 
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vertical  ray  parameter  just  below  the  surface  (for  a  free  surface) ,  or  in 
the  homogeneous  half-space  above  the  medium.  The  Fourier  transform 
of  this  plane  wave  is  (bg  exp-jLuqz)exp-3u'px.  Since  the  horizontal  ray 
parameter  p  is  independent  of  depth,  we  may  write  the  Fourier  transform 
of  the  vector  (6-12)  for  z  >  0  (inside  the  medium)  as 

g(w,x,z)  =  f((jj,z)exp-icjpx  .  (6-13) 

From  Aki  and  Richards  (1980,  p.  269)  and  Kennett  (1983,  p.  26), 
the  propagation  of  seismic  waves  in  an  inhomogeneous ,  layered ,  continuous 
elastic  medium  is  described  by 

df/dz  =  A(z)f(,i.,z)  (6-14) 
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Next,  we  diagonalize  equation  (6-14),  defining  upgoing  and  down¬ 
going  P  and  SV  waves.  Appropriate  weightings  of  the  eigenvectors  of 
A(z)  will  be  necessary  to  put  equation  (6-14)  into  a  form  suitable  for 


a  fast  algorithm. 


Transformation  to  upgoing  and  downgoing  waves 

It  is  well-known  (e.g.,  Kennett  et  al. ,  1978)  that  changing  variables 

^  A 

in  equation  (6-14)  from  f(uj,z)  to  R(z)f{(jij,z) ,  where  R(z)  is  the  matrix 
of  row  eigenvectors  of  A(z),  diagonalizes  equation  (6-14)  into  upgoing 
and  downgoing  waves.  In  the  present  context  it  will  be  necessary  to 
weight  the  row  eigenvectors  of  A(z)  in  order  to  obtain  a  recursive 
algorithm.  Thus  we  define 


w(a),z)  =  X(z)R(z)f(a),z)  (6-16) 

where  X  is  a  diagonal  matrix  whose  elements  weight  the  row  eigenvectors 
of  A(z).  We  may  then  write 

=  R'V^w(u;,z)  =  CX'^w(a),z)  (6-17) 

^  where  C(z)  =  R(z)  ^  is  the  matrix  of  column  eigenvectors  of  A(z). 

Taking  the  partial  derivative  of  equation  (6-17)  with  respect  to 
z  and  premultiplying  by  XR  yields 

dw/dz  =  [A  -  (X(RdC/dz)X"^  +  X(d/dz(X~^)))] w  (6-18) 


where 


=  RAC  =  diag[-iu)/a' ,  -ju;/6',  juj/a'  , 


(6-19) 


We  now  choose  the  elements  of  the  diagonal  matrix  X  so  that  the 
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E 


(diagonal)  term  X(d/dz)X  ^  =  -  (d/d2)log  X  zeroes  the  diagonal  elements 
of  X(RdC/dz)X  This  is  straightforward,  and  the  result  is 

X  =  diag[(ap  cos  9  )^,  (Sp  cos  0  )^,  (ap  cos  6^)^,  (0P  cos  e_)^].  (6-20 

P  s  p  s 


We  recognize  the  components  of  X  as  the  square  roots  of  the  P-wave  and 

/V 

SV-wave  impedances.  Hence  weighting  the  components  of  Rf  by  these 
quantities  normalizes  the  energy  fluxes  moving  upwards  and  downards. 
Although  this  transformation  was  noted  by  Chapman  (1974),  it  is 
interesting  that  searching  for  a  form  suitable  for  a  fast  algorithm  leads 
automatically  to  the  energy  normalization  (6-20). 

Inserting  equation  (6-20)  in  equation  (6-18)  results  in 


dw/dz  = 


-jj/a* 


-r 


-'c 

-r 

P 

1 

o 

_ 1 

-r 

c 

s 

-r 

c 

jw/a' 

-t 

c 

-^s 

t 

c 

jcu/6’ 

w 


(6-21) 


where 


rp(z)  =  (l/2-26S^)(d/dz)log  p(z)  -  43^p^  (d/dz)  log  3(2) 


+  l/(2-2a^p^)(d/dz)  log  a(z) 


• . 


(6-22a) 
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r  (z)  =  -  (P/2)  Cct'3’)^  ((1-26V  +  23^/a'3')  (d/dz)log  p(z) 


-(462p^  -  4S^/a’3’)(d/dz)log  0(z)) 


(6- 22b) 


rg(z)  =  -(1/2  -  2B  p-^Xd/dzllog  P(z) 


(l/(2-2e^p^)  -  4sV)(d/dz)log  6(z) 


(6-22C) 


t  (z)  =  (p/2)(a’S’)^  ((1-2B^^  -  2B^/a»B’)  (d/dz)log  p(z) 


-(4B^p^  +  46^/a'B')(d/dz)log  B(z)) 


(6-22d) 


and  the  quantities  in  equations  (6-22)  have  the  following  interpretations: 


r  (z)  =  reflectivity  function  for  a  reflected  P  wave  generated 
^  by  a  P  wave; 

r^(z)  =  reflectivity  function  for  a  reflected  wave  generated  by 
a  wave  of  the  opposite  type; 

r  (z)  =  reflectivity  function  for  a  reflected  SV  wave  generated 
by  an  SV  wave; 


t^(z)  =  transmissivity  function  for  a  transmitted  wave  generated 
by  a  wave  of  the  opposite  type. 


We  use  notations  similar  to  those  of  Chapman  (1974)  and  Kennett  and 
Illingworth  (1981).  The  physical  meaning  of  the  reflectivity  functions 
is  illustrated  in  Figure  6.1,  which  describes  an  infinitesimal  section  of 
a  lattice  filter  structure  which  implements  the  elastic  wave  equation 

(6-21).  Note  that  the  elementary  delay  elements  =  exp  - 

A  , 

and  Dg  =  exp  -i-‘A/3'(z)  appearing  in  Figure  6.1  vary  with  depth.  The 
lattice  structure  of  Figure  6.1  can  be  viewed  as  a  generalization  of  the 
lattice  structure  of  Figure  2.1. 


Next,  we  use  the  transformed  equation  (6-21)  to  obtain  a  fast 


inversion  algorithm. 


Inversion  algorithm 

Recall  that  the  first  experiment  consisted  of  probing  the  medium 
with  a  planar  impulsive  P  wave.  Since  the  first  component  of  w(co,z) 
corresponds  to  a  down  going  P  wave,  we  may  write  its  inverse  Fourier 
transform  w(t,z)  as 


bp6(t-Tp(z)) 

Wj(t ,z) 

0 

W2(t,z) 

w(t,z)  = 

+ 

0 

_  0  _ 

jw^ft  ,z)_ 

Kt  -  Tp(z)) 


(6-23) 


where 


lp<z)  =  /„  di/a' 


'(1) 


(6-24) 


denotes  the  vertical  travel  time  for  P  waves ,  and 


Kt)  = 


{1  for  t  _  0 
0  for  t  <  0 


(6-25) 


is  the  unit  step  function.  The  second  term  in  (6-23)  reflects  the 
causality  of  the  excitation:  there  can  be  no  wave  at  depth  z  until  the 
excitation  has  had  time  to  reach  depth  z. 

Taking  the  inverse  Fourier  transform  of  equation  (6-21),  inserting 
the  expression  (6-23),  and  equating  coefficients  of  -(t-"p)  yields 
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rp(z)  =  2\V3(Tp(z).z)/(a'(z)bp) 


(6-26a) 


r^(z)  =  w^(Tp(z).z)(l/ /(z)  +  l/;'(z))/bp 


(6-26b) 


Now,  for  the  second  experiment,  the  excitation  is  a  downgoing, 
impulsive  SV  wave.  Since  the  second  component  of  w(t,z)  corresponds 
to  such  a  wave,  we  have  for  this  experiment 


w(t.z)  = 


-  0  pWj(t,z) 

bsC(t-Ts(z))  W2(t,z) 


W^(t,z) 


(6-27) 


where  the  waves  w^(t,z)  have  the  form 


w.(t,z)  =  n.(t,z)l(t-Tp(z))  +  q.(t,z)l(t-Tg(z))  (6-28) 


and  where  the  vertical  travel  time  for  SV  waves  has  been  defined  as 


Tg(z)  =  Jq  . 


(6-29) 


Note  that  the  form  of  equation  (6-28)  differs  from  that  of 
equation  (6-23).  This  is  because  in  the  SV  experiment  the  impulsive 
excitation  (an  SV  wave)  does  not  coincide  with  the  wavefront  (a  P  wave). 
In  the  P  experiment  both  of  these  were  P  waves  and  hence  coincided. 

Proceeding  as  above,  we  obtain  (q^tz)  is  defined  in  equation  (6-28)) 


r^(z)  =  q2(Tg(z)  ,z)(l/;.'(z)  +  l/;’(z))/bg 


(6- 30a) 


rg(z)  =  2q^(Tg(z)  ,z)/(3'(z)bg) 


(6-30b) 


The  importance  of  equations  (6-26)  and  (6-30)  is  that  they  permit 
computation  of  the  reflectivity  functions  at  any  depth  provided  the 
waves  w(t,z)  are  known  at  that  depth. 

Next,  equations  (6-22a-c}  are  written  as  a  matrix  equation: 


rp(z) 


rs(z) 


(d/dz)  log  p(z) 


r  (z)  =M(z)  (d/dz)  log  S(z) 


(d/dz)  log  a(z) 


(6-31) 


where 


1/2  -  2s^p^ 


..2  2 
-4p  p 


-£(l-23^p2  +  2^l{_,'z'))  i(43^p^-  4g^(a’3’))  0 


-  (1/2  -  2S^p^) 


9  9  2  9 

-(l/(2-2s  P^)-43  p^) 


(6-32) 


;(z)  =  (p/2)(a'6-)^  . 


(6-33) 


Inverting  (6-32)  gives 


(d/dz)  log  P(z) 
(d/dz)  log  3(2) 
(d/dz)  log  a(z) 


r^(z) 

=  N{z)/m(z)  r  (z) 

rp(.) 


(6-34) 


where 


-(1/(2-23V2)  -  43^p^)  -£(4&^p^  -  43^/(:.’3’)) 


1/2  -  2.2p2 

_  (1-A^)(4  3^P^-1) 


-  £(l-23^p^  +  23^/(a  £')) 


-4.(l-:(2p2)(3  2p2  +  3^(.’c’))  2m(l-A: 
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T" 


and 

m(z)  =  (det  M(z))(2-2i^p^) 

=  Ul/2  -  -  5^y(a'S’)  +  22^p^  +  2l‘^p^lU' i')]  Kl- .  (6-36) 

Equations  (6-34)  function  as  update  equations  for  p(z),  3(z) ,  and  J^z) . 
Note  that  p(z)  and  c(z)  are  updated  solely  from  r^(z)  and  r^Cz)  ,  and 
then  TpCz)  is  used  to  update  a(z).  From  these  three  parameters,  any 
other  parameter  of  interest  (e.g.,  a(z)  and  p(z))  may  be  quickly 
found.  Chapman  (1974,  p.  67)  gives  equations  similar  to  equations 
(6-31);  however,  Chapman's  equations  involve  too  many  quantities 
(u.p.p.a',  and  S')  and  require  the  unobservable  transmission  coefficient 
t^.  Thus,  they  are  unsuitable  as  update  equations. 

We  have  now  specified  aU  of  the  equations  of  the  algorithm ,  in 
differential  form.  The  algorithm  consists  of  equation  (6-21),  twice 
(one  for  the  experiment  involving  excitation  by  P  waves;  one  for 
excitation  by  SV  waves)  for  updating  the  up-  and  down-going  waves; 
equations  (6-26)  and  (6-30)  for  computing  the  reflectivity  functions; 
equations  (6-34)  -  (6-36)  for  updating  the  material  parameters  c(z), 
p(z),  and  a(z);and  equation  (6-22d)  for  computing  the  transmissivity 
function  t^(z)  required  to  complete  the  matrix  in  equation  (6-21).  We 
then  immediately  have,  for  each  z, 

y(z)  =  S^(z)p(z)  (6-37a) 

>(z)  =  (a^(z)  -  23^(z))o(z).  (6-37b) 

Next ,  the  algorithm  is  discretized  in  order  to  clarify  the  recursions 


•  I 


•  r 


•  r 

•*  ’  I 

**■*•'* 


•  til 


and  specify  in  what  order  quantities  should  be  computed. 


■ 


Discretization 


The  depth  coordinate  z  is  discretized  by  z  =  n  A  ,  where  n  is  a 
positive  integer  and  -  is  the  discretization  length.  The  time  coordinate 
t  may  also  be  discretized ,  but  its  discretization  is  independent  of  that 
of  z. 

Initialization 

It  is  assumed  that  all  material  parameters  (X,v,  p,  and  hence 
a,  S,  a',  and  3')  are  known  at  the  earth’s  surface.  If  we  are  assuming 
a  free  surface ,  the  waves  at  the  surface  are  determined  by  measuring 
the  velocity  components  over  time ,  for  both  the  P  and  SV  experiments , 
and  using  (6-9)  and  (6-10).  If  the  medium  is  probed  from  a  half- 
space,  the  upgoing  waves  are  initialized  by  the  inverse  Fourier 
transforms  of  the  appropriate  reflection  responses.  Since  only  the 
smooth  parts  of  the  waves  need  be  propagated  in  the  algorithm,  the 
downgoing  waves  are  initialized  to  zero. 

Recursion 

We  start  off  with  knowledge  of  a(z),  g(z) ,  p(z) ,  a'(z),  p'(z)  as 
well  as  that  of  all  up-  and  down-going  waves  at  depth  z,  from  the 
prevKJUS  iteration.  Let  w^(t,z)  represent  the  waves  in  the  P-wave 
source  experiment,  and  w®(t,z)  represent  the  waves  in  the  S-wave 
source  experiment.  For  convenience,  we  identify  the  dimensionless 
quantities 

B(z)  =  g^(z)p^  =  sin^e  (z)  (6-38a) 

s 

G(z)  =  3^(z)/(a'(z)£'(z))  =  (l/2)sin  29^  cot  e_  .  (6-38b) 

s  p 

Then,  taking  the  inverse  Fourier  tremsform  of  equation  (6-21)  and 


employing  a  simple  forward  difference  approximation  to  the  various 
derivatives  in  the  differential  form  of  the  algorithm  yields  the  following 
recursive  algorithm: 


>!• 


1)  Computation  of  the  reflectivity  functions.  From  equations  (6-26) 
and  (6-30), 


r„(z)  =  2w^(t  (z),  z)/(b^A) 


(6-39a) 


r^(z)  =  2w^(Tp(z),  z)/(bpA) 


(6- 39b) 


r^(z)  =  2(w®  (Tg(z)  +  ,z)  -  w^(Tg(z)  ,2))/(bgA). 


(6- 3 9c) 


where  b  =  b  a'(z)/A  and  b  =  b  3'(z)/A  are  the  strengths  of  the 
p  P  s  s 

discretized  continuous  impulses. 

Upon  going  from  continuous  time  to  discrete  time,  the  continuous¬ 
time  impulse  b^'5(t)  becomes  a  discrete-time  impulse  of  height  b./D. , 
where  D.  is  the  differential  delay  time  at  depth  z  for  wave  type  i  (see 
Figure  6.1).  Since  the  impulse  has  been  spread  out  over  the  time 
interval  D^,  its  height  must  be  b^/D.  in  order  to  maintain  its  area  b^. 

For  a  P-^P  reflection  D  =  A/a'(z).  For  a  P-»-S  reflection  the  two-way 

P  - 

delay  is  D  +  D  ,  hence  the  one-way  delay  is  half  of  this,  or 
P  s 

(A/2)(l/a'(z)  +  1/B'(z)).  Equations  (6-26)  and  (6-30)  are  thus 
modified  to  (6-39). 

2)  Computation  of  auxiliary  quantities.  From  equations  (6-36)  and 


(6-38), 


B(z)  =  3^(z)p^ 


G(z)  =  3  (z)/(a'(z)p'(z)) 
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m(z)  =  (1/2  -  3B  -  G  +  2B^  +  2BG)i/(l-B) 


t  (z)  =  -£(1/2  -  3B  +  G  +  2B‘'  -  2BG)r  (z) /((l-B)m(z)) 
c  c 

+  2Br  (z)  /m(z) 

9 


(6-42) 


(6-43) 


where  l{z)  is  defined  as  above. 


3)  Update  of  material  parameters.  From  equations  (6-34)  -  (6-35), 


p(z+A)  =  p(z)  -  p(z)((l/(2-2B)  -  4B)r  (z)  +  4 2.(B-G)r  (z  ))A/m(z) 


(6-44) 


p(z+A)  =  3(z)  -  S(z)((2B-l/2)r  (z)  +  x,(l-2B+2G)r^(z))A/m(z)  (6-45) 

c  s 

a(z+A)  =  a(z)  +  :l(z)  (l-a^(z)p^)  (2rp(z)  -  ( (2B-1/2) /(l-B)m(z) )r^(z) 

-  £(4(B+G)/m(z))rg  (z))A  (6-46) 


a'(z+A)  =  a(z+A) /(l-a^(z+A)p^)^ 


3'(z+A)  =  e(z+A)/(l-e^(z+A)p^)^  . 


(6-47) 


(6-48) 


4)  Wave  update.  From  the  inverse  Fourier  transforms  of  equation  (6-21), 


Wj(t+A/a'(z) ,  z+A)  =  Wj(t,z)  -  (t^(z)W2(t  ,z)  +  rp(z)W2(t  ,z) 

+  r^(z)w^(t  ,z))A  (6-49a) 

W2(t+A/6'(z) ,  z+A)  =  W2(t,z)  -  (-t^(z)w^(t  ,z)  +  r^(z)Wg(t  ,z) 

+  rg(z)w^(t  ,z))A  (6-49b) 

W2(t-A/a'(z) ,  z+A)  =  W2(t,z)  -  (rp(z)Wj(t,z)  +  r^(z)W2(t,z) 

+  t  (z)w.(t,z))A  (6-49C) 

C  4 


•V'JCI 


•>  A  h 


IS- 


Vi ,  z+A)  =  w^(t,z)  -  (r^(z)Wj^(t,z)  +  rg(z)W2(t  ,z) 

-  t^(z)Wg(t,z))A  (6-49d) 

and  these  same  recursions  are  used  for  both  w^(t,z)  and  w  (t,z). 

At  this  point,  we  have  obtained  p(z+A) ,  a(z+A) ,  6(z+A),  a'(z+A) 
0'(z+A),  and  all  eight  waves  at  depth  z+A,  Hence  the  recursion  is 
complete.  Each  step  in  the  recursion  can  be  implemented  as  one  stage 
or  section  of  a  ladder-type  filter,  which  can  be  regarded  as  a  more 
complex  version  of  the  lattice  filter  commonly  encountered  in  spectral 
estimation  theory.  A  typical  section  of  this  ladder  filter  is  illustrated 
in  Figure  6.1.  The  downgoing  P  and  SV  waves  at  depth  z  enter  the 
filter  section  at  the  upper  left,  interact  with  each  other,  are  reflected 
(due  to  the  inhomogeneity  of  the  medium),  and  exit  at  the  upper  right, 
now  at  depth  z+a.  Upgoing  P  and  SV  waves  undergo  a  similar  experience 
in  the  lower  half  of  the  filter.  Note  how  this  filter  illustrates  the 
physical  meaning  of  the  reflectivity  functions  r  (z),  r  (z)  and  r  (z) , 

pc  w 

and  of  the  transmissivity  function  t^(z). 

The  recursions  of  the  waves  in  z  and  t,  given  by  equations  (6-49), 
are  slightly  complicated ,  so  the  recvirsion  patterns  are  illustrated  in 
Figures  6-2a  and  6- 2b.  We  start  off  knowing  the  waves  at  depth  z  for 
aU  time,  and  wish  to  find  the  waves  at  depth  z+A.  Although  the 
simultaneous  time  and  depth  updates  may  make  it  seem  as  though 
information  at  early  times  is  being  lost,  reeall  that  by  causality  there 
can  be  no  wave  at  depth  z  until  the  initial  excitation  has  had  time  to 
reach  depth  z.  Thus  there  is  no  information  to  lose  at  the  early  times. 


The  algorithm  that  we  have  described  above  for  reconstructing  p(z) , 
A(z)  and  y(z)  works  even  if  some  turning  points  exist  for  the  P  and  SV 


6.2a  Recursion  pattern  for  updating  the  downgoing 
waves. 


^✓^‘^slope  =  l/a'(Zo) 
./i  ^x^slope  =  “1/a'(Zo) 


6.2b  Recursion  pattern  for  updating  the  upgoing 
waves. 


waves  propagating  through  the  elastic  medium.  However,  in  this  case 
p,  X  and  y  can  only  be  reconstructed  up  to  the  depth  where  the 
ray  path  for  the  P  wave  becomes  horizontal.  Note  that  along  rays 
associated  with  the  P  and  SV  waves 

sin  9_(z)/a(z)  =  sin  9  (z)/S(z)  =  p  =  constant  (6-50) 

P  ® 

so  that  unless  a(z)  <  1/p  for  all  z  (in  which  case  we  have  also 
3(z)  <  1/p),  the  angle  6p(z)  will  become  imaginary  at  some  depth  z^. 
Physically,  this  situation  results  in  evanescent  waves  where  the  waves 
decay  exponentially  with  depth.  This  causes  no  problem  in  the 
reconstruction  algorithm  until  z  =  Zp,  at  which  point  a'(z)  ■*  “•  Then, 
the  waves  w^(z,t)  and  w®(z,t)  cannot  be  propagated  further,  and  the 
material  parameters  are  reconstructed  only  up  to  depth  Zp. 

Comments 

The  algorithm,  of  course,  works  on  a  layer  stripping  principle.  At 
each  depth,  the  first  reflections  in  three  of  the  four  upgoing  waves  (P 
and  SV  for  each  of  the  two  experiments)  yield  the  reflectivity  functions 
rp(z),  r^(z)  and  The  transmissivity  function  t^iz),  which  is 

not  a  transmission  loss  but  a  coupling  between  two  waves  moving  in 
the  same  direction,  is  then  computed  using  (6-22d).  All  eight  waves  are 
then  propagated  down  to  the  next  depth.  Complications  are  introduced 
since  the  SV  first  reflection  arrives  after  the  P  first  reflection,  and  must 
be  separated  out  from  the  downgoing  P  wave.  However,  the  elastic  layer 
stripping  algorithm  is  basically  a  generalization  of  the  algorithm  of 
Chapter  IV ,  with  some  complications  added. 

However,  if  the  waves  w  are  written  out  using  definition  (6-16), 


the  result  is 
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where  the  upper  signs  are  used  for  the  downgoing  waves  and  the  lower 
signs  for  the  upgoing  waves.  These  certainly  don't  look  like  physically 
interpretable  waves.  However,  they  may  be  simplified  to 


-  7~i / 


w  =  Z  ’(t  cos  0  ±  T  sin  9  )  ±  jwZ^  — ^  =  Z  ^  t  ±  iwZ^  u 
1  P  2Z  P  ZX  P  •’  1-.  J 

3 


cos  Op  P  P  ^  P  P 


=  Z  ^  (t  cos  9  +  T  sin  0  )  +  io-Z^  ■■■  ^ : —  -  z  ±  iu;Z^  u 
2  s  ^  ZX  s  zz  s'^  •’  sin  t„  s  s  s  s 

4  ® 


(6-52a) 


(6-52b) 


where  and  Up  are  stress  and  displacement  in  the  direction  of 
propagation  and  and  u_  are  stress  and  displacement  perpendicular 

b  9 

to  the  direction  of  propagation.  Here  we  have  used  the  relations 


“P 

=  ±  u^/cos  Sp  =  Ujj/sin  Bp 

(6- 5 3a) 

Ay 

^P 

=  "“zx  8p  -  ^zz  0p 

(6-53b) 

“s 

=  +  u  /sin  0  =  u  /cos  9 

Z  S  X  s 

(6-53c) 

^S 

=  T_  cos  0^  +  T,,  sin  9^ 

ZX  s  zz  s 

(6-53d) 

in  both  (6-51)  and  (6-52). 

The  waves  in  (6-52)  look  much  more  like  the  choices  made  in 
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Chapters  III  and  IV.  If  the  medium  is  locally  homogeneous,  they  simplify 
even  further  to  energy- normalized  displacements.  This  matches  the 
choices  made  by  Frasier  (1969)  and  Shiva  and  Mendel  (1983)  for  a 
discrete  medium  composed  of  homogeneous  layers. 

It  should  also  be  noted  that  if  the  medium  is  discretized,  i.e., 
modelled  as  a  welded  stack  of  thin,  homogeneous  layers  with  material 
parameters  varying  only  between  different  layers ,  then  RdC  /dz  may  be 
interpreted  as  a  scattering  matrix  for  the  layer  at  depth  z.  To  see 
this,  replace  (d/dz)  log  P(z)  =  (d/dz)p(z) /p(z)  by  the  discrete 
approximation  Ap(z)/P(z),  and  do  the  same  for  3(z)  and  oi(z).  Then 
equations  (6-22)  become  the  reflection  and  transmission  coefficients  at  an 
interface  (Aki  and  Richards,  1980,  p.  153).  Thus  discretization  of  the 


algorithm  is  equivalent  to  a 


discretization  of  the  medium. 


6.3  Alternative  Formulations  of  the  Algorithm 


In  this  section  some  other  layer  stripping  algorithms  for  inverse 
problems  for  elastic  media  are  given.  First ,  a  dynamic  deconvolution 
algorithm,  involving  a  matrix  Riccati  equation,  is  specified  for  the 
problem  considered  above.  Next,  a  layer  stripping  algorithm  is  derived 
for  the  problem  in  which  an  elastic  medium  is  probed  from  an  overlying 
liqvdd  (y  =  0)  half-space.  Since  shear  waves  cannot  propagate  through 
a  liquid,  only  the  P  -  to  -  P  reflection  response  is  available  for  this 
problem.  Finally,  some  comments  on  discrete  elastic  media  are  made  to 
tie  this  chapter  closer  to  Chapter  III. 

6.3.1  Dynamic  Deconvolution 

The  dynamic  deconvolution  algorithm  for  the  elastic  problem  is 
quite  easy  to  derive.  Let  the  matrix  reflection  coefficient  S(z,-)  relating 


V.  V-.  .  v  .  ^  -•v  . ;  V  -, 


the  downgoing  P  and  SV  waves  to  the  upgoing  P  and  SV  waves  be 
defined  by 


r  UP  1 

DP' 

LusI 

=  s 

-DS. 

(6- 


where  DP,  DS ,  UP,  and  US  are  the  amplitudes  of  the  downgoing  and 
upgoing  P  and  SV  waves,  respectively-  For  convenience,  rewrite 
(6-21)  as 
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R  = 


-tc  1  p'-o/a' 

-10)/ 6' J  ,'^2=L  t^ 
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Then,  taldng  the  derivative  of  (6-54)  with  respect  to  z  yields 


d  rup' 

dz  LUS. 


+  J- 


UP 

US 
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’DP 

DS 


SJ, 


DP 

DS 


(6- 


and  inserting  (6-54)  and  collecting  terms  gives 


J^S 


+  R  -  SRS) 


a 


and  noting  that  (6-58)  must  hold  for  any  set  of  waves 
results  in  the  matrix  Riccati  equation 


’DP' 

-DS. 


finally 
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dz 


S 


J2S 


SJj  -  R  +  SRS 


(6-59) 


Note  that  in  the  high  frequency  case ,  where  the  transmissivity  function 
t^  becomes  negligible,  (6-59)  becomes 


0 

1/3 


5  +  jojS 


Va'  0 

0  1/g' 


-  R  +  SRS  . 


(6-60) 


A  Riccati  equation  similar  to  (6-59)  was  derived  by  Wilcox  (1964) 
for  the  electric  wave  propagation  problem  on  two  non-uniform,  coupled 
transmission  lines.  Thus  it  is  not  surprising  that  a  similar  equation 
applies  to  the  somewhat  similar  problem  of  seismic  wave  propagation  in  an 
elastic  medium. 

Since  S(z,ii)  is  strictly  proper,  we  have  (compare  to  (3-42)) 


0 

t  ^ _ 

+ 

'i/y 

0 

L 0  I/s' 

0 

l/s'_ 

(6-61) 


and  the  dynamic  deconvolution  algorithm  consists  of  (6-59),  (6-61), 
the  initial  condition 


S(0,w) 


(cO 


(u) 

sp' 


(0.) 

(u.) 


(6-62) 


and  (6-22d)  for  computing  t^  from  R.  The  Riccati  equation  (6-59)  is 
propagated  in  z,  recovering  R  at  each  depth  from  (6-61).  The  medium 
parameter  updates  (6-34)  -  (6-36)  are  used  to  obtain  a(z),  3(z)  and  p(z). 

6.3.2  Elastic  Medium  with  an  Overlying  Liquid  Half-Space 

In  this  problem  an  elastic  medium  is  probed  from  an  overlying  liquid 


half-space.  This  is  clearly  applicable  to  the  problem  of  probing  the  ocean 
floor  from  the  ocean  above  it.  The  difficulty,  of  course,  is  that  since 
the  liquid  does  not  support  shear  stresses  and  shear  waves,  it  is 


impossible  to  measure  R  and  R  .  Nevertheless,  it  is  still  possible 

pS  ss 

to  reconstruct  the  profiles  A(z),  uCz),  and  p(2)  from  R  alone,  if 

R„  is  obtained  for  three  different  values  of  slowness  p, 

PP  - 

We  assume  first  that  the  transition  from  liquid  to  solid  medium  is  a 
gradual,  continuous  transition.  This  is  in  fact  the  situation  at  the 
bottom  of  the  ocean — the  interface  between  the  water  and  ooze  is 
gradual.  If  this  is  the  case,  then  the  continuous  medium  parameter 
updates  may  still  be  used.  Writing  (6-22a)  for  p  =  Pj,  P2>  P3  and 
arranging  the  results  into  a  matrix,  we  have 


-(l/2-2rPj")  -4S^P^  l/(2-2aPj)- 

■(d/dz)log  p(2)* 

= 

(1/2-26^P2^)  -48^2^  l/(2-2:.^P2^) 

(d/dz)log  3(z) 

Up3<^)J 

.(1/2-23^P3^)  -462p32 

_(d/dz)log  a(z)_ 

"’ll  "’12  "’is' 

-(d/dz)log  p(z)- 

= 

'"21  "’22  ^22 

(d/dz)log  S(z) 

-"’31  "’ss  "’ss- 

_(d/dz)log  a(z) 

(6-63) 


Inverting  (6-63)  yields  the  update  equations 


p(2+i)  =  p(z)  +  [(m22n’33-n’23"’32^^p/*^-<"’l2'^33''”l3'”32>^P2^^^ 


+(mi2m23-m22mi3)rp  (z)].  A/d(z) 
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2(z+A)  = 

-  (mjjm23-mjgm2j)rp^(z)]  •  A/d(z)  (6-64b) 

a(z+A)  =  ^(z)+[(m2jm32-m3^m22)rp^(z)-  (mjjm32-m3^m^2>^P2^''^ 

+  (mj^^m22-nij^2'’"21^’'p  (6-64c) 

3 

d(z)  -  DET  M(z)  =  '”ii('’i22"’33~™23'^32^~‘"l2^"’2l'"33”"’23'”31^ 

+  m^3(m2im32-m22m3^).  (6-64d) 

The  layer  stripping  algorithm  works  as  follows.  The  upgoing  and 

downgoing  P  waves  are  initialized  using  the  P  -  to  -  P  reflection 

response  Rp^Cij.)  for  each  of  the  three  slowness  values  Pj,  P2  and  P3, 

The  upgoing  and  downgoing  SV  waves  are  initialized  to  zero.  Three 

copies  of  the  wave  update  equations  (6-49)  (one  for  each  of  p^^,  P2, 

and  P3) ,  the  parameter  update  equations  (6-64),  the  reflectivity  function 

equation  (6-39a),  and  the  equation  (6-22d)  for  t  constitute  the 

c 

algorithm.  At  each  depth  z,  the  reflection  data  for  p^,  P2,  and  P3 
yield  rp2(z),  and  rp^(z)  ,  which  are  used  to  update  P(z) ,  3(z), 

and  ;i(z)  to  z+A  by  (6-64).  After  t^  has  been  obtained  by  (6-22d), 
the  twelve  waves  (in  three  groups  of  four)  can  be  updated  to  z+A 
by  (6-49).  At  this  point  all  quantities  have  been  updated  to  z+A 
and  the  recursion  is  complete. 

Note  that  in  the  liquid  half-space  B  and  dS/dz  are  both  zero,  and 
the  updates  (6-64)  reduce  to  the  updates  (4-35)  for  the  acoustic  problem. 
Then,  at  the  interface,  dB/dz  becomes  non-zero  since  B(z+A)  is 
non-zero.  How  does  the  algorithm  "know"  when  B(z)  becomes  non-zero? 

If  z(z)  is  zero,  the  system  of  equations  (6-63)  is  an  overdetermined  but 


9i 
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consistent  version  of  the  system  (4-35),  since  there  are  now  three 
reflectivity  functions  instead  of  two.  When  the  values  of  the  reflectivity 
functions  take  on  values  such  that  the  system  (6-63)  is  no  longer 
consistent,  it  can  only  be  because  g(z)  is  now  non-zero.  Downgoing  and 
upgoing  SV  waves  are  introduced  by  the  coupling  terms  r^  and  t^. 

Of  course ,  this  algorithm  could  also  be  used  in  place  of  the 
algorithm  in  Section  6.2.  The  main  disadvantage  of  this  algorithm  is 
that  the  reflection  response  must  be  synthesized  for  three  different 
values  of  p  instead  of  only  one.  And  after  all,  the  SV  wave  responses 
can  be  measured  just  as  easily  as  the  P  wave  responses  (see  (6-10)). 
However,  this  algorithm  does  have  the  advantage  of  not  requiring  two 
separate  experiments  utilizing  P  and  SV  wave  sources.  If  this  is  a 
problem,  there  is  still  another  option:  measure  the  P  -  to  -  P  and 
P  -  to  -  SV  reflection  responses  for  t^  values  of  slowness  p.  Then  use 


rpi(z) 

(i-2e^Pi^) 

-43^p^^  lK2-2-}p\) 

(d/dz)log  M 

rp2(z) 

(i-232p22) 

-^^^2  l/(2-2u^p2) 

(d/dz)log  3 
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-i^(l-23^p^^+23^/(:^3'^)) 

i:,(43^pJ-4£^/{:.'3’))  0 

11  11 

(d/dz)log 

= 

■-2(4B^P2-4  32/(-^2'2))  0 

— 

(6-65) 


where  ?.(z)  is  defined  by  (6-33)  and  a|(z)  and  g'.(z)  clearly  depend  on 
p..  Omitting  any  row  of  (6-65)  and  inverting  the  resulting  3x3  matrix 
as  before  using  (6-64)  yields  a  recursive  algorithm.  This  algorithm 
consists  of  (6-64)  ,  in  which  the  m..  are  now  defined  by  (6-65)  (with 
one  row  missing) ,  for  medium  parameter  updates ,  and  two  copies  of  the 
wave  update  equations  (6-49)  (one  for  each  of  p^  and  P2^'  missing 

row  from  (6-65)  is  also  available  as  a  consistency  check. 


However,  if  the  solid-liquid  interface  is  not  gradual  and  continuous, 

but  sudden  and  sharp  (like  the  bottom  of  a  swimming  pool)  ,  then  the 

discrete  expressions  for  the  reflection  coefficients  must  be  used.  These 

expressions,  given  in  Aki  and  Richards  (1980,  p.  150),  are  exact  in 

that  they  are  accurate  across  large  jumps  in  p(z),  B(z)  and  a(z) ,  but 

are  far  too  complex  to  be  practical  in  a  fast  algorithm.  So  let  us 

consider  the  case  where  the  discrete  expressions  are  only  used  once , 

at  the  solid-liquid  interface,  and  the  continuous  expressions  (6-22) 

are  used  thereafter.  If  P^,  ^  ,  and  6  =0  are  the  known  values  of 

o  o  o 

p(z),  3(z),  and  a(z)  just  above  the  interface,  and  ,  3^ ,  and  are 
the  unknown  values  just  below  the  interface,  then  we  have  the  following 
result.  Define  qp.  by 

^Pi  =  ^^^^0  ■  Pf  ""Pi^’  i  =  1-  2,  3  (6-66) 

and  note  that  qp.  is  known  from  the  data.  Then  solve  the  two  (highly) 
non-linear  simultaneous  equations 

[(l-2Sj^p.^/(l/.j^-PjS^  +  4Sj'‘p.^l/3j^-p.2)^]qp.  =  P^/Cj  =  constant , 

i  =  1,  2,  3  (6-67) 

in  Oj  and  3j  for  and  £j.  Then  Pj  follows  immediately.  Once  Uj,  3j,  and 
Dj  have  been  obtained ,  use  the  previous  continuous  algorithm  to  reconstruct 
the  rest  of  the  medium. 

Since  the  equations  (6-67)  need  only  be  solved  once ,  this  algorithm 
could  prove  workable  in  a  situation  with  a  known  sharp  solid-liquid 
interface.  However,  the  required  solution  of  (6-67)  is  not  an  appealing 
prospect,  numerically. 


Some  Comments  on  Discrete  Elastic  Media 


It  has  already  been  remarked  that  the  layer  stripping  algorithms 
specified  by  Clarke  (1984)  and  Shiva  and  Mendel  (1983)  are  far  more 
complex  than  the  comparatively  simple  algorithm  of  Section  6.2,  since 
these  algorithms  assume  a  discrete  medium  for  which  A(z)  ,  ^(z) ,  and 
p(z)  are  piecewise  constant.  Further,  the  different  wave  speeds  of  P 
and  SV  waves  seems  to  rule  out  a  matrix  Schordinger  equation  - 
Gel'fand-Levitan-integral  equation  solution  procedure.  On  this  basis, 
it  might  seem  that  there  are  relatively  few  connections  between  discrete 
elastic  media  and  the  discrete  acoustic  media  considered  in  Chapter  III. 

However,  this  is  not  the  case.  Indeed,  a  surprising  number  of 
basic  results  of  Chapter  III  generalize  to  the  case  of  a  discrete  elastic 
medium ,  and  some  of  these  results  have  implications  for  the  continuous 
elastic  medium  algorithm.  To  aid  in  understanding  how  the  elastic  medium 
is  a  generalization  of  the  acoustic  medium ,  we  now  quickly  sketch  over 
some  results  of  Chapter  III  that  generalize  to  the  case  of  a  discrete 
elastic  medium.  Most  of  these  results  are  due  to  Frasier  (1969). 

Let  DP^,  DS^,  HP^,  and  US^  be  the  downgoing  and  upgoing 
energy-normalized  displacement  waves,  respectively,  at  the  top  of  layer 


n,  and  let  CP|^,  and  be  corresponding  waves  at  the 

bottom  of  layer  n  (see  Figure  6.3).  Then  we  have  the  scattering  relation 


LAYER  N 


Wave  notations  for  downgoin^  and  upgoing  P 
and  SV  waves  in  a  discrete  elastic  medium. 
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where  and  t..  are  the  reflection  and  transmission  coefficients  for 
waves  incident  from  above,  and  r.l  and  t^  are  the  coefficients  for  waves 
incident  from  below.  Rearranging  (6- 68)  gives 


T  0 
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-R  I 
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(6-69) 
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and  the  primed  matrices  are  defined  similarly.  We  then  have 


(6-70) 
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(6-71) 


and  using  the  facts  that  R^  and  R^  are  symmetric  and  (Frasier,  1969) 


(6-72a) 


T  R  +  R'  T 
n  n  n  n 


(6- 72b) 


t'^  T  +  r"^  R 


n  n 


n  n 


we  get  the  surprisingly  simple  result 


(6- 72c) 


I  -R- 


■R  I 
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(6-73) 


Equation  (6-73)  looks  just  like  the  2x2  layer  matrix  equation 
(3-50).  However,  the  quantities  in  (6-73)  are  matrices.  Thus  if  the 
elastic  problem  layer  stripping  algorithm  is  to  be  used  on  a  discrete 
elastic  medium ,  with  the  medium  parameter  updates  given  in  Clarke 
(1984),  the  continuous  medium  wave  updates  (6-49)  should  be  replaced 
by  (6-73)  (with  appropriate  time  delays),  a  fact  missed  by  Clarke  (1984). 

It  should  also  be  noted  that  the  relations  (6-72) ,  which  Frasier 
(1969)  derived  from  the  continuity  of  unnormalized  normal  stress  and 
displacement  at  the  interface,  are  simply  a  statement  of  the  unitarity 
of  the  scattering  matrix  (6-68).  The  relations  (6-72)  should  be  compared 
to  the  corresponding  relations  in  Chapter  II.  The  unitary  scattering 
matrix  considered  by  Kennett  et  al.  (1978)  is  the  matrix  in  (6-68) 


jremultiplied  t)y  . 


To  show  that  (6-73)  reduces  to  (6-49)  for  a  continuous  medium  as 
the  layer  thickness  A  approaches  zero,  recall  that  the  reflectivity  and 
transmissivity  functions  are  defined  by 


,  ,  LIM 

rp(z)  =  ^pp/^ 


(6-74) 


and  similarly  for  the  other  functions.  From  (6- 72c)  it  is  clear  that  t 

irlr 

2 

and  t  are  both  1+  0(A  ).  The  layer  matrix  (6-73)  then  becomes,  for 
ss 

small  A, 
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where  R  =  r  1  '''®  have  used  (Aki  and  Richards,  1980,  p.  150) 
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(6- 76a) 
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(6-76c) 


The  matrix  (6-75)  matches  the  wave  updates  (6-49). 

Frasier  (1969)  then  proceeds  to  define  a  delay  matrix 
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(6-77) 


where  the  travel  time  through  the  layer  is  Jc^A  for  for  P  waves  and 
m^A  for  S  waves.  Of  course,  this  is  incorrect,  although  the  error 
goes  to  zero  along  with  A.  Using  (6-77)  and  (6-73)  gives 
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in  analogy  to  (3-51).  Frasier  (1969)  then  derives  many  other  results 
analogous  to  those  of  Chapter  III,  including  a  matrix  equation,  Levinson 
recursions,  and  a  generalization  of  the  Kunetz  result  (3-67).  However, 
all  of  these  results  rely  on  the  inaccurate  time  discretization  specified 
by  (6-77). 

6.  4  Computational  Results 

The  algorithm  was  tested  by  running  it  on  the  synthesized  impulse 


response  of  a  twenty-layer  medium.  The  variation  of  medium  parameters 
from  one  layer  to  another  was  made  small  (around  2%)  in  order  to 
simulate  a  continuous  layered  medium.  This  is  important,  since  the 
differential  updates  assume  a  continuously  varying  medium;  the  algorithm 
cannot  handle  sharp  changes  in  medium  properties  unless  the  step 
size  A  is  made  smaller  in  such  regions.  The  medium  velocities  and  step 
size  A  are  in  units  of  km /sec  and  km.,  respectively,  and  the  density  is 
relative  to  that  of  water. 

The  response  of  the  medium  to  impulsive  plane  P  and  SV  waves 
was  generated  in  the  frequency  domain  using  the  reflectivity  method 
(Aki  and  Richards,  1980,  p.  393).  A  FORTRAN  program  given  by 
Kind  (1976)  was  used  to  compute  the  plane  wave  transfer  functions 
Rpp,  and  Rg^  at  512  frequency  points  (integer  multiples  of  0,78 

Hz).  Each  of  these  was  divided  by  j2'?Tf,  and  a  discrete  inverse 
Fourier  transform  was  taken.  This  synthesized  sample  step  responses; 
taking  differences  and  dividing  by  the  discretization  time  At  = 

0.005s  yielded  the  discretized  impulse  responses.  Careful  attention 
must  be  paid  to  signs  in  going  from  potential  reflection  responses  to 
velocity  reflection  responses  (see  Aki  and  Richards,  1980,  p.  191). 

The  impulse  responses,  scaled  by  1/At  for  convenience,  are  plotted 
in  Figures  6.4.  Although  the  responses  were  computed  for  t  =  0  up 
to  t  =  2.565  seconds  to  avoid  aliasing  problems,  the  responses  beyond 
t  =  1.3  seconds  were  essentially  zero  and  are  not  shown.  Note  that 
the  peaks  corresponding  to  strong  primary  reflections  are  smeared  out. 
This  is  due  in  part  to  the  use  of  a  DFT ,  which  is  this  case  is  tantamount 
to  bandpass  filtering  the  data  with  a  filter  with  pass  band  0.78  Hz  - 
400  Hz.  Since  the  strengths  of  the  primary  reflections  are  especially 


important  to  the  algorithm ,  this  smearing  might  be  expected  to  hamper 
its  performance.  However,  this  evidently  did  not  happen. 

The  impulsive  plane  wave  responses  were  then  used  to  initialize 
the  upgoing  P  and  SV  waves,  and  the  algorithm  was  run  on  a  VAX- 
11/782  computer.  Results  are  plotted  in  Figure  6.5,  and  the  computer 
output  is  given  in  Figure  6.6.  It  can  be  seen  that  the  agreement  between 
the  actual  and  algorithm- generated  medium  parameter  profiles  is  quite 
good,  with  less  than  5%  error  everywhere. 

It  should  be  noted  that  the  algorithm  was  not  tested  under  perfect 
conditions.  BandUmiting  of  the  frequency  response  resulted  in  the 
time  response  being  smeared  over  two  or  three  samples ,  and  the  medium 
itself  was  discrete,  so  that  some  error  may  be  expected  in  the  update 
equations.  Nevertheless,  the  algorithm  performed  quite  well. 

The  algorithm  was  also  tested  on  the  six-layer  medium  on  which 
Clarke  (1984)  demonstrated  his  algorithm.  The  computer  output  is 
given  in  Figure  6.7.  It  should  be  emphasized  that  this  medium  varies 
sharply  at  each  interface ,  which  would  be  expected  to  cause  difficulties 
for  the  algorithm,  since  it  was  designed  for  a  smoothy  varying  medium. 
However,  the  algorithm  does  not  perform  too  badly,  and  certainly  the 
computation  required  is  much  less  than  that  required  by  Clarke's  (1984) 
algorithm . 

In  this  chapter  the  simple  layer  stripping  concept  presented  in 
Chapters  II  and  III  has  been  generalized  to  a  4  x  4  system ,  with  many 
more  couplings  between  waves  and  three  parameters  to  reconstruct  instead 
of  one.  In  the  next  chapter  the  concept  of  layer  stripping  is  generalized 
still  further,  with  a  completely  different  physical  interpretation. 
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CHAPTER  VII 


7.1  Introduction 

In  this  chapter  we  consider  the  same  layered  acoustic  medium  dealt 
with  in  Chapter  IV,  but  we  make  a  change  in  the  excitation  with  which 
the  medium  is  probed.  Instead  of  using  an  obliquely-incident  impulsive 
plane  wave,  or  impulsive  cylindrical  waves  from  a  point  source  to  probe 
the  medium,  we  use  harmonic,  single- frequency  waves  from  a  point 
source.  By  performing  this  experiment  twice,  at  two  different  source 
frequencies,  it  is  possible  to  recover  the  profiles  of  density  p(z)  and  wave 
speed  c(z)  as  functions  of  depth. 

The  basic  results  of  this  chapter  are  taken  from  Yagle  and  Levy 
(1984).  However,  dynamic  deconvolution  versions  of  the  two  layer 
stripping  algorithms  presented  in  that  paper  are  also  gpven  here.  In 
addition ,  the  inverse  resistivity  problem ,  in  which  the  resistivity  profile 
of  the  earth  as  a  function  of  depth  is  recovered  from  current  and 
potential  measurements  made  at  the  earth's  surface,  is  solved  using  a 
layer  stripping  algorithm.  This  problem  turns  out  to  be  mathematically 
analogous  to  the  acoustic  problem  with  a  rigid  surface  and  constant  wave 
speed;  hence  its  inclusion  in  this  chapter.  The  layer  stripping  algorithm 
for  the  inverse  resistivity  problem  is  taken  from  Levy  (1984). 

In  Chapter  IV  the  profiles  d(z)  and  c(z)  were  recovered  by 
measuring  the  reflection  response  R(w,9)  for  all  frequencies  t  (this  is 


tantamount  to  obtaining  the  impulse  response  of  the  medium)  and  two 
different  angles  of  incidence  0.  In  this  chapter  we  consider  the  dual 
problem  of  recovering  p(z)  and  c(z)  from  measurement  of  R(^,k^)  for 
two  frequencies  u  and  all  lateral  wave  numbers  k^,  =  w  sin  6/c(o). 

Note  that  it  is  necessary  to  obtain  R(u),0)  for  complex  angles  of 
incidence  6.  These  angles,  corresponding  to  values  of  k^  greater  than 
(jo/c(o)  ,  are  associated  with  probing  the  medium  with  evanescent , 
exponentially-decaying  waves.  In  theory,  knowledge  of  this  post- 
critical  response  is  necessary  in  order  to  solve  the  inverse  problem 
exactly.  In  practice,  there  are  some  situations  in  which  this  response 
has  tittle  influence  on  the  reconstructed  profiles.  This  point  will  be 
discussed  further  as  we  proceed. 

iasic  Problem 

The  basic  problem  considered  in  this  chapter  is  as  follows.  A 
continuous  layered,  laterally  homogeneous  medium  is  probed  by  a  point 
harmonic  source  emitting  sinusoidal  spherical  waves.  The  reflection 
response  of  the  medium  is  measured  as  a  function  of  radial  distance 
from  the  source.  By  performing  this  experiment  twice,  at  two  different 
source  frequencies,  it  is  possible  to  recover  the  separate  profiles  of  the 
density  p(2)  and  local  speed  of  sound  c(z)  as  functions  of  depth  z.  The 
inverse  problem  is  to  recover  these  profiles  from  measurement  of  the 
reflection  response  of  the  medium. 

Two  different  configurations  of  this  problem  are  considered.  For 
the  first  configuration,  the  inhomogeneous  medium  to  be  probed  is  bounded 
above  and  below  by  infinite,  homogeneous  half- spaces.  The  point 
pressure  harmonic  source  is  located  in  the  upper  half-space ,  whose  medium 
parameters  d„  and  c^  are  assumed  known,  and  the  pressure  reflection 


response  of  the  inhomogeneous  medium  is  measured  in  this  half-space. 

In  the  second  configuration,  the  inhomogeneous  medium  is  bounded  above 
by  a  free  surface.  The  point  pressure  harmonic  source  is  located  just 
below  the  surface,  and  the  medium  acceleration  at  the  free  surface 
is  measured.  Fast  algorithm  solutions  to  each  of  these  inverse  problems 
are  obtained.  One  algorithm  is  illustrated  by  means  of  a  simple 
analytical  example,  and  the  other  is  illustrated  by  a  computer  run  on 
synthetic  data. 

The  technique  of  using  a  harmonic  (CW)  source  to  probe  a  layered 
medium  has  been  used  in  ocean  acoustics  by  Frisk  et  al.  (1981).  Here 
the  medium  being  probed  is  the  sediment  at  the  ocean  bottom.  A 
typical  experimental  set-up  is  illustrated  in  Figure  7.1.  A  pulsed,  CW 
source  is  towed  behind  a  ship ,  and  hydrophones  are  used  to  measure 
the  reflection  response  of  the  sea  floor.  The  hydrophones  are 
connected  to  DIBOS  (digital  buoy  system)  receivers  consisting  of  a 
quadrature  demodulator,  digitizer,  and  cassette  recorder.  In  the 
experiment  performed  by  Frisk  et  al.  (1981)  over  the  Hatteras  abyssal 
plain,  the  battery-powered  source  emitted  a  four-second  burst  at  220  Hz. 
every  fourteen  seconds,  while  being  towed  at  0.5  knots.  The  four- 
second  burst  was  long  enough  to  achieve  a  sinusoidal  steady  state.  In 
general,  the  experiment  takes  place  over  a  range  of  up  to  10  km ,  and 
interest  in  the  inhomogeneous  sea  bottom  (well- mode  lied  by  a  layered 
medium  since  it  is  formed  by  sedimentary  processes)  centers  on  the 
first  400  m. 

Previous  work 

Coen  (1982)  solved  the  free  surface  configuration  of  this  inverse 
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7.1  Experimental  set-up  for  the  inverse  problem. 


problem  by  employing  the  Gel’fand-Levitan  method  of  Weidelt  (1972)  to 
solve  the  inverse  scattering  problem  for  the  resulting  Schrodinger-like 
equation  (equation  (7-5)  in  this  chapter).  His  procedure  requires  two 
inverse  Laplace  transforms  (part  of  the  Weidelt  (1972)  procedure),  and 
the  solution  of  two  Marchenko  integral  equations,  with  c(z)  and  a 
differential  equation  for  p(z)  being  obtained  from  the  resulting  potentials. 
The  assumption  of  post-critical  incidence  (c(z)  £  c(0)  for  all  z)  is 
also  required.  Stickler  (1983)  solved  the  half-space  configuration  by 
using  trace  methods  (Deift  and  Trubowitz,  1979)  to  solve  the  inverse 
scattering  problem  for  the  resulting  Schrodinger  equation  (equation 
(7-8)  in  this  chapter).  This  requires  the  solution  of  a  nonlinear 
differential  equation  and  also  requires  that  there  be  no  trapped  modes. 
Trapped  modes  are  square-integrable  solutions  corresponding  to  a 
wave- guide-like  effect,  which  can  arise  in  low- velocity  zones. 

In  both  of  these  approaches  methods  of  mathematical  physics  are 
used  to  solve  the  inverse  scattering  problem.  This  leads  to  additional 
assumptions  (post -critical  incidence,  no  trapped  modes)  being  required, 
and  prevents  insight  into  the  workings  of  the  inversion  procedure. 


Summary 

In  Section  7.2  the  half- space  configuration  of  the  two-frequencies 
inverse  seismic  problem  is  formulated  as  a  Schrodinger  equation  inverse 
scattering  problem,  as  in  Stickler  (1983),  and  solved  using  the  fast 
algorithm  developed  for  Schrodinger  equation  inverse  scattering  problems 
presented  in  Section  2.3.5.  This  algorithm  is  simpler  than  the  trace 
formula  method  used  by  Stickler  (1983),  since  there  is  no  need  to 
generate  Jost  solutions  of  the  Schrodinger  equation  numerically.  A 
dynamic  deconvolution  version  of  this  algorithm  is  also  presented. 
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In  Section  7.3  the  free  surface  configuration  of  this  problem  is 
formulated  as  a  Schrodinger-like  equation,  as  in  Coen  (1982),  and 
solved  using  a  variation  of  the  fast  algorithm  for  direct  recovery  of 
Schrodinger  equation  potentials  presented  in  Section  2.3.5,  This 
algorithm  replaces  the  Marchenko  integral  equation  whose  solution  is 
required  in  Coen  (1982).  However,  an  inverse  Laplace  transform  is  still 
necessary.  The  necessity  of  an  inverse  Laplace  transform  of  the 
reflection  data  for  the  free  surface  problem  is  tied  to  the  use  of  post- 
critical  data;  since  exponentially-decaying  evanescent  waves  are  being 
used  to  probe  the  medium ,  there  seems  to  be  no  way  to  avoid  the 
inherent  instability  of  the  inverse  Laplace  transformation.  The  dynamic 
deconvolution  version  of  this  algorithm  does  not  require  an  inverse 
Laplace  transform,  but  does  require  another  unstable  operation. 

In  Section  7.4  the  two  fast  algorithms  are  illustrated  in  action. 

The  half-space  algorithm  is  run  on  a  computer  to  solve  the  inverse 
problem  from  synthetically  generated  data.  The  free  surface  algorithm 
is  illustrated  by  a  simple  analytical  example  in  which  numbers  that  would 
be  generated  by  a  computer  are  replaced  by  actual  analytical  expressions 
for  the  waves,  reflection  response,  potential,  etc.  The  example  is  in 
fact  the  same  example  Coen  (1982)  used  to  illustrate  his  solution 
procedure  for  this  problem. 

Finally,  in  Section  7.5  the  inverse  resistivity  problem  is  briefly 
described  and  then  solved  using  a  layer  stripping  algorithm  due  to  Levy 
(1984).  The  relevance  of  this  problem  to  this  chapter  stems  from  the 
fact  that  the  inverse  resistivity  problem  is  mathematically  analogous  to 
the  two-frequencies  acoustic  medium  inverse  problem  with  a  rigid  surface 
and  constant  wave  speed  c(z).  This  rather  surprising  analogy  allowed 


the  method  of  images  interpretation  of  the  inverse  resistivity  problem 
inversion  procedure  to  be  applied  to  the  two- frequencies  acoustic  medium 
inverse  problem  as  well. 

This  last  point  is  particularly  important,  since  the  physical 
interpretation  of  the  algorithms  of  this  chapter  is  considerably  different 
from  that  of  previous  chapters.  In  this  chapter,  the  layer  stripping 
concept  is  used  in  a  novel  way.  Instead  of  generating  upgoing  and 
downgoing  waves  as  functions  of  time  at  each  depth ,  the  layer  stripping 
algorithm  generates  a  continuous  distribution  of  image  sources  as  functions 
of  a  fictitious  depth  coordinate,  at  each  depth.  These  image  sources 
synthesize  the  medium's  sinusoidal  steady-state  response  at  each  depth. 
The  strength  of  the  first  non-zero  image  source  (analogous  to  the  first 
reflection  discussed  in  earlier  chapters)  yields  information  about  the 
medium  at  the  current  depth  and  allows  the  algorithm  to  be  propagated 
to  the  next  depth.  Note  that  in  addition  to  its  computational  simplicity, 
all  quantities  in  the  algorithm  have  physical  interpretations,  which  allows 
considerable  insight  into  the  workings  of  the  inversion  process.  This 
could  be  useful  for  interpreting  the  causes  of  numerical  difficulties  caused 
by  the  physics  of  the  experiment.  Note  also  that  it  is  not  necessary  to 
assume  the  absence  of  trapped  modes,  or  that  the  experiment  be 
restricted  to  pre-  or  post-critical  incidence. 

7.2  The  Half-Space  Problem 
7.2.1  Formulation  of  the  Problem 

The  problem  considered  in  this  section  is  as  follows.  A  continuous 
layered  medium,  laterally  homogeneous,  is  bounded  above  and  below  by 
two  infinite  homogeneous  half-spaces.  A  point  pressure  harmonic  source 
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is  located  in  the  upper  half-space,  and  is  used  to  probe  the  layered 
medium  with  sinusoidal  spherical  pressure  waves.  The  pressure  reflection 
response  of  the  layered  medium  in  the  sinusoidal  steady  state  is  measured 
in  the  upper  half-space  as  a  function  of  radial  distance  r  from  the 
source.  The  situation  is  illustrated  in  Figure  7.2.  The  goal  is  to 
recover  the  profiles  p{z)  and  c(z)  of  the  layered  medium  by  performing 
this  experiment  twice,  at  two  different  source  frequencies. 

The  medium  behavior  is  assumed  to  be  described  by  the  basic 
linear  equations  for  fluids  (3-1)  ,  which  are 


,2 

1  u 


°  .2  =  - 
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(7-la) 


p  =  -  pc  V*u 


(7-lb) 


Here  u  is  medium  displacement  and  p  is  pressure  (negative  isotropic 
stress).  Noting  the  cylindrical  symmetry  of  the  problem  and  the 
assumption  that  the  medium  is  in  the  sinusoidal  steady  state,  a  Fourier 
transform  with  respect  to  time  t  is  followed  by  Hankel  transforms  of 
order  zero  of  (7-lb)  and  the  z-component  of  (7- la),  and  by  a  Hankel 
transform  of  order  one  of  the  r-component  of  (7-la).  This  combination 
Fourier- Hankel  transform  is  sometimes  called  the  Fourier-Bessel  transform. 
The  result  is 
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where 


P(?,Z,-^)  =  HQF[p(r,z,t)] 

(7-3a) 

=  WQF[u^(r,z,t)] 

(7-3b) 

Uj.(5,z,w)  =  H^F[u^(r,z,t)]. 

(7-3c) 

Since  the  sinusoidal  steady  state  is  assumed ,  the  time  dependence  for  the 

quantities  (7-3)  is  Since  cylindrical  symmetry  is  assumed,  r  is 

the  lateral  wavenumber  k  . 

r 

Eliminating  u  and  u  from  (7-3)  and  defining  the  normalized  pressure 
1*  z 

ttCC.ZiUj)  =  p/ 

yields  the  Schrodinger-like  equation 

(-^  -  ^2  _  V  ^  ^  0  (7.5^ 

dz2  ^ 


where  the  potential  is  given  by 


V^(z,o.)  =  Z"/Z  -  oj^/c(z)^ 


(7-6) 


Here  Z  =  1//  p  and  the  double  prime  denotes  the  second  derivative  with 
respect  to  z.  Note  that  (7-5)  is  not  a  true  Schrodinger  equation,  since 

o 

the  energy  term  -5  is  always  negative.  The  equation  (7-5)  was  derived 
by  Coen  (1982)  for  the  free  surface  inverse  problem. 

A  true  Schrodinger  equation  can  be  written  using  the  vertical 


wavenumber  k  ,  defined  by 
z 

\  =  (  J/Cq  -  5^)^  (7-7) 

where  Cq  is  the  (known)  speed  of  sound  in  the  upper  half  space.  From 
(7-5)  we  have 

‘fi  *  ■  ''k’”  '  ° 

dz 

where 

Vj^(z,o.)  =  Jicq  -  }/ciz)‘^  +  Z"/Z  .  (7-9) 


The  equation  (7-8)  was  derived  by  Stickler  (1983)  for  the  half-space 
problem . 

For  the  half-space  problem  the  Schrodinger  equation  (7-8)  is  used 
with  the  boundary  conditions. 

tt(C,z,u))=  Tf((^^/co  -  k^^)^,z,a;)  = 

(7-10) 

Here  the  sources  and  receivers  are  located  at  z  =  z^  <  0  ,  R(k^,u)  is 

the  (measured)  plane  wave  reflection  coefficient,  T(k^,  c)  is  the 

2  2 

(unknown)  plane  wave  transmission  coefficient,  and  k„  =  ( .  /c(z„)  -  1 

F  1  I 

2  1 

£  )Ms  the  vertical  wavenumber  in  the  lower  half  space.  These  boundary 
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z  <  z  <  0 
O 


(T(k  .a))e”^^F^^"^o^/ik  .  z  >  z, 
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conditions  amount  to  a  radiation  condition — it  is  assumed  that  there  are  no 

upward  travelling  pressure  waves  in  the  lower  half  space.  Note  that  the 

reflected  wave  seems  to  arise  from  an  image  source  located  at  z  =  -z  , 

o 

This  accounts  for  the  change  in  sign  of  z^. 

The  form  of  (7-10),  in  particular  the  factor  can  be  obtained  by 

considering  the  Sommerfeld  integral 


(7-lla) 

^2  2  4 

R  =  (r'^  +  .  (7-llb) 

This  integral  decomposes  a  monochromatic  spherical  wave  into  a  superposition 
of  cylindrical  waves  of  varying  wavenumbers.  The  advantage  of  this  is 
that  the  response  of  the  layered  medium  to  a  spherical  wave  can  now  be 
written  as  the  superposition  of  the  responses  to  cylindrical  waves  (Aki 
and  Richards  (1980),  p.  200).  Thus  we  may  write 


00 

p(r,z,y//'^  =  I  (l/jk^)e'^^z^^’^o^  J^(k^r)k^dk^ 

00 

+  /^(l/jk^)R(k^,a,)ej‘'z^^^^^  J^(k^r)k^dk^,  z^  <  z  <  0 


(7-12) 


where  the  pressure  field  has  been  written  as  the  sum  of  an  incident  field 
due  to  the  source  and  a  scattered  field  due  to  the  layered  medium.  Since 
cylindrical  waves  are  being  used,  the  plane  wave  reflection  coefficient 
R(k^,a))  expresses  the  response  of  the  layered  medium.  Recognizing  the 
two  integrals  in  (7-12)  as  inverse  Hankel  transforms,  it  is  seen  that  taking 
the  Hankel  transform  of  (7-12)  immediately  yields  (7-10). 

It  should  be  noted  that  Stickler  (1983)  uses  Jost  solutions  to  the 
Schrodinger  equation  (7-8)  and  obtains  the  factor  1/jk^  from  a  Wronskian. 
Here  the  origin  of  this  factor  is  explained  in  a  different ,  more  familiar 


e*  I 


setting.  It  should  also  be  noted  that  the  inverse  problem  represented 
by  equations  (7-8)  and  (7-10)  can  be  solved  given  knowledge  of 


R(k  ,^)  for  either  all  ^  and  two  k  /-  or  all  k  and  two  .  Mathematical 
z  z  z 

physics  solutions  to  these  dual  problems  may  be  found  in  Coen  (  1982) 
and  Stickler  (1983),  respectively,  while  layer  stripping  fast 
algorithm  solutions  may  be  found  in  Chapter  IV  and  the  following 
section  of  this  chapter. 

A  comment  on  the  measurement  of  R(k  ,l.)  is  also  in  order.  Note 

z 

that  R(k^,o.)  is  obtained  from  the  Hankel  transform  of  the  pressure 
reflection  response,  which  is  a  function  of  the  lateral  wavenumber  c'. 
This  means  that  R(k  , ^)  is  known  only  on  the  positive  imaginary  k 
axis  (corresponding  to  post-critical  incidence) ,  and  on  the  positive 
real  k^  axis  as  far  as  u/Cq  (see  Figure  7.3).  Stickler  (1983)  has 
pointed  out  that  R(k  .uj)  may  be  obtained  for  k  >  uj/Cf,  from  its  values 
on  the  imaginary  axis  by  using  a  complex  procedure  due  to  Van  Winter 
(1971).  He  also  remarks  that  his  numerical  results  indicate  that  the 
contribution  of  R(k^,a3)  for  k^  >  w/Cq  seems  to  be  negligible  for  real- 
world  problems.  Our  own  results  (Section  7.4)  seem  to  confirm  this. 

It  should  also  be  noted  that  the  physical  measurement  of  the  pressure 
reflection  response  is  a  far  from  trivial  problem.  Mook  (1983)  is  a 
good  source  on  the  subject;  see  also  Frisk  et  al.  (1980). 

7.2.2  Layer  Stripping  Solution  of  the  Half-Space  Problem 

In  this  section  a  procedure  taken  from  Section  2.3.5  is  used  to 


obtain  a  layer  stripping,  fast  algorithm  solution  to  the  inverse  problem 
represented  by  equations  (7-8)  and  (7-10).  An  interesting  physical 
interpretation  of  the  operation  of  the  algorithm  is  also  provided. 
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Define  the  reflectivity  function  r(z,ui)  as  the  solution  of  the 
following  differential  equation  (the  Miura  transform) 


2  dr  ^ 


(7-13) 


where  r(0,aj)  will  be  specified  later  and  uj  is  a  parameter.  Define  the 
potential  by 


and  let  !p(^,z,u})  solve  the  auxiliary  Schrodinger  equation 


d  2 

(5-  +  k,  -  V  )<|;  =  0 

dz2  2 


(7-14) 


(7-15) 


with  boundary  conditions 


(e-ikz(z-Zo)_R(k  ,  ^<0 


^(C.z.u))  = 'i.'((u3^/c^-k3^,z,aj)  = 
o  z 


(T(k^,a))e~^’^F^^"^o^)/jk^  z 


z  >  z-  . 
z  F 


Now  define 


D(k^,z,a:)  =  (7T  +  \i))/2 
U(k^,z,  J  i  (z  -  h/2 


(7-16) 


(7-17a) 


(7-17b) 


.V 


Then,  D  and  U  satisfy  the  coupled  system  of  differential  equations 


To  see  this,  note  that  taking  the  derivative  of  (7-18)  with  respect  to 

z  decouples  (7-18)  into  the  two  Schrodinger  equations  (7-8)  and  (7-15). 

Multiplying  (7-18)  by  jk  and  taking  the  inverse  Fourier  transform 

z 

with  respect  to  k  yields  the  coupled  wave  system 
z 


(^  +  ^)  D(z.c)  =  -r(z)U(z,0 
-  -^)  U(z,0  =  -r(z)D(z.O 

where 

■^[jk2D(kjj,z)] 

z 

U(z,c)  =  F^  ■^[jk^U(k^.z)] 
z 


(7-19a) 

(7-19b) 


(7-20a) 


(7- 20b) 


i.e.  ,  the  inverse  Fourier  transform  has  taken  k^  into  the  fictitious  depth 
coordinate  <;  ,  and  the  parametric  dependence  on  uj  has  been  dropped. 

V 

The  system  (7-19)  is  referred  to  as  a  coupled  wave  system  since  D  and 
V 

U  can  be  interpreted  as  waves  in  z  and  c  propagating  through  the 

inhomogeneous  layered  medium.  The  inhomogeneity  of  the  layered  medium 

is  expressed  by  the  reflectivity  function  r(z),  which  causes  portions  of 

each  wave  to  be  reflected  into  the  other  wave,  in  the  upper  half-space 

V 

equation  (7-13)  shows  that  r(z)  =  0,  which  makes  the  wave  nature  of  D 

V 

and  U  apparent.  Although  it  is  not  yet  clear  what  these  waves  are ,  i.e. 


how  they  could  be  interpreted  physically,  this  will  soon  be  made  clear. 


The  initial  conditions  for  the  system  (7-19)  are  obtained  from  the 
boundary  conditions  (7-10)  and  (7-16)  for  ti  and  -4.,  and  also  equations 


(7-17)  and  (7-20).  They  are: 


11(0.?)  =  6(c) 

V  „  V 

U(0  ,c)  =  R(c) 


(7-21a) 

(7-21b) 


where  6(-)  is  the  unit  impulse  function  and  R(c)  is  the  inverse  Fourier 

transform  of  R(k  ).  The  forms  of  the  system  (7-19)  and  initial  conditions 
z 

V  V 

(7-21)  make  it  clear  that  D(z,c)  and  U(z,c)  have  the  general  forms 


D(z,c)  =  5(c-z)  +  D^(z,c)l(c-z) 
U(z,c)  =  U^(z,c)l(?-z) 


(7-22a) 
(7- 22b) 


where  !(•)  is  the  unit  step  function.  This  expresses  a  causality 
principle — at  a  given  depth  z  both  waves  are  zero  until  C  -  z,  i.e.  ,  until 
the  "wavefront"  passes. 

The  Layer  Stripping  Algorithm 

Substituting  the  forms  (7-22)  into  the  system  (7-19)  yields 


r(z)  =  2U(z,z+). 


(7-23) 


V  V 

The  smooth  parts  D^(z,c)  and  U^(z,c)  of  the  waves  (7-22)  can  now  be 
propagated  using  (7-19),  yielding  r(z)  by  (7-23).  This  is  of  course  the 
fast  Cholesky  algorithm,  and  while  the  derivation  of  it  has  been  familiar, 
the  setting  is  not.  The  algorithm  is  initialized  using  the  initial  conditions 
(7-21),  which  requires  only  the  inverse  Fourier  transform  of  R(k^). 
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O 


V 

Note  that  r(0)  is  now  specified  by  equations  (7-21b)  and  (7-23)  as  2K(0). 

The  layer  stripping  algorithm  yields  r(z),  from  which  Vj^(z)  can 
immediately  be  obtained  by  using  (7-13).  By  running  the  experiment 
twice,  at  two  different  source  frequencies  and  the  two  potentials 
Vk(z,(jji)  and  Vk(z,(jj2)  are  obtained.  We  then  have,  using  (7-9), 


l/c(z)^  =  1/c^  -  (Vk(z,oj^)  -  Vk(z,a)2))/(Wj-(.32)  (7-24a) 

Z’VZ  =  (a)2Vk(z.u)^)  -  i^^Vk(z,a;2))/(a)2-(^l)  (7-24b) 


and  the  differential  equation  (7-24b)  can  then  be  solved  for  Z  =  1//^  . 
Note  in  particular  that  if  the  profile  p(2)  is  smooth,  the  initial  conditions 
for  (7-24b)  are  Z(0)  =  and  Z'(0)  =  0.  Otherwise,  knowledge  of 

p'(0)  is  required. 

If  z  and  ;  are  discretized  by  z  =  nA  and  i;  =  mA,  where  m  and  n 
and  positive  integers  and  A  is  the  discretization  length,  then  a  forward 
difference  approximation  to  the  partial  derivatives  in  the  coupled  system 
yields  the  following  explicit  form  of  the  layer  stripping  algorithm: 

D(z+A,  ^+A)  =  D(z,;)  -  r(z)AU(z,0  (7-25a) 

U(z+A,  ^-A)  =  U(z,i;)  -  r(z)AD(z,c)  (7-25b) 

r(z+A)  =  2^J(z+A,  z+A).  (7-25c) 

The  recursion  patterns  for  and  are  illustrated  in  Figures  7.4a  and 
7.4b.  We  start  off  knowing  the  waves  at  z  for  all  q,  and  wish  to  update 
them  to  z+A  for  all  Although  the  forms  of  the  recursions  may  make  it 
seem  as  though  some  information  is  being  lost ,  recall  that  by  causality 


7.4a  Recursion  pattern  for  updating  the  downgoing  waves 


7.4b  Recursion  pattern  for  updating  the  upgoing  waves 


V  V 

and  D(z,^)  and  U(z,0  are  causal ,  in  that  both  are  zero  if  c  <  z. 

In  equation  (7-26)  the  normalized  pressure  TT(r,z)  has  been  written 
as  a  superposition  of  contributions  due  to  a  continuous  distribution 
of  point  sources  along  the  (fictitious)  c  axis.  The  strength  of  the 

y 

point  source  at  i;  is  TT(z,^)d?;  .  Each  source  emits  a  spherical  wave 
which  travels  in  a  (fictitious)  medium  with  constant  sound  speed  Cq. 

This  is  illustrated  for  a  single  element  of  the  continuous  distribution 

V  y 

Tr(z,c)  of  sources  in  Figure  7.5.  Similar  interpretations  hold  for  D, 

V 

and  U.  Note  that  the  origin  of  the  ^  axis  corresponds  to  the  depth  z 
on  the  z  axis. 

Thus  the  layer  stripping  algorithm  is  decomposing  the  medium 

response  at  each  depth  into  a  superposition  of  responses  due  to  image 

sources ,  located  in  a  (fictitious)  medium  of  constant  speed  of  sound  Cq 

and  distributed  along  a  (fictitious)  depth  coordinate  The  causality 
V  V  V  V 

of  D ,  U ,  TT,  and  is  due  to  the  fact  that  an  image  source  is  never 
located  within  the  medium  wherein  it  is  to  simulate  a  response;  it  is 
always  "in  the  looking  glass,"  so  to  speak.  Thus  any  image  source 
that  is  supposed  to  simulate  a  medium  response  at  depth  z  must  be 

y 

located  deeper  than  z  in  the  fictitious  ^-axis  medium,  i.e.  ,  tt(z,^)  =  0 
unless  c,>z.  This  corresponds  to  a  depth  deeper  than  2z  on  the  z-axis 
which  is  as  expected  since  the  image  source  is  an  image  of  the  actual 
source,  which  is  located  at  the  surface.  This  image  source  causality 
replaces  the  time  causality  (i.e. ,  the  medium  response  at  a  given 
depth  is  zero  until  the  probing  impulsive  plane  wave  has  had  time  to 
reach  that  depth)  generally  used  in  layer  stripping  algorithms,  but 
unavailable  in  the  present  problem  since  the  sinusoidal  steady  state  is 


assumed . 


347 


it  is  known  that  both  waves  are  zero  for  x,<z.  It  should  also  be  noted 

that  equations  (7-13)  and  (7-24b)  can  be  approximated  by  differences, 

V 

so  that  if  the  two  layer  stripping  algorithms  initiated  by  R(c.Uj^)  and 
are  run  concurrently,  p(z)  and  c(z)  may  be  outputted 
immediately,  reducing  considerably  the  amount  of  storage  required. 

Physical  Interpretation  of  the  Layer  Stripping  Algorithm 

Although  the  layer  stripping  algorithm  consisting  of  equations  (7-19) 

and  (7-23)  could  certainly  be  run  without  any  physical  understanding  of 

the  quantities  involved ,  a  major  advantage  of  layer  stripping  algorithms 

is  that  the  inversion  procedure  can  generally  be  interpreted  in 

physical  terms.  This  is  helpful  in  interpreting  any  unusual  behavior 

or  results  of  the  algorithm.  Thus  we  now  give  a  physical  interpretation 

of  the  algorithm  and  its  operation.  To  make  things  clearer,  let  the 

source  and  measuring  devices  both  be  located  at  z  =  0. 

V  V 

Defining  Tr(z,c)  in  the  same  manner  as  D  and  U  (equation  (7-20)) 
and  using  the  Sommerfeld  integral  (7-11) ,  we  have  for  the  normalized 
pressure  frequency  response  'fT(z,r,w)  at  the  source  frequency  w: 

oo 

TT(z,r)  =  H'h^(z.^)l  =  H“h(l/ikJ  del 

(7-26) 

=  /^(z,QH"^l(l/ik  )e'^^z^]de  =  f  ^(z ,  Q  (l/R)e^‘^^^‘^o  de 

•'Z  Z 

where 

R  3  /r2  +  ^2  (7-27) 

and  the  lower  limit  of  the  integral  has  been  replaced  by  z  because 
w  V  V 

TT(z,e)  =  D(z,e)  +  u(z,e) 


(7-28) 


The  advantage  of  this  decomposition  into  image  sources  is  that  the 

V 

first  image  source  (i.e.  ,  the  first  non-zero  value  of  D(z,c),  which  is 
V 

U(z,z+))  clearly  has  the  responsibility  of  simulating  the  primary 
reflection  from  depth  z.  This  image  source  should  thus  have  strength 
r(z)/2,  since  the  actual  measured  response  must  travel  down  from  the 
source  to  depth  z  and  then  back  up ,  while  the  image  source  response 
need  only  travel  up  from  depth  2z  to  depth  z,  where  the  response  is  to 
be  simulated.  This  immediately  gives  equation  (7-23)  ,  which  is  comparable 
to  the  usual  layer  stripping  property  that  the  first  arrival  from  depth  z 
is  the  primary  reflection  from  that  depth,  and  its  strength  thus  gives 
the  value  of  the  reflectivity  function  r(z)  at  that  depth.  Since  multiple 
reflections  must  be  accounted  for,  the  image  source  distributions  are 
non- zero  in  general  for  all  ^  ^  z;  however,  they  quickly  decay  toward 
zero  since  the  higher  the  order  of  a  multiple  reflection,  the  weaker  the 
reflection. 

In  the  particular  case  of  a  constant  sound  speed  medium ,  i.e.  , 
c(z)  =  Cq,  equation  (7-13)  can  be  solved  to  give  an  explicit  formula  for 
r(z) 


r(z)  =  -  (l/Z)(dZ/dz) 

which  can  be  immediately  integrated  to  give 
p(z)  =  Pq  exp  (2  jT  r(u)du)  . 


(7-29) 


(7-30) 


This  avoids  the  necessity  of  computing  r'(z)  to  obtain  the  potential  Vj^(z) 
in  (7-13),  and  also  avoids  the  differential  equation  (7-24b)  for  Z.  It 
would  be  a  great  convenience  if  a  closed-form  expression  for  r(z) 
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could  be  obtained  for  the  general  case  of  varying  c(z),  but  there  seems 
to  be  no  closed-form  solution  to  the  Riccati  equation  (7-13). 

Dynamic  deconvolution  algorithm 


The  dynamic  deconvolution  algorithm  associated  with  this  fast 
Cholesky  algorithm  may  be  derived  quickly.  Defining  the  reflection 
coefficient  portion  of  the  medium  beneath  depth  z  as 


Rj^(k^,z,(.)  =  U(k^,z,w)/D(k^.z,i-) 


we  have  from  (7-18)  the  Riccati  equation 


^R\(k^,z,.,)=2ik^R^-r(l-R2) 


and  from  (7-23)  and  the  final  value  theorem 


r(z)  =  k^“oo2jk^Rj^  . 

z 


The  algorithm  is  initialized  using 


=  RCk^.oj)  . 


(7-31) 


(7-32) 


(7-33) 


(7-34) 


This  algorithm  has  the  usual  interpretation  of  defining  a  new, 

smaller,  inverse  scattering  problem  at  each  depth  z.  The  reflection  data 

at  each  depth  are  contained  in  Rj^(k^,z,(.j) ,  and  the  problem  support  is 

reduced  at  each  step  from  [z,«>)  to  (z+A,  »). 

The  equation  (7-33)  for  obtaining  r(z)  from  Rj^(k^,z,uj)  for  large 

k  can  be  interpreted  physically  as  follows.  A  large  value  of  k 
z  2 

corresponds  to  probing  the  medium  at  normal  incidence  with  a  very 


short  wavelength.  For  such  a  short  wavelength,  only  the  very  top  of 
the  medium,  whose  inhomogeneity  is  contained  in  r(z)  (recall  the  problem 
support  is  [z,oo)),  will  affect  the  reflection  response — the  rest  of  the 
medium  is  effectively  too  far  away.  Hence  the  high- wavenumber  behavior 
of  Rj^(k^,z,o^)  should  contain  information  about  the  reflectivity  function 
for  waves  in  z  and  viz,  r(z),  as  (7-33)  shows, 

A  similar  interpretation  can  be  applied  to  (3-42)  of  the  normal- 
incidence  inverse  problem  dynamic  deconvolution  algorithm.  Here  the 
short  wavelength  corresponds  to  a  high  value  of  lu,  since  the  waves  are 
in  z  and  t  rather  than  in  z  and 

7.3  The  Free  Surface  Problem 

In  this  section  the  second  configuration  of  the  inverse  problem  is 
formulated,  and  a  fast  algorithm  solution  derived.  Instead  of  being 
bounded  by  two  infinite  half-spaces,  the  inhomogeneous  layered  medium 
is  bounded  above  by  a  free  surface  (pressure  release  surface)  at  z  =  0, 
ana  is  assumed  to  extend  to  infinite  depth.  The  point  pressure 
harmonic  source  is  located  at  the  origin,  just  below  the  free  surface, 
and  the  acceleration  of  the  medium  at  the  free  surface  is  measured.  The 
situation  is  illustrated  in  Figure  7.6.  The  goal  is  once  again  to 
reconstruct  the  profiles  p(z)  and  c(z)  by  performing  the  experiment 
twice,  at  two  different  source  frequencies.  The  depth  to  which  the 
medium  profiles  are  reconstructed  is  limited  in  a  practical  sense  by  the 
strength  of  the  source  relative  to  the  ambient  noise  at  that  frequency. 

Coen  (1982)  solved  this  problem  by  using  a  Gel'fand-Levitan-type 
procedure  due  to  Weidelt  (1972)  to  solve  the  Schrodinger-hke  equation 
(7-5).  Coen's  method  requires  two  inverse  Laplace  transforms,  the 


Inhomoaeneous 

Medium 

p(z),c{z) 


The  free  surface  inverse  problem. 
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solution  of  two  Marchenko  integral  equations,  and  the  assumption  of 
post-critical  incidence  (i.e.  ,  c(z)  ^  c(0)) — a  most  restrictive  assumption. 
The  present  method  does  not  require  post-critical  incidence  and  uses 
a  fast  algorithm  directly  on  the  basic  equations  of  the  problem , 
bypassing  the  necessity  of  setting  up  and  solving  an  integral  equation. 
Unfortunately ,  an  inverse  Laplace  transform ,  or  solution  of  an 
equivalent  integral  equation ,  is  still  necessary  in  preprocessing  the 
data.  On  physical  grounds  this  seems  to  be  unavoidable,  since  Coen 
(1982)  has  pointed  out  that  the  use  of  any  post-critical  data  requires 
probing  the  medium  with  evanescent  waves,  which  will  lead  to  an 
unstable  inversion  for  large  depths  since  the  probing  wave  decays 
exponentially  with  depth. 

Since  is  imaginary  for  post-critical  incidence,  and  since  some 
post-critical  data  must  be  used,  we  now  work  with  the  lateral  wavenumber 
4.  Recall  the  Schrodinger-like  equation  (7-5),  which  is 


d  2 

(~ - -  V  )TT  =  0  . 

dz2 


Define  a  new  quantity  ^  (5  ,z  ,u)  by 


(7-35) 


=  u;2/p  (u^-u^)  -  (l/2p)  (dp/dz)Tr 
=  ~  (l/2p)(dp/dz)^ 


(7-36) 


where  the  a.  are  appropriate  Hankel  transforms  (see  equations  (7- 3b) 
and  (7- 3c))  of  the  medium  acceleration  components  and  equations  (7-2b) 
and  (7- 2c)  have  been  used  to  interpret  $.  Equation  (7-5)  can  then  be 
written  as  the  coupled  system 


I 


The  initial  conditions  at  the  free  surface  z  =  0  are 


^(C.O.oj)  =  W[b6(r)/r]  ^  b  (7-38a) 

(i(C.O.u))  =  -/pM  a^(S.O.u))  (7-38b) 

where  the  source  term  [b6(r)/r]  has  been  included  in  the  initial 
condition  and  b  v''d(0)  is  the  strength  of  the  harmonic  source  in  units  of 
pressure.  Note  that  the  radial  acceleration  a^  vanishes  on  the  free 
surface . 

Since  the  measured  quantities  (accelerations)  now  have  dimensions, 
the  strength  of  the  source  must  now  be  specified,  unlike  the  previous 
problem  in  which  the  dimensionless  reflection  response  was  measured. 

Comparing  the  coupled  system  (7-37)  with  the  coupled  system  (7-18) 
of  the  previous  problem,  it  seems  we  are  stymied.  Since  the  diagonal 
elements  are  real  instead  of  imaginary,  an  inverse  Fourier  transform  with 
respect  to  C  is  not  appropriate.  However,  a  similar  system  has  been 
encountered  in  considering  the  inverse  resistivity  problem  (see  Section 
7.5)  and  following  an  approach  similar  to  that  treatment  we  define 


^(z,C) 

^  L'J[^^(C  ,z)1 

(7-39a) 

V 

0  (z,c) 

(7-39b) 

i.e.,  the  inverse  Laplace  transform  has  taken  f  into  and  the  parametric 
deoendence  on  has  been  dropped. 


Takinpf  the  inverse  Laplace  transform  of  equation  (7-37)  yields 


. 


=  ^(z,;)  (7-40a) 

(^-  =  vJ(z,0  (7-40b) 

with  the  initial  conditions  (from  equations  (7-38)) 

TT(0,;)  =  b5(;;)  (7-41a) 

^(0,0  =  -  v^^)L'^[a^(C,0)]  (7-41b) 


As  before,  the  forms  of  the  system  (7-40)  and  initial  conditions  (7-41)  make 
V  ^ 

it  clear  that  Tr(z,?)  and  ^(z.C)  have  the  forms 

V(z,2;)  =  b6(;-2)  +  ^q(z,C)1(C~z)  (7-42a) 

^(z,0  =  ig(z.C)l(C-z)  (7-42b) 


(note  that  equation  (7-40a)  shows  that  4>  will  not  contain  an  impulse)  so 
V  V 

that  tt  and  (j  both  obey  a  causality  principle,  as  before. 

The  Layer  Stripping  Algorithm 

Substitutinst  the  forms  (7-42)  into  the  system  (7-40)  yields 

V^(z)  =  -  2$(z,z+)/b  (7-43) 

and  the  system  (7-40)  and  condition  (7-43)  together  form  a  layer  stripping 

algorithm  that  recursively  generates  the  potential  Vj.(z).  The  update 
V  V 

patterns  for  tt  and  (j  are  again  given  by  Figures  7,4a  and  7.4b,  respectively 


( 


By  runninef  the  experiment  twice,  at  two  different  source  frequencies 
and  0^2,  the  two  potentials  and  V^(z,:-2)  obtained.  We 

then  have,  from  equation  (7-6), 


c(z)  =  [((^2  ■  t^i)/(V^(z,aJ^)  -  V^(z,a)2))]^  (7-44a) 

Z'VZ  =  (a)2V^(z,a3j^)  -  -  u)j)  (7-44b) 


and  the  differential  equation  (7- 44b)  can  then  be  solved  for  Z  =  1//  P  . 

Two  comments  are  in  order  here.  First,  the  initial  conditions  (7-41) 
for  the  layer  stripping  algorithm  require  that  the  medium  acceleration  data 
be  Hankel  transformed  and  then  inverse  Laplace  transformed.  These  two 
operations  may  be  replaced  by  the  solution  of  an  integral  equation  derived 
below.  Second,  the  coupled  system  (7-40)  describes  anisotropic  scattering, 
since  the  "reflectivity  functions”  1  and  are  different  for  waves 
travelling  in  different  directions.  However,  by  utilizing  the  layer 
stripping  algorithm  in  this  form,  the  necessity  of  differentiating  r(z)  in 
equation  (7-13)  is  avoided. 


Physical  Interpretation  of  the  Layer  Stripping  Algorithm 


The  layer  stripping  algorithm  for  the  solution  of  the  free  surface 
inverse  problem  also  has  the  physical  interpretation  of  constructing 
distributions  of  image  sources  that  simulate  the  response  of  the  medium  at 
each  depth.  There  are,  however,  some  differences  from  the  previous 
interpretation.  In  addition,  an  integral  equation  is  derived  that  offers  an 
alternative  to  the  necessity  of  Hankel  and  inverse  Laplace  transformation 
of  the  data  prior  to  use  of  the  layer  stripping  algorithm. 

Since  i,  determined  from  the  data,  is  used  to  initialize  the  algorithm 
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we  write  (dropping  the  parametric  dependence  on  u  ) 

00 

d(r,z)  =H"^ri(?.z)]  =  )e'^^da 

00  00 

/v  -1  -f'r  Tv  2  2 

^(z,aH  ^[e-’]dC=  j5(z,C)(?/(C  +r^)')d^ 

o  o 

00 

=  J  Mz,?)  cos  9(c,r)/(i;^ +  r^)dc  . 


(7-45) 


where  6  is  shown  in  Figure  7.5. 

Thus  ii)(r,2)  can  be  written  as  a  superposition  of  fields  due  to  a 
continuous  distribution  ^(z,;)  of  image  sources  distributed  along  the 
fictitious  depth  coordinate  c.  Note  that  the  image  sources  no  longer 
generate  spherical  waves;  each  source  generates  a  field  that  drops  off 
inversely  with  the  square  of  the  distance  from  the  source.  The  vertical 
components  of  the  fields  at  radius  r  are  then  integrated  to  get  i>.  This 
is  consistent  with  the  interpretation  of  4  as  a  measurement  of  vertical 
acceleration.  The  comments  made  in  Section  7.2  on  causality  and 
interpretation  of  the  first  non-zero  source  as  yielding  information  about 
the  medium  still  hold,  with  two  changes.  First,  the  information  about  the 
medium  is  now  the  downgoing  reflectivity  function,  which  happens  to  be 
the  potential  Vj.(z)  (see  equation  (7-43)).  Second,  the  necessity  of 
maintaining  zero  pressure  on  the  free  surface  away  from  the  source  implies 
that  a  mirror  image  of  the  distribution  of  pressure  image  sources  must 

V 

exist  above  the  free  surface,  i.e.,  is  an  odd  function  of  C 


(since  the  image  sources  above  the  surface  must  have  opposite  sign  to 
maintain  zero  pressure  at  z  =  0) ,  Since  the  free  surface  acts  as  a  mirror 
itself,  these  additional  sources  do  not  affect  the  interpretation  in  any  way. 


The  interpretation  fpven  by  equation  (7-45)  allows  an  alternate  means 
of  initializiner  the  layer  stripping  aleorithm  from  the  data.  Setting  z  =  0 
in  equation  (7-45)  and  taking  the  inverse  Hankel  transform  of  equation 
(7- 3 8b)  yields 


t)(r,0,cjj)  =  - 


^00 

,(r,0,a))  =  J  ^(O.C)(C/(C 


2  2  - 
+  r'^)')dC 


(7-46) 


This  integral  equation  may  be  solved  for  $(0,0,  which  is  then  used  to 
initialize  the  algorithm.  Solving  this  integral  equation  may  be  preferable 
to  Hankel  transforming  and  then  inverse  Laplace  transforming  the  data, 
depending  on  how  the  data  were  obtained. 

Dynamic  deconvolution  algorithm 


A  dynamic  deconvolution  algorithm  may  be  associated  with  the  free 
surface  layer  stripping  algorithm  as  follows.  Defining  the  reflection 
coefficient 


^ » z ,  uj) 


A  - 


(7-47) 


we  have  from  (7-37)  the  Riccati  equation 


A  E^a,z,x)  =  2CR^  +  -  r2  (7-48) 

and  from  (7-43)  and  the  final  value  theorem  for  Laplace  transforms, 

V,(z,.)  =  -2rR  (A.z,  .)  .  (7- 

»  ►  00  t 

^  -3  'T) 


The  algorithm  is  initiated  using 


(7-50) 


R,(C,0,x')  =  -  a  (C,0,-.)/(bo(0)^) 
z 

The  equation  (7-49)  for  obtaining  V^(z,u:)  from  R^(C,z,-)  for  large  ^ 
can  be  interpreted  physically  as  follows.  Probing  the  medium  for  large 
values  of  the  lateral  wavenumber  C  amounts  to  probing  the  medium  with 
evanescent  waves,  since  5  is  greater  than  any  possible  value  of  aj/c(z) 
and  thus  the  local  vertical  wavenumber 

k^(2)  =  (Jlc(z)^  -  f^)^  (7-51) 

is  imaginary.  Since  C  is  large,  large  and  negative,  and  the 

evanescent  waves  decay  very  quickly  with  z.  In  the  limit  as  5  -*-®, 
the  waves  sense  nothing  but  the  reflectivity  function  at  the  surface  z. 

/s 

Since  the  reflectivity  function  for  the  downgoing  tt  wave  is  V^,  the  high-C 
behavior  of  R^.  determines  V^.  This  argument  is  taken  from  Frisk  (1979). 

7. 4  Simple  Illustrations  of  the  Algorithms 

We  give  two  quantitative  examples  of  the  algorithms  in  action.  The 

first  example  is  a  very  simple  analytical  example  due  to  Coen  (1982)  for 

the  free  surface  problem.  An  analytical  example  is  used  to  avoid  problems 

in  numerically  computing  the  inverse  Laplace  transform.  In  this  example, 

V  V 

actual  analytic  expressions  for  tt(z,c)  and  'p(z,0  are  obtained  and  shown 
to  satisfy  the  coupled  system  (7-40)  as  well  as  the  condition  (7-43). 

Hence  a  computer  run  of  the  algorithm  wouid  have  generated  the  same 
values.  In  the  second  example  an  actual  computer  run  of  the  algorithm 
for  the  half-space  problem  is  made  on  synthetic  data  generated  using 
the  reflectivity  method  by  a  program  due  to  Kind  (1976).  Results  are 


excellent ,  confirming  that  the  bandlimitation  of  the  vertical  wavenumber 
^'ICq  is  not  a  serious  problem  for  realistic  numbers. 

7.4.1  Free  Surface  Problem  —  Analytic  Example 

This  example  is  due  to  Coen  (1982).  Let  the  profiles  be  given  by 

c(z)  =  Cq-,  d(z)  =  Pq/(1  +  hz)^  .  (7- 

Since  Z  =  1/  /p~,  we  then  have 

V^Cz.uj)  =  -  w^/Cq^  (7- 

and  ttCC.z.w)  satisfies 


2  2  '' 
w  /CqItt 


0  . 


(7- 


The  solution  that  satisfies  the  boundary  condition  (7- 38a)  and  the 
radiation  condition  is 


TT(5,z,a))  =  b  exp  - 


2/  2,1 

/Cq) 


z] 


(7- 


Using 

L[lQ(a(t^-z^)^)l(t-z)]  =  (exp(-z(s^-a^)^))/(s^-a^)^ 

=  (-l/zs)(d/ds)  exp{-z(s^-a^)^)  (7- 


where  is  the  modified  Bessel  function  of  the  first  kind  of  order 


zero  we  have  that 


Tf(z,c)  =  l"^[^^(C,z)]  =  bz(l/^)(d/d^)lQ((u/cQ)(c^-z^)^)l(^-z) 

=  b6(^-z)  +  (bzu)/cQ)Ij((w/cQ)(C^-z^)^)/(i;^-z^)^l(C-z)  (7-5 

and 

^(2,0  =  +  g^)Tf(z,0  =  (bw/cQ)Ij((a)/cQ)(?^-z^^)/(i;^-z^)^l(C-z) 

+  bzLo/Cg(^-z)  l(lQ((w/CQ)(^^-z^)^)(c.>/cQ)/(i;^-z^)  -  2Ij((u)/Cq)(C^-z^)^) 

/(!;^-z2)'^]1(;-z).  (7- 

Now ,  the  surface  data  will  consist  of 

i(C,0,Lo)  =  (^^  +  C)^(C.2,o.)l  2^Q  =  b(C-  (C^-oj^/Cq)^)  (7- 

as  well  as 

c(0)  =  Cq:  p(0)  =  Pq;  dp(0)/dz  =  -  2oQh  .  (7- 

Thus  the  inversion  problem  is  to  reconstruct  the  profiles  p(z)  and 
c(z)  from  the  surface  data  (7-59)  and  (7-60).  Taking  the  inverse 
Laplace  transform  (analytically!)  of  (7-59)  yields 


and  of  course  it  is  known  that 


^f(0,C)  =  b6(0 


(7-62) 


The  initial  conditions  (7-61)  and  (7-62)  are  used  to  initiate  the  layer 

stripping  algorithm  consisting  of  equations  (7-40)  and  (7-43).  Propagation 

.  v  V 

of  the  algorithm  will  yield,  in  numerical  form,  tt(z,C)  and  ^Cz,0,  which 

are  specified  analytically  by  equations  (7-57)  and  (7-58). 

At  each  depth  the  potential  is  being  reconstructed  using 

W  =  -  2$(z,z+)/b  =  -  (2/b)  Urn  ?(z,0  =  -  J /cl  (7-63) 

^  z 


where  we  have  used 


I.(x)/x  =  1/2  . 

x-^  0  1 

Then,  using  equations  (7-44)  yields 


(7-64) 


(7- 65a) 
(7-65b) 

and  (7-65b)  is  integrated  to  get 


c(z)  =  Cq 
Z'WZ  =  0 


Z(z)  =  1/  +  ^2^  (7-66) 

which  implies 

p(z)  =  l/(Cj  +  C^z)"^  (7-67) 

where  the  constants  of  integration  and  C2  are  obtained  from  (7-60). 
Thus  the  profiles  (7-52)  have  been  recovered. 


The  dynamic  deconvolution  algorithm  applied  to  this  problem  works 


as  follows.  We  have  from  (7-55)  that 

$(C,z,cc)  =  +  =  (C-  (C^  -  (7-68) 

which  agrees  with  (7-59)  at  the  surface  z  =  0.  The  reflection  coefficient 
R^(C.z.uj)  is  then 

=  C-  (C^  -  (7-69) 

and  a  simple  substitution  shows  that  R^  as  defined  in  (7-69)  does  indeed 
satisfy  the  Riccati  equation  (7-48).  Hence  the  dynamic  deconvolution 
algorithm  recursively  generates  the  R.  in  (7-69),  with  obtained  from 
(7-49)  as 

LIIVl  Ll^I  n  224  22 

=  c-^oo  -2^R^  =  5^00  -2^(5-  (C  -  ^  ICQr)  =  -uTICq  (7-70: 

Then  d(z)  and  c(z)  are  recovered  as  was  done  using  (7-65)  -  (7-67). 

7.4.2  Half-Space  Problem  —  Computer  Run 

A  reflectivity  method  computer  program  due  to  Kind  (1976)  was 
employed  to  generate  reflection  coefficients  for  various  wavenumbers  for 
a  fifteen-layer  medium  at  two  different  source  frequencies  20  Hz  and  30 
Hz.  The  density  profile,  in  units  of  specific  gravity,  was  a  variation 
from  1.4  to  2.0  and  back  down  to  1.4  in  steps  of  0.1,  in  order  to 
simulate  a  continuous  medium.  The  sound  speed  was  held  constant  at 
2  km /sec.  ,  and  the  step  size  i  was  50  m.  The  thickness  of  the 
inhomogeneous  medium  was  1.3  km  (13  layers,  each  100  m  thick). 
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The  inverse  Fourier  transforms  required  by  equation  (7-21b)  were 
implemented  using  a  512-point  FFT ,  and  the  algorithm  was  run  on  a 
VAX-11 /782  computer.  The  differential  equation  (7-24b)  was  solved 
recursively  as  the  algorithm  proceeded,  using  a  simple  difference  scheme 
to  implement  the  second  derivative.  Despite  the  simplistic  numerical 
implementation,  the  resulting  reconstruction  was  extremely  accurate. 

Figure  7.7  shows  the  close  agreement  between  the  actual  and  reconstructed 
density  profiles;  the  largest  error  is  1.5%.  The  reconstructed  sound 
speed  profile  was  correct  to  five  decimal  places.  Apparently  band- 
limitation  of  RCk^)  by  cj/Cq  is  not  a  serious  problem  for  realistic  data. 

It  is  worth  noting  that  the  experiment  could  be  run  for  several 
source  frequencies  and  the  various  computed  p  and  c  updates  could  be 
averaged  and  then  reinserted  into  all  of  the  concurrently  running  algorithms 
at  each  depth.  This  averaging  could  reduce  the  effect  of  noise  in  the 
data. 

7.  5  The  Inverse  Resistivity  Problem 
7.5.1  Formulation  of  the  Problem 

In  this  section  we  formulate  the  inverse  resistivity  problem  for 
direct  current  measurements,  and  solve  it  using  a  layer  stripping  eilgorithm. 
The  relevance  of  this  problem  to  this  chapter  stems  from  the  fact  that 
this  problem  is  mathematically  analogous  to  the  inverse  problem  for  an 
acoustic  medium  probed  at  two  frequencies,  if  the  wave  speed  c(z)  is 
constant  and  a  rigid  surface  boundary  condition  is  assumed.  Since  c(z) 
is  constant,  probing  at  one  frequency  suffices,  and  this  frequency  is  in 
fact  o  =  0  (DC).  This  rather  surprising  fact  allowed  the  method  of  images 
interpretation  of  the  inverse  resistivity  problem  algorithm  to  be  appUed 
to  the  inverse  problem  for  an  acoustic  medium  as  well.  The  results  of 


this  section  are  taken  from  Levy  (1984). 


The  inverse  resistivity  problem  with  direct  current  measurements  is 

formulated  as  follows.  The  earth  is  assumed  to  be  a  layered  medium 

characterized  by  its  conductivity  a(z) ,  which  varies  only  with  depth 

(conductivity  is  the  reciprocal  of  resistivity).  Some  direct  current  I 

is  introduced  into  the  medium  at  the  origin,  and  the  electrical  potential 

v(z  =  0,  r)  is  measured  at  the  earth's  surface.  The  object  is  to 

reconstruct  a(z)  from  v(0,r),  A  somewhat  more  realistic  version  of  this 

problem ,  in  which  the  Schlumberger  electrode  configuration  is  used  to 
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measure  the  apparent  resistivity  -Ov/3r) /(l/2TTr  ),  is  also  considered  in 
Levy  (1984). 

Details  of  past  work  on  this  problem  are  given  in  Levy  (1984); 
however,  three  references  are  worth  noting.  Coen  and  Yu  (1981)  used 
the  transformation  procedure  of  Weidelt  (1972)  in  order  to  solve  this 
problem  by  the  GeTfand- Levitan  procedure;  this  method  requires  an 
inverse  Laplace  transform  and  solution  of  a  Marchenko  integral  equation , 
and  bears  a  marked  similarity  to  the  method  of  Coen  (1982)  for  solving 
the  inverse  problem  for  an  acoustic  medium  probed  at  two  frequencies. 
Kunetz  and  Rocroi  (1970)  derived  a  fast  algorithm  for  solution  of  the 
discrete  inverse  resistivity  problem;  although  they  did  not  recognize  it 
as  such ,  their  algorithm  was  in  fact  the  Levinson  algorithm  for  solving 
the  discretized  Marchenko  equation.  Pekeris  (1940)  derived  the  discrete 
version  of  the  dynamic  deconvolution  Riccati  equation  (7-97)  below;  the 
recursion  of  Pekeris  (1940)  is  in  fact  identical  to  the  recursion  (3-77) 
used  for  the  Schur-Cohn  stability  test.  It  should  be  evident  how  these 
methods  are  linked  together  by  the  results  of  Chapters  II  and  III  of 
this  thesis. 


Mathematical  formulation  of  the  problem 


From  Ohm's  law  and  the  law  of  conservation  of  charge ,  the  basic 
equations  of  the  inverse  resistivity  problem  are 


i(z ,r)  =  a(z) V  v(z ,r) 
Vi(z,r)  =  0 


(7-71a) 

(7-71b) 


where  v(z,r)  is  electrical  potential  and  i(z,r)  is  current  density.  Since 
current  I  is  being  introduced  at  the  origin,  the  vertical  component  of 
current  density  at  the  surface  is  given  by 


i^fO.r)  =  -  (l/27T)6(r)/r  .  (7-72) 

Equation  (7-72),  along  with  the  measured  potential  v(0,r)  at  the  surface, 

constitute  the  boundary  condtions  for  (7-71). 

Comparing  (7-71)  and  (3-1;,  it  is  seen  immediately  that  the  basic 

equations  of  the  inverse  resistivity  problem  are  mathematically  analogous 

to  those  for  the  inverse  problem  for  a  layered  acoustic  medium.  The 

analogous  quantities  are  pressure  and  potential,  medium  acceleration 

and  negative  current  density,  and  density  and  resistivity,  with  wave 

speed  fi'jed  at  unity.  (Note  that  since  direct  current  measurements  are 
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being  used,  the  probing  frequency  a)=  0  and  3  v/3t  =0.)  The  boundary 
condition  (7-72)  is  analogous  to  requiring  a  fixed  or  rigid  surface, 
except  at  the  impulsive  source,  and  measuring  the  pressure  response 
at  the  surface  of  the  medium. 

With  this  analogy  in  mind,  we  simply  repeat  the  transformations  used 
earlier  in  this  chapter.  We  define  (in  analogy  to  (7-3)) 


(7-73a) 


v(z,0  =  W^[v(z,r)] 


ij,(2,C)  =  H^[i2(z,r)] 


1j.(2,D  =  ^^[ip(z,r)] 


(7-73b) 

(7-73c) 


(Fourier  transforms  are  of  course  unnecessary,  since  there  is  no  time 
dependence).  The  normalized  potential  (compare  to  (7-4)) 


$(z,C)  =  a(z)^v(z.C) 


(7-74) 


satisfies  the  Schrodinger-like  equation  (compare  to  (7-5)) 


(^  -  _  V  )S(z,0  =  0 


(7-75) 


where  V.  is  defined  as  (compare  to  (7-6)  and  recall  w  =  0) 


VJz)  =  Y”/y,  Y  =  o(z) 


i 


(7-76) 


Now,  the  reflectivity  function  k(z)  can  be  defined  again  by  the 
Miura  transform  (7-13)  as 


,2  dk  ^  , 

^  ■  d^  =  ’ 


(7-77) 


but  from  (7-76)  we  can  now  immediately  write  k(z)  as  (compare  to  (7-29)) 


k(z)  =  -  i  ^  ^ 

^  ^  Y  dz  2a  dz 


(7-78) 


This  makes  things  much  easier,  since  we  now  know  that  the  auxiliary 
Schrodinger-like  equation  analogous  to  (7-15) 
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-  V  )x(z,0  =  0 


where  Vx  is  defined  as  in  (7-14)  by 


(7-79) 


,  2  ^  dk  A 
"  "-di 


is  in  fact  satisfied  by 


X(z,0  =  -  i2(z.O  /(Ca(z)’) 


Thus  the  downgoing^  and  upgoing  waves  defined  in  analogy  to  (7-17) 

D(z,?)  =  ($  +  x)/2  =  (o(z)4(z,f)  -  i^(z,C)/(Ca(z)^))/2 
U(z,C)  =  d  -  y)/2  =  (a(2)Kiz,0+i(z,0/ao(z)^))/2 

I* 


satisfy  the  coupled  system  of  differential  equations 


(7-80) 


(7-81) 


(7- 82a) 


(7- 82b) 


-  C  -k(z)  D 
-k(z)  C  .  Lu 


(7-83) 


In  comparing  (7-82)  with  the  waves  (3-33),  it  should  be  recalled  that 
medium  acceleration  is  analogous  to  negative  vertical  current  density . 

This  accounts  for  the  change  of  sign. 

Levy  (1984)  shows  how  a  scattering  matrix  can  be  defined  for  the 
system  (7-83)  by  taking  the  analytic  continuation  of  the  scattering  matrix 
defined  for  C=  jk.  This  requires  that  k(z)  have  compact  support,  i.e.  , 
the  medium  is  bounded  below  by  a  homogeneous  half-space. 

However,  this  assumption  is  not  required  by  the  algorithms  to  follow. 


7.5.2  Solution  by  Fast  Algorithms 


HI 


m 


Fast  Cholesky  algorithms 


The  cxjupled  system  (7-83)  has  real  elements  alonf?  the  diagonal, 


so  an  inverse  Fourier  transform  is  not  appropriate.  However,  this 
situation  was  encountered  in  the  system  (7-37)  for  the  free  surface 
problem,  so  we  know  what  to  do.  Defining  (in  analogy  to  (7-39)) 


D(z,0  =  L^liDiz.O] 
U(z,0  =  L"^[cG(z,C)] 


(7-84a) 


(7-84b) 


V  V 

we  see  that  D  and  U  satisfy  the  two-component  wave  system 


(9/3z  +  3/3c^D(z,^)  =  -k(z)U(z,^) 
(3/3z  -  3/3?)U(z,0  =  -k(z)D(z,^)  . 


(7- 85a) 


(7- 85b) 


However,  in  order  to  define  the  fast  Cholesky  algorithm  for  (7-85),  it 

V 

is  still  necessary  to  show  that  D(z,^)  contains  a  leading  impulse,  as  in 
(7-22).  This  can  be  done  as  follows.  The  potential  v(z,r)  can  be 
expressed  as 


=  24(1!)  {^2 


(7-86) 


where  the  first  term  of  (7-86)  is  the  potential  of  a  homogeneous  medium 

with  conductivity  a(0)  (to  see  this,  note  that  the  radial  component  of 

2  2 

current  density  is  I/(27T(r  +  z  ))  and  use  (7-71a)),  and  the  second  term 

of  (7-86)  is  the  perturbation  due  to  the  inhomogeneity  of  the  actual 
medium.  Taking  the  Hankel  transform  of  order  zero  of  (7-86)  gives 

=  HOT  ^ 

and  taking  the  Hankel  transform  of  order  zero  of  (7-72)  yields,  with 
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(7-82), 


U(0.O  =  - \ -  (4  +  h(0,5))  (7-88a) 

2-^(0)  ’ 


U(0.?)  =  - \ -  h(0.^)  .  (7-88b) 

2:Ta*(0) 


Multiplying  by  C  and  taking  the  inverse  Laplace  transform,  we  finally  get 


D(0,O  =  - L -  (6(C)  +  K(;;))  (7-89a) 

2'rTa*(0) 


U(0,c)  =  - 4 -  li(^)  (7-89b) 

2Tro*(0) 

where  li(C)  =  L“^[?h(0,O]  . 

V 

Thus  we  have  shown  that  the  downgoing  wave  D(0,c)  at  the  surface 
does  indeed  contain  a  leading  impulse,  and  the  fast  Cholesky  algorithm, 
consisting  of  (7-85)  and 

V 

k(z)  =  2U(z,z+)  ,  (7-90) 

can  be  used  to  reconstruct  k(z)  and  hence  c(z).  The  initial  conditions 
for  the  fast  Cholesky  algorithm  are 

D(0,C)  =  U(0,C)  =  li(C)  =  L~^[CH^[h(0.r)]]  (7-91) 

where  h(0,r)  is  obtained  from  the  measured  v(0,r)  using  (7-86). 

The  initial  conditions  (7-91)  are  recognized  as  those  for  a  free 

surface  (compare  to  (3-16)).  This  is  not  surprising;  the  air  above  the 

earth's  surface  is  effectively  an  insulator  (o(z)  =0  for  z<  0),  so  that 

the  upward  traveling  current  i,(0,r)  is  reflected  back  down  into  the 

z 


earth.  Indeed,  the  earth's  surface  might  well  be  considered  a  "current 
release  surface,"  in  analogy  to  a  pressure  release  surface.  The  actual 
analogy  here,  of  course,  is  to  an  "acceleration-release"  or  rigid  surface, 
since  current  density  is  analogous  to  medium  acceleration. 

The  physical  interpretation  of  the  fast  Cholesky  algorithm  (7-85)  , 
(7-90),  and  (7-91)  follows  from  noting  that 


v(z,r)  =  Hj^[viz,0]  =  y(z,Oe“^^dc] 


(C  +r  )^ 


(7-92) 


which  also  may  be  obtained  from  the  definition  (4-57)  of  the  inverse 
Hankel  transform  and  the  identity 


CO 

£  e'^^jQ(4r)dC  =  l/(t^  +  r^)^  .  (7-93) 

Equation  (7-92)  shows  that  the  potential  v(z,r)  at  the  current  depth 
at  which  the  algorithm  is  operating  is  being  written  as  the  superposition 

V 

of  current  sources  of  strengths  2TTa(0)v(z ,C)dC/I  distributed  along  a 
fictitious  depth  axis  C.  According  to  Maxwell's  method  of  images ,  the 
potential  v(z,r)  in  a  layered  inhomogeneous  medium  can  be  written  as 
a  superposition  of  potentials  due  to  fictitious  current  sources  that  are 
images  of  the  actual  point  current  source  at  the  surface.  These 
sources  are  always  "in  the  looking  glass,"  i.e.  ,  they  are  not  in  that 
portion  of  the  medium  whose  potential  they  are  trying  to  simulate.  Thus 
they  must  always  be  located  deeper  than  depth  z.  (A  mirror  image 
distribution  of  current  sources  must  also  exist  in  the  other  "looking-glass, 
i.e.  ,  above  the  free  surface,  in  order  to  maintain  i  (0,r)  =  0.  This 


373 


means  that  h(z,i;)  is  actually  an  even  function  in  but  we  ignore  the 
"anticausal"  part  above  the  free  surface.) 

The  fact  that  the  image  sources  must  always  be  located  deeper 
u.  .  z,  i.e.  ,  z  <  amounts  to  a  causality  condition  that  replaces  the 
temporal  causality  used  for  the  fast  Cholesky  algorithms  in  Chapters  III 
and  IV .  Also  note  that  the  first  or  uppermost  source ,  at  ;;  =  z+,  clearly 
has  the  responsibility  of  accounting  for  the  medium  inhomogeneity  at  z+, 
which  is  characterized  by  k(z).  This  accounts  for  the  first  reflection 
condition  (7-90).  The  ways  in  which  these  concepts  may  be  applied  to 
the  analogous  but  more  difficult  (since  c(z)  also  varies)  inverse  problem 
for  a  layered  acoustic  medium  should  be  evident. 

Dynamic  deconvolution  algorithm 

Defining  the  reflection  coefficient  for  the  medium  below  depth  z 


R(z,0  =  U(z,C)/D(z.C) 


(7-94) 


we  note  from  the  system  (7-83)  that  R(z,^)  satisfies  the  Riccati  equation 


;^R(z,5)  =  2CR  -  k(z)(l-R^) 


and  k(z)  can  be  obtained  from  R(z,^)  using 


k(z)  =  2cR(z,c) 


(7-95) 


(7-96) 


since  R(z,C),  being  the  analytic  continuation  of  a  strictly  proper 
function  R(z,jk),  is  itself  strictly  proper  (Levy,  1984,  p.  13).  R(z,0 

is  initialized  from 

R(0,C)  =  IJ(0,C)/D(0,Q  =  5h(0,^)/(l+^h(0,Q), 


(7-97) 


where  6(0,5)  is  defined  by  the  Hankel  transform  of  (7-86). 


The  discrete  version  of  (7-95)  -  (7-97),  to  be  applied  to  a  discrete 
layered  medium,  was  proposed  by  Pekeris  (1940).  Pekeris's  formula  in 
lieu  of  (7-95)  was 

Ri+l(5)  =  (R.(5)  -kp/(l  -  k.Rj(5))  (7-98) 


where  A  is  the  layer  thickness.  This  formula  should  be  compared  with 
equations  (2-32)  and  (3- 77a). 

The  major  disadvantage  of  the  dynamic  deconvolution  algorithm  is 
the  unstable  computation  (7-96).  A  major  advantage  of  it  is  that  the 
data  need  not  be  inverse  Laplace  transformed,  which  is  also  an  unstable 
operation.  Using  (7-92) ,  the  combination  Hankel  transform -inverse 
Laplace  transform  required  by  (7-91)  to  initialize  the  fast  Cholesky 
algorithm  may  be  combined  into  the  solution  of  the  integral  equation 


/.OO  , 

h(0,r)  =  h(0,;) 


(7-99) 


which  is  analogous  to  (7-46). 

7.5.3  The  Inverse  Problem  of  Determining  Reservoir  Transmissivities 

As  a  final  note  to  show  again  that  the  problems  and  solutions  covered 
in  this  chapter  have  widespread  applicability,  we  quickly  show  that  the 
inverse  problem  of  determining  aquifer  transmissivities  is  mathematically 
equivalent  to  the  inverse  resistivity  problem. 

The  inverse  transmissivity  problem  is  to  determine  the  transmissivity 
T  of  an  aquifer  or  reservoir  from  measurement  of  the  change  h  in 
hydraulic  head  resulting  from  a  source  or  sink  q  (of  known  strength)  in 
the  flow  rate  of  the  liquid  in  the  reservoir.  This  liquid  could,  for  example, 


be  water  in  an  aquifer  or  petroleum  in  an  underground  reservoir. 
Typically,  fluid  is  pumped  from  the  reservoir  at  a  well,  the  flow  rate  q 
(the  sink  term)  at  the  well  is  monitored,  and  the  hydraulic  head  h  is 
measured  on  top  of  the  reservoir.  The  reconstructed  transmissivity  T 
is  a  function  of  the  depth ,  viscosity  and  density  of  the  fluid  at  each 
point ,  and  thus  yields  information  about  the  condition  and  accessibility 
of  the  liquid  in  the  reservor. 

The  basic  equation  for  this  problem  are  the  conservation  of  fluid 
relation  and  the  definition  of  mass  flow  rate  J 

q  =  V.J  (7-lOOa) 

J  =  T  Vh  (7-lOOb) 

where  equation  (7- 100b)  simply  states  that  fluid  flow  is  caused  by  a 
gradient  in  head  acting  through  a  resistance  1/T  (compare  this  to  Ohm's 
law).  Comparing  (7-100)  and  (7-71),  the  mathematical  analogy  to  this 
problem  to  the  inverse  resistivity  problem  is  clear.  Mass  flow  rate  J 
is  analogous  to  current  density  i,  head  h  is  analogous  to  potential  v, 
and  transmissivity  T  is  analogous  to  conductivity  o.  Reflection  shows 
that  these  analogies  make  sense  physically  as  well. 

This  means  that  in  the  one- dimensional  problem,  in  which  the 
reservoir  is  treatea  as  a  huge  pipe  whose  cross-sectional  area  varies  with 
distance  (not  unlike  the  inverse  problem  for  determining  the  shape  of 
the  human  vocal  tract;  see  Chapter  II),  the  problem  can  be  formulated 
as  an  inverse  scattering  problem  and  solved  as  was  just  done  for  the 
inverse  resistivity  problem.  Wilson  (1983)  formulated  the  problem  in 
this  way,  but  did  not  propose  a  solution. 
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In  this  chapter  the  layer  stripping  concept  has  been  used  in  a 
novel  way  to  solve  an  inverse  problem  to  which,  at  first  glance,  the 
layer  stripping  concept  seems  inapplicable.  In  the  next  chapter,  layer 
stripping  is  applied  to  the  most  difficult  problem  of  all — that  of  higher¬ 
dimensional  media. 
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CHAPTER  VIII 

Higher  Dimensional  Inverse  Seismic  Problems 
8. 1  Introduction 

In  this  chapter  the  inverse  seismic  problem  in  dimensions  higher 
than  one  is  considered.  The  medium  being  probed  is  no  longer  required 
to  be  layered  or  laterally  homogeneous — the  density  and  wave  speed  are 
now  functions  of  two  or  three  spatial  variables,  e.g.  ,  p(x,z)  and 
c(x,z),  or  p(x,y,2)  and  c(x,y,z).  The  goal  is  to  reconstruct  p  and/or 
c  by  measuring  the  response  of  the  medium  to  an  impulsive  plane 
pressure  wave. 

To  clarify  matters,  some  terminology  is  introduced.  The  dimension 
of  an  inverse  problem  is  defined  as  the  number  of  spatial  variables  on 
which  the  quantities  of  interest  (o  and  c)  depend.  Thus,  the  two- 
dimensional  (2-D)  problem  is  the  inverse  problem  of  determining  p(x,z) 
and  c(x,z)  from  surface  measurements  of  the  displacement  u(x,  z=0,  t), 
and  the  three-dimensional  (3-Dl  problem  is  the  inverse  problem  of 
determining  p(x,y,z)  and  c(x,y,z)  from  surface  measurements  of  the 
displacement  u(x,  y,  z=0,  t). 

Note  that  the  dimension  of  a  problem  need  not  be  the  same  as  the 
dimension  of  the  medium  in  which  it  is  defined — a  problem  of  given 
dimension  can  be  embedded  in  a  medium  of  higher  dimension.  For 
example ,  the  non-normal  incidence  problem  described  in  Chapter  IV  is 
a  1-D  problem  embedded  in  a  2-D  medium,  while  the  point-source 
problem  of  that  same  chapter  is  a  1-D  problem  embedded  in  a  3-D  medium. 
This  terminology  will  make  nomenclature  in  this  chapter  much  easier. 
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Higher-dimensional  inverse  seismic  problems  are  much  more  difficult 
than  the  one-dimensional  problems  that  have  been  considered  so  far  in 
this  thesis.  Indeed,  the  general  3-D  problem  of  reconstructing  pCx,y,z) 
and  c(x,y,z)  exactly  from  surface  measurements  is  at  present  an  open 
problem.  While  this  most  difficult  problem  is  not  solved  here,  for 
reasons  to  be  given  later,  layer  stripping  algorithms  that  are  in  some 
ways  improvements  over  existing  solution  methods  are  given  for  several 
higher- dimensional  inverse  problems.  These  include  the  reconstruction 
of  o(x,y,z)  with  constant  wave  speed,  reconstruction  of  c{x,z)  with 
constant  density,  and  reconstruction  of  p(x,z)  and  c(x,z),  all  from  the 
medium  response  to  a  plane  wave  at  normal  incidence  in  the  first  two 
cases  and  at  oblique  incidence  in  the  third  case. 


Previous  work 


Generalizing  1-D  results  and  tec-iniques  to  the  2-D  and  3-D 
problems  has  proven  to  be  very  difficult.  Most  of  the  solution  procedures 
have  in  some  way  employed  the  Born  approximation,  which  is  essentially 
a  weak  scattering  assumption  requiring  that  the  medium  parameters  vary 
slowly.  Mathematically,  the  Born  approximation  can  be  specified  as 
follows.  Suppose  we  wish  to  recover  the  potential  V(x)  of  the 
Schrodinger  equation 


(V^  +  k^  -  V(x));{;(x,k)  =  0 


t8-l) 


from  measurements  of  the  scattered  field  i;^(x,k).  As  an  example  of 
this  problem,  note  that  if  p  is  constant  and  c  =  c(x)  in  the  Fourier 
transforms  of  the  basic  acoustic  equations  (3-1) 


381 


i 


p  =  -pc  V'U 


u  =  Vp 


(8-2a) 


(8-2b) 


then  p  solves  the  Schrodinger-like  equation 


(V^  +  -  k^(l  -  c^^/c(x)^))p  =  0 


(8-3) 


Here  k  -  and  is  the  wave  speed  in  the  far  field,  where  it  is 
2 

constant.  The  k  multiplying  the  potential  can  easily  be  accommodated  in 
the  following  procedure. 

Writing  the  Schrodinger  equation  (8-1)  as 


(V^  +  k^)^  =  Vii' 


(8-4) 


and  treating  as  a  source  term,  it  may  be  seen  that  solves  the 
Lippmann- Schwinger  integral  equation 


;j;(x)  =  e^~’ ~  +  Jdy  G(x,y)V(x)ip(y) 


(8-5) 


where  G(x,y)  is  the  Green's  function  for  the  wave  equation  (8-4)  and 
e^'"'  is  the  incident  probing  plane  wave  in  the  direction  k  (k  =  lk|). 
Equation  (8-5)  may  be  solved  by  repeatedly  inserting  it  into  itself, 
producing  an  infinite  series.  Now,  suppose  we  truncate  this  series 
after  two  terms,  which  amounts  to  a  linearization.  Then  we  have 


]p(x)  =  e^~’'  +  Jdy  G(x,y)V(x)e^ 


(8-6) 


This  truncation  can  also  be  viewed  as  approximating  the  field  o(y) 


inside  the  integral  by  the  incident  field  which  is  to  say  that 

the  incident  field  has  been  unaffected  by  the  weak  scattering  losses  it 
suffers  while  passing  through  the  inhomogeneous  medium.  By  any  of 
the  above  names,  the  approximation  of  (8-5)  by  (8-6)  is  the  Born 
approximation. 

In  the  1-D  case,  equation  (8-6)  becomes  a  simple  Fourier  transform, 
and  V(x)  may  be  obtained  by  taking  the  inverse  Fourier  transform  with 
respect  to  k  of  the  backscattered  field  'ji(x,k)  -  In  higher 

dimensions,  things  become  more  complicated,  although  Cohen  and 
Bleistein  (1979)  have  solved  the  2-D  problem.  The  tomographic 
approach  of  Devaney  (1984)  is  also  a  Born  approximation  method. 

The  major  problems  with  using  the  Born  approximation  are  as 
follows.  First,  it  is  an  approximation,  requiring  slow  variation  of  p  and 
c,  and  thus  is  fundamentally  inexact.  Second,  Born  approximation 
inversion  methods  require  that  measurements  be  taken  in  the  far  field , 
which  is  generally  not  possible  for  inverse  seismic  experiments  on  land. 
Third,  Born  approximation  inversion  methods  are  generally  only 
applicable  if  density  is  constant  (or  if  wave  speed  is  constant  and 
density  is  varying) .  This  limits  the  scope  of  problems  to  which  it  can 
be  applied.  Finally,  the  Born  approximation  is  by  definition  a  single 
scattering  approximation,  so  that  multiple  reflections  are  interpreted  as 
primary  reflections.  This  leads  to  errors  beyond  those  made  due  to 
the  basic  assumption  of  a  slowly  varying  medium. 

The  other  approach  to  solving  higher-dimensional  inverse  problems 


is  migration,  which  can  be  very  effective  if  the  medium  consists  of 
several  homogeneous  regions  separated  by  non-horizontal  interfaces. 
The  basic  approach  of  migration  is  to  image  a  particular  point  in  the 


medium  by  beamforming.  A  properly  weighted  sum  of  delays  applied  to 
data  from  various  sensing  positions  will  have  the  effect  of  a  collective 
focus  on  the  point  being  imaged  (see  Section  4.3).  The  strength  of 
the  reflection,  of  course,  indicates  the  amount  of  scattering  due  to 
medium  inhomogeneity  taking  place  at  that  point.  The  major  problem  with 
migration  is  the  wavefield  extrapolation  or  back  propagation,  to  determine 
which  point  in  the  medium  is  being  imaged.  This  requires  knowledge 
of  c(x)  along  the  ray  paths,  and  often  the  wave  speed  is  simply  taken 
to  be  constant.  This  of  course  leads  to  errors.  Berkhout  (1982)  is 
a  good  treatment  on  migration  and  wavefield  extrapolation. 

Raz  (1982)  has  proposed  a  migration- like  technique  that  involves 
a  distorted-wave  Born  model.  Various  assumptions  are  made ,  including 
a  straight-ray  approximation  between  scattering  and  observation  points. 
Results  of  a  numerical  2-D  inversion  are  presented ,  and  a  3-D  procedure 
proposed.  Clayton  and  Stolt  (1981)  used  the  WKBJ  approximation  (see 
Section  4. 4) ,  which  is  tantamount  to  assuming  that  energy  is  propagating 
along  rays,  as  in  geometrical  optics. 

Newton  (1980)  has  described  a  general  3-D  inverse  scattering  problem 
solution  that  reconstructs  a  Schrodinger  potential  from  a  scattering 
amplitude  given  as  a  function  of  energy  and  directions  of  incident  and 
scattered  particles.  Solution  of  a  generalized  Marchenko  integral  equation 
is  required,  as  is  the  behavior  of  the  scattering  amplitude  for  particles 
of  very  high  incident  energy.  And  it  is  not  clear  how  this  method  might 
be  adapted  to  yield  both  ^(x.y.z)  and  c(x,y,z)  from  the  scattering 
amplitude. 

Morawetz  and  Kriegsmann  (1983)  have  proposed  an  iterative  scheme 
in  which  an  initial  guess  at  a  2-D  potential  V(x,y)  is  iteratively  refined. 
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In  the  numerical  examples  presented  for  a  1-D  inverse  potential  problem , 
up  to  thirteen  iterations  were  required,  and  also  some  smoothing  to 
prevent  numerical  instability.  The  computations  and  memory  required 
for  2-D  inversion  are  admitted  to  be  enormous. 

Finally,  Symes  (1983)  showed  how  layer  stripping  ideas  could  be 
applied  to  higher-dimensional  inverse  problems.  The  problem  solved 
by  Symes  (1983)  was  that  of  reconstructing  the  density  p(x,z)  of  a 
medium  with  constant  wave  speed ,  which  is  the  2-D  version  of  the 
problem  considered  in  Section  8.2.  Symes's  approach  was  to  reconstruct 
the  medium  layer  by  layer  by  solving  a  Schrodinger  equation  in  the 
lateral  variable  x  to  obtain  the  lateral  dependence  of  density  p  at  each 
depth.  This  approach  is  not  nearly  as  simple  and  physically 
interpretable  as  the  algorithm  of  Section  8.2. 

Well-posedness  of  higher  dimensional  inverse  problems 

Most  methods  for  solving  higher-dimensional  inverse  problems , 
including  tomographic  methods  (e.g. ,  Devaney,  1984)  and  the  generalized 
Gel'fand-Levitan  method  of  Newton  (1980),  require  as  data  the 
scattering  amplitude  or  generalized  reflection  coefficient  for  probing 
particles  for  all  energies  incident  from  all  directions.  For  the  3-D 
problem ,  this  means  that  the  measured  data  is  a  function  of  five 
parameters,  one  describing  the  energy  of  the  probing  particle,  two 
describing  the  direction  from  which  the  particle  is  incident ,  and  two 
describing  in  which  direction  the  strength  of  the  scattering  field  is 
being  measured.  Using  spherical  coordinates,  this  may  be  written  as 


A  =  A(k, 


"inc  ’  ^inc  ’  obs  ’  ’'obs 


) 


(8-7) 


On  the  other  hand,  the  potential  whose  reconstruction  from  the 
scattering  amplitude  A  is  desired  is  a  function  of  three  parameters 

V  =  V(r,  e,  <t,)  .  (8-8) 

2 

If  the  probing  takes  place  using  an  incident  plane  wave,  the  energy  k 
is  replaced  by  frequency,  but  otherwise  the  situation  is  the  same. 

Equations  (8-7)  and  (8-8)  show  that  the  3-D  inverse  scattering 

problem  formulated  as  above  is  overdetermined ;  a  function  of  five 

variables  is  being  used  to  determine  a  function  of  three  variables.  This 

means  that  the  3-D  inverse  scattering  problem  as  formulated  above  is 

ill- posed.  This  is  true  because  a  slight  perturbation  in  the  data 

A(k.  9.  .  (t).  .  0  ,  .  0  ,  )  mav  result  in  data  that  is  inadmissible, 

^  ’  me’  inc’  obs’  obs  ^  - 

i.e. ,  corresponds  to  no  potential  V(r,  6,  <}>).  Indeed,  since  any  potential 
V  can  give  rise  to  only  one  scattering  amplitude  A  (the  ambiguity  due  to 
bound  states  does  not  arise  in  higher  dimensions  according  to  Newton 
(1980,  p.  1698)),  the  set  of  admissible  scattering  amplitudes,  i.e., 
those  amplitudes  A  which  actually  arise  from  some  potential  V ,  are  of 
measure  zero  in  the  space  of  possible  scattering  amplitudes.  Thus 
this  inverse  problem  is  ill-conditioned:  any  small  perturbation  in  the 
data  (due,  for  example,  to  noisy  observations)  may  lead  to  the  failure 
of  any  potential  reconstruction  method,  since  there  is  no  longer  any 
potential  to  reconstruct.  Of  course,  the  problem  may  be  regularized 
by  adding  noise  a  priori  to  the  observations,  and  regarding  any 
perturbation  from  the  set  of  admissible  data  as  being  due  to  that 
noise,  regardless  of  its  actual  cause  (e.g.,  model  failure).  However, 
we  do  not  consider  that  approach  in  this  thesis. 


It  should  be  noted  here,  however,  that  the  inverse  problems 
proposed  and  solved  in  this  chapter  are  all  well-posed.  Indeed,  the 
algorithms  themselves  show  that  the  problems  are  well-posed:  a  slight 
perturbation  of  the  data  simply  leads  to  a  slight  perturbation  of  the 
reconstructed  medium ,  since  the  reconstructed  medium  parameters 
depend  in  a  continuous  (but  complicated)  way  on  the  observed  data, 
as  may  be  seen  from  the  equations.  The  fact  that  the  layer  stripping 
algorithms  do  not  require  knowledge  of  the  scattering  amplitude  for 
all  incident  and  observation  angles  accounts  for  the  well-posedness  of 
these  problems. 


Summary 

In  Section  8.2  the  3-D  inverse  problem  of  determining  the  density 
o(x,y,z)  for  a  medium  with  constant  wave  speed  c  from  measurement  of 
the  medium  response  to  a  plane  wave  at  normal  incidence  is  formulated 
and  solved  using  a  layer  stripping  algorithm.  This  turns  out  to  be 
a  fairly  straightforward  application  of  the  layer  stripping  principle.  Tht 
2-D  versions  of  this  problem  and  solution  first  appeared  in  Yagle  (1983). 

In  Section  8.3  the  2-D  inverse  problem  of  determining  the  wave 
speed  c(x,z)  for  a  medium  with  constant  density  p  using  the  same 
measurements  as  in  Section  8.2  is  formulated  and  solved.  This  problem 
turns  out  to  be  much  more  difficult  than  the  problem  of  Section  8.2, 
since  the  varying  wave  speed  results  in  the  wave  front  no  longer 
being  planar.  The  wave  speed  is  still  determined  along  the  wave  front, 
but  in  this  problem  it  is  necessary  to  track  the  wave  front  and  translate 
the  reconstructed  wave  speeds  along  it  into  a  function  c(x,z).  The 
algorithm  can  handle  caustics  and  turning  points  within  the  medium, 


although  of  course  the  wave  speed  cannot  be  reconstructed  beyond  a 
turning  point. 

In  Section  8.4  the  non-normal  incidence  problem  and  algorithm  of 
Section  4.2  are  generalized  to  a  2-D  problem  and  algorithm.  The  goal 
is  to  reconstruct  p(x,z)  and  c(x,z)  from  measurements  of  the  medium's 
responses  to  two  plane  waves  moving  in  the  y-direction  and  incident 
at  two  different  angles.  It  is  also  noted  that  the  result  of  Chapter 
III,  viz.  the  impedance  pc(T)  as  a  function  of  travel  time  t  can  be 
reconstructed  from  the  normal  incidence  plane  wave  response,  can  be 
generalized  to  higher  dimensions.  The  impedance  pc(t)  is  reconstructed 
as  a  function  of  travel  time  along  a  ray  path. 


Reconstruction  of  o(x,y,z)  for  Constant  Wave  Speed 


The  problem  considered  in  this  section  is  as  follows.  An  acoustic 
isotropic  medium  for  which  the  wave  speed  c(x,y,z)  =  c^  is  constant 
but  the  density  p(x,y,z)  varies  continuously  with  all  spatial  variables 
is  probed  at  normal  incidence  with  a  plane  wave  from  the  homogeneous 
half-space  z  <  0.  The  medium's  vertical  acceleration  a^(x,y,o,t)  and 
pressure  p(x,y,o,t)  are  known  at  the  surface;  two  combinations  of 
them  are  fixed  by  the  nature  of  the  probing  plane  wave  and  the 
boundary  condition  at  the  surface.  For  example,  if  a  sinusoidal  plane 
pressure  wave  is  used  to  probe  the  medium  and  a  rigid  surface  is 
assumed ,  we  have 


p(x,y, o,t}  =  b  cos((^t  +^>l(t>  +  R(x,y,t)l(t)  (8-9a) 

a^(x,y,o,t)  =  0  (8-9b) 


where  b  is  the  strength  of  the  wave,  ^  the  frequency,  and  a  phase 
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shift.  In  this  case  the  data  is  R(x,y,t). 

Since  a  function  of  three  variables  R{x,y,t)  is  being  used  to 
determine  a  function  of  three  variables  p(x,y,z),  the  problem  is  not 
overdetermined.  Since  the  wave  speed  c(x,y,z)  =  c^  is  constant,  there 
are  of  course  no  turning  points,  and  there  are  no  caustics  since  the 
probing  wave  is  a  plane  wave.  Indeed,  the  wave  front  at  any  time  t 
is  a  horizontal  plane  wave  at  depth  z=  c^t.  This  makes  the  layer 
stripping  algorithm  for  this  problem  much  simpler  than  the  one  to  follow 
in  Section  8.3. 

To  solve  this  problem ,  we  use  the  method  of  characteristics  of 
Section  2.3.5.  The  basic  acoustic  equations  (3-1)  for  this  problem  take 
the  form 


•  •  '■ 

l-’-J 


3^p/3t^  =  -  pCQ(3a^/3x  +  SSy/sy  +  aa^^/Bz) 

(8- 10a) 

• 

3p/5x  =  -pa^^ 

(8-lOb) 

i 

3p/3y  =  -pBy 

(8- 10c) 

•  **  m 

3p/3z  =  -pa  , 
z 

(8-lOd) 

• 

§ 

where  a^,  a^,  and  are  the  respective  components  of  the  medium  acceler¬ 
ation.  Inserting  (8- 10b)  and  (8- 10c)  in  (8- 10a)  eliminates  a^  and  a^,  leaving 


3a^/3z  =  [3^p/3x^  +  3^p/3y^  -  (l/cf)(3^p/3t^)l/: 

Z  Q 


[(3d/3x)(3p/3x)  +  (3c/3y)(3p/5y)]/p  ^ 


(8-lla) 


3P/3Z  =  -  . 


•  m 


(8-llb) 


Now,  for  any  type  of  probing  acoustic  wave,  we  have 

p(x,y,z,t)  =  p(x,y ,z,t)  Kt-x)  (8-12a) 

V  (x,y,z,t)  =  V  (x,y,z,t)l(t-T)  (8-l2b) 

z  z 

where  v^  is  the  vertical  component  of  medium  velocity ,  t  is  the  vertical 

travel  time  z/c,  and  p  and  v  are  smooth  functions.  Equations  (8-12) 

are  a  statement  of  causality — the  medium  at  any  point  is  at  rest  until 

the  wavefront  has  passed  that  point.  Note  that  for  an  acoustic  wave  p 

and  V  must  have  the  same  type  of  discontinuity  at  the  wave  front; 
z 

indeed,  in  a  homogeneous  medium  p  =  Zv^,  where  Z  is  the  impedance. 
Taking  the  partial  derivative  of  (8- 12b)  with  respect  to  time  gives 

a  (x,y,z,t)  =  V  (x,y,z,t)6(t-t)  +  a  (x,y,z,t)l(t-T)  ,  (8-13) 

z  z  z* 

- 

where  a  =  3v„/3t 
z  z 

Inserting  (8-12a)  and  (8-13)  into  (8-llb)  and  equating  the  coefficients 
of  6(-)  on  both  sides  gives 

p(x,y,z)c^  =  p(x,y  ,z,T)/Vj,(x,y  ,z,t)  (8-14) 

Inserting  (8- 12a)  and  (8-13)  into  (8-lla)  and  equating  the  coefficients 
of  ^(.)  also  gives  (8-14).  However,  equating  the  coefficients  of  6(-) 
gives  the  additional  condition 

3v^(x,y,z,T)/3z  =  a^(x,y,z,x)/c^  -  (2/pc^)0/3t)p(x,y ,z,t)  (8-15) 

The  layer  stripping  algorithm  thus  consists  of  (8-11)  for  updating 


V  (x,y,z,T)  in  depth  (note  that  the  entire  time  function  v  (x,y,z,t)  is 
z  z 

not  updated;  only  its  t  =  t  value),  and  (8-14)  for  computing  p(x,y,z) 
at  the  updated  depth.  At  each  depth,  these  updates  are  performed  for 
all  X,  y,  and  t,  point -by- point . 

Note  that  the  extra  condition  (8-15)  is  necessary  in  order  to  use 

(8-14)  to  recover  p(x,y,z).  It  is  unfortunate  that  a  ,  rather  than  v  , 

z  z 

must  be  used  in  the  updates  (8-11),  since  the  additional  condition  (8-15) 

is  now  required.  However,  an  attempt  to  formulate  the  algorithm  using 

2 

p  and  V  exclusively  leads  to  terms  of  the  form  a  v  /5z3t,  which  are 
z  z 

clearly  inadmissible. 

Note  that  the  condition  (8-14)  is  essentially  an  impedance 

reconstruction  taking  place  in  a  liigher  dimensional  problem  (compare  (8-14) 

to  (2-78)).  Also  note  that  the  partial  derivatives  with  respect  to  x  and 

y  can  all  be  eliminated  by  taking  Fourier  transforms  with  respect  to 

these  variables.  This  results  in  the  recovery  of  p(k  ,  k  ,  z) ,  which 

X  y 

is  then  inverse  Fourier  transformed  to  get  p(x,y,z).  However,  this 
would  introduce  a  plethora  of  convolution  integrals.  A  Fourier  transform 
with  respect  to  t  would  eliminate  the  partial  derivatives  with  respect  to 
t,  but  would  require  that  (8-14)  be  replaced  by 

p(x,y,z)c^  =  p(x,y,z,a))/v  (x,y,z,u;)  (8-16) 

which  is  also  not  a  desirable  numerical  operation. 

Finally,  this  algorithm  is  simple  because  the  wave  front,  along  which 
the  reconstruction  takes  place,  is  a  simple  plane  whose  location  z  =  c^t 
is  known  at  all  times.  This  is  a  direct  consequence  of  the  assumption  of 
a  constant  wave  speed  throughout  the  medium.  When  this  assumption  is 


relaxed,  as  it  is  in  the  next  two  sections,  considerable  effort  must  go 
into  tracking  the  wave  front,  and  the  algorithms  become  more  complex. 


8. 3  Reconstruction  of  c(x,z)  for  Constant  Density 

The  problem  considered  in  this  section  is  formulated  in  the  exact 
same  way  that  the  problem  of  Section  8.2  is  formulated,  except  that 
now  the  density  p(x,  z)  =  is  constant  and  the  wave  speed  c(x,z) 
varies,  and  the  problem  is  now  a  2-D  problem.  However,  this  means 
that  the  wave  front  is  no  longer  planar,  and  the  inverse  problem  algorithm 
must  not  only  reconstruct  c(x,z),  but  must  track  the  wave  front,  and 
convert  the  values  of  c  reconstructed  along  the  wave  front  into  functions 
of  X  and  z.  These  additional  tasks  are  accomplished  by  a  variation  of 
2-D  ray  tracing  that  could  be  referred  to  as  wave  front  tracing. 

Change  of  coordinates 

Once  again,  the  basic  approach  is  to  use  the  method  of 
characteristics  of  Section  2.3.5.  However,  we  now  make  a  change  of 
coordinates  from  (x,z)  to  (s,e),  which  are  time- varying  curvilinear 
coordinates  defined  so  that  s  is  normal  to  the  wave  front  and  e  is 
tangent  to  it  (see  Figure  8.1).  The  initial  wave  front  is  assumed  to  be 
planar  and  coinciding  with  the  surface;  other  excitations  will  lead  to 
different  coordinates  (s,  e).  These  new  coordinates  are  further 
defined  as  coinciding  with  the  x  and  z  coordinates,  respectively,  at 
t  =  0,  and  as  undergoing  no  scale  or  length  changes  as  time  varies. 

Thus  the  coordinates  (s,e)  amount  to  a  simple  rotation  of  the 
coordinates  (x,z),  and  this  rotation  varies  continuously  with  t.  The 
coordinates  (s,e)  are  discussed  in  Aki  and  Richards  (1980,  p.  94). 

It  is  important  to  recognize  that  there  are  no  scale  changes  in 


changing  from  the  coordinates  (x.z)  to  (s,e),  since  it  is  these  scale 
changes  that  account  for  the  complexity  of  the  general  formulae  for 
divergence,  curl,  and  gradient  expressed  in  curvilinear  coordinates. 

For  example,  the  change  from  the  rectangular  coordinates  (x,y)  to  the 
polar  coordinates  (r,s),  where  s  =  r9,  amounts  to  a  rotation  through  an 
angle  q,  and  then  scaling  the  s  coordinate  by  r.  No  such  scale  change 
takes  place  in  the  present  problem,  so  the  basic  acoustic  equations 
(8-10)  become  simply 

9^p/3t^  =  -o^c^(oag/3s  +  9a^/9e) 

9p/3e  =  -pa 
o  e 

3p  /3s  =  - p  a„ 

^  os 

where  a  and  a  are  the  respective  s  and  e  components  of  the  medium 
acceleration  and  p(x,z)  =  is  constant. 

Now,  the  coordinate  s  represents  the  arc  length  along  a  ray  path, 
and  e  picks  out  both  a  point  on  the  wave  front  and  the  ray  path 
leading  from  the  corresponding  surface  point  to  that  point.  Here  we 
use  the  term  "ray  paths"  to  mean  the  characteristic  curves  associated 
with  the  characteristic  surface,  which  is  the  wave  front.  This  means 
that  the  ray  paths  are  defined  as  the  orthogonal  complements  to  the 
family  of  surfaces  consisting  of  the  wave  front  locations  for  various  values 
of  t.  Note  that  although  these  ray  paths  are  defined  in  the  same  way 
that  rays  are  defined  in  WKBJ  theory,  there  is  an  important  distinction. 
Here  we  are  not  assuming  that  energy  is  propagated  from  point  to  point 
in  the  medium  along  rays;  we  are  simply  using  them  to  reference 


(8-l7a) 

(8-l7b) 

(8- 17c) 


locations  within  the  medium.  This  explains  the  use  of  the  term  "ray 
path"  rather  than  ray  to  emphasize  this  difference. 
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Thus  the  ray  paths  are  defined  by  the  propagation  of  the  wave 
front,  and  constitute  a  simple  grid  (although  a  rather  twisted  one)  for 
specifying  locations  within  the  medium.  The  location  of  the  wave  front 
at  any  time  t  is  specified  by  the  equation 


T(s,e)  =  jT  do/c(a,e)  =  t 


(8-18) 


where  t(s  ,e)  is  the  travel  time .  Note  that  T(s,e)  depends  only  on  s  on 

the  wave  front ,  since  the  wave  front  has  the  property  (8-18)  at  all 

points.  Of  course  s  varies  along  the  wave  front,  since  some  ray  paths 

pass  through  faster  portions  of  the  medium  than  others ,  and  thus  travel 

farther  in  time  t.  Defining  t  undoes  this  variation  of  s. 

The  point  of  all  this  is  to  show  that  on  the  wave  front  (which  is 

the  only  place  the  equations  are  actually  used) ,  a  change  of  variables 

from  s  to  T  amounts  to  a  simple  scaling  of  3p/3s  and  9a  /5s  by  3t/9s  = 

s 

1/c.  If  we  make  this  change  and  also  define 


tt(t,  e,t)  =  p(i,e,t)/p. 


equations  (8-17)  become,  on  the  wave  front , 


92T;/9t2  =  -c^(9a„/9e)  -  c(9a^/9T) 


9  7T/3e  =  -a 


5it/9t  =  -ca^  . 


(8-19) 


(8- 20a) 


(8- 20b) 


m 


(8-20c) 


Inserting  (8-20b)  into  (8-20a)  and  eliminating  a^  yields 

3a^/3T  =  c(3^TT/3e^  -  (3^TT/3t^) /c^)  (8-21a) 

3tt/3t  =  -  ca,  .  (8- 21b) 

I. 

Now  we  use  the  method  of  characteristics.  For  any  type  of 
probing  acoustic  wave,  we  have 

7r(T,e,t)  =  7r(T,e,t)l(t-T)  (8-22a) 

v,(T,e,t)  =  V  (T,e,t)l(t-T)  (8-22b) 

T 

where  v^  is  the  T-component  of  the  medium  velocity.  Equations  (8-22) 
have  the  same  forms  as  (8-12),  and  do  so  for  the  same  reasons. 

Proceeding  as  with  (8-13)  -  (8-15),  we  find  that  equating 
coefficients  of  S(-)  and  6(*)  when  (8-22)  are  substituted  into  (8-21) 
results  in 

c(T,e)  =  T:(T,e,T)/v^(T,e,T)  (8-23a) 

(3/3T)v^(T,e,T)  =  a^(T,e,T)  -  (2/c) (3/3t)^(i ,e ,t )  .  (8-23b) 

Note  once  again  that  the  additional  condition  (8-23b)  is  required  in 
order  to  make  use  of  the  impedance  reconstruction  (8-23a). 

The  layer  stripping  algorithm  thus  consists  of  (8-21)  for  updating 
V  and  v^  in  x,  and  (8-23)  for  obtaining  c(T,e).  The  algorithm  is  quite 
similar  to  that  of  Section  8.2,  with  the  updates  taking  place  point  by 
point  for  all  e  and  t  along  the  wave  front,  the  wave  speed  c(r,e) 
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being  reconstructed  along  the  wave  front ,  and  the  wave  front  then 
propagated  forward  in  t  .  The  only  problem  is  that  c(  T,e)  must  somehow 
be  translated  into  c(x,z).  This  can  be  done  concurrently  with  the  layer 
stripping  algorithm,  as  we  now  show. 

Wave  front  tracing 

Let  ^iCT.e)  be  the  angle  between  a  tangent  to  the  wavefront  at  the 
point  (T,e)  and  the  (horizontal)  x-axis  (see  Figure  8.1).  Clearly  the 
wavefront  will  advance  locally  in  the  direction  (p  -  90°. 

Now,  p  is  of  course  a  function  of  e,  unless  the  medium  is  homogeneous 
But  ({;  changes  with  -r  due  to  variation  of  the  wave  speed  c  along  the 
wavefront — without  such  variation,  the  wavefront  would  retain  its  shape. 
This  allows  the  derivation  of  an  update  equation  for  $  .  From  Figure 
8.2,  we  have 

tan(c()(T+6T,e)  -  ^(T.e))  =  (c(T,e+6e)  -  c(T,e))6T/6e  (8-24) 

and  letting  6t  and  6e  go  to  zero  yields 

30(T,e)/9T  =  3c(T,e)/3e  .  (8-25) 

This  equation  is  an  update  equation  for  $,  since  c(T,e)  is  assumed  to  be 
known  at  r  for  all  e,  hence  3c/3e  may  be  computed  (although  this 
computation  is  not  very  stable). 

Now,  suppose  the  coordinates  (x,z)  associated  with  the  point  (x.e) 
are  known  for  all  e.  When  i  is  incremented  by  A,  these  coordinates  will 
change  slightly,  by  amounts  6x  and  6z.  But  clearly 


6x(T,e)  =  c(T,e)  A  sin  $(T,e) 


(8-26a) 
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dz(x,e)  =  c(T,e)  A  cos  ({)(T,e)  . 

This  allows  c(x,z)  to  be  computed  recursively,  as  follows; 

Given :  c(T,e),  x(T,e),  z(T,e),  cos  <i)(T,e),  sin^^l'.e)  . 

Update  all  quantities  in  t.  Each  step  is  done  for  all  e. 

(1)  Update  cos  <{)  from  3(oos4i)/3T=  -  (sin  <|>)3c/3e 

(2)  Update  sin  4>  from  3(sin  <t,)/dT=  (cos  <?)  9c/3e 

(3)  Update  x  and  z  from  (8-26) 

(4)  Update  c(T,e)  by  the  algorithm  (8-21)  -  (8-23) 

(5)  Update  c(t  +A,e),  x(T  +  A,e),  z(T  +  A,e)  as  c(x,z). 
This  is  quite  suitable  for  plotting. 


(8-26b) 
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I 
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(8-27) 

(8-28) 


Note  that  (8-25)  has  been  used  in  (8-27)  and  (8-28),  and  that  (p(0,e)  is 
initialized  to  zero. 

It  might  seem  that  generalizing  this  algorithm  to  an  inverse  3-D 
problem  algorithm  that  would  reconstruct  c(x,y,z)  would  require  the  trivial 
addition  of  another  coordinate  62,  so  that  (x,y,z)  becomes  (s, 6^,62), 
where  e^  and  e2  specify  a  ray  and  a  location  on  the  wave  front.  However, 
Aki  and  Richards  (1980,  p.  95)  have  pointed  out  that  it  is  not  possible 
to  select  such  coordinates  so  that  Cj  and  62  are  always  orthogonal  in 
general  inhomogeneous  media.  The  reason  for  this  is  that  in  such  media 
a  given  ray  is  no  longer  confined  to  a  single  plane,  but  may  twist 
around  like  a  corkscrew  (Aki  and  Richards,  1980,  p.  100).  Thus  rays 
can  twist  around  each  other,  and  if  (e^.eg)  is  assigned  to  a  single  ray 
and  also  to  the  point  on  the  wave  front  through  which  the  ray  passes, 
the  angle  between  e^^  and  e2  will  in  genera]  change  with  time  and  the 
wave  front.  Since  e^^  and  e2  are  no  longer  orthogonal,  the  equations 
corresponding  to  (8-17)  will  become  vastly  more  complicated.  Thus,  it 
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seems  unlikely  that  layer  stripping  methods  can  be  used  to  solve  3-D 
inverse  problems. 

However,  there  are  still  several  salient  points  to  the  above  2-D 
algorithm.  First,  of  course,  is  that  it  is  an  exact  method,  unlike  the 
Born  approximation  methods.  Second,  it  is  not  ill-posed,  unlike  methods 
that  require  the  scattering  amplitude  of  the  medium  for  all  angles.  Third, 
it  does  not  require  the  assumption  of  high  frequencies ,  geometrical 
seismics ,  and  energy  propagation  along  rays ,  as  do  WKBJ  and  ray 
tracing  methods.  For  this  reason,  the  algorithm  can  handle  caustics , 
which  are  points  where  rays  are  focused  and  intersect.  WKBJ  methods 
have  difficulty  with  caustics ,  since  the  geometrical  spreading  function  is 
zero  at  a  caustic,  which  makes  the  amplitude  blow  up.  The  layer 
stripping  algorithm  encounters  caustics  as  cusps  in  the  wave  front,  but 
the  arc  length  e  around  the  cusp  is  still  defined.  The  angle  0(T,e)  is 
discontinuous  in  e  at  a  cusp,  but  this  presents  no  problem. 

The  only  assumptions  being  made  in  the  use  of  the  layer  stripping 
algorithm  are  the  validity  of  the  basic  equations  (8-10)  and  the  concept 
of  causality,  which  manifests  itself  in  the  assumption  that  there  is  in 
fact  a  wave  front.  The  wave  front  traces  out  orthogonal  complements 
(the  ray  paths)  as  time  advances.  Also,  it  is  necessary  to  assume  that 
p  and  c  are  smooth  functions ,  so  that  the  various  partial  derivatives  in 
the  algorithm  are  all  well  defined. 


Generalizations  of  One-Dimensional  Results  to  Higher  Dimensions 


In  this  section  it  is  shown  how  the  basic  results  for  the  1-D  problems 
examined  in  Chapters  III  and  IV  generalize  to  higher  dimensions.  First, 
the  non-normal  incidence  problem  and  algorithm  of  Chapter  IV  are  each 


generalized  a  full  dimension.  The  present  algorithm  recovers  p(x,z) 
and  c(x,z)  separately  from  the  reflection  responses  of  the  medium  to  two 
impulsive  plane  waves  travelling  in  the  y-direction  and  incident  at  two 
different  angles.  Next,  the  well-known  result  noted  in  Chapter  111  that 
only  the  impedance  pc(t)  as  a  function  of  travel  time  t  can  be  recovered 
from  the  response  of  a  layered  medium  to  a  plane  wave  at  normal 
incidence  is  generalized.  For  the  2-D  problem,  it  is  shown  how  the 
impedance  pc(t)  as  a  function  of  travel  time  along  rays  can  be  recovered 
from  the  medium’s  response  to  a  plane  wave  at  normal  incidence. 

8.4.1  The  Two-Dimensional  Non-Normal  Incidence  Problem 

Here  the  non-normal  incidence  problem  and  algorithm  of  Chapter 
IV  which  resulted  in  recovery  of  the  separate  profiles  p(z)  and  c(z)  is 
generalized  a  full  dimension.  Recall  that  in  the  problem  given  in 
Chapter  IV  impulsive  plane  pressure  waves  were  incident  upon  a  2-D 
medium  with  1-D  material  parameter  variation,  viz.  p(z)  and  c(z). 
Running  this  experiment  twice,  at  two  different  angles  of  incidence, 
allowed  the  recovery  of  p(z)  and  c(z)  separately.  A  generalization  of 
this  experiment  will  now  allow  p(x,z)  and  c{x,z)  to  be  recovered 
separately. 

The  problem  set-up  is  as  described  in  Chapter  IV,  only  now  p(x,z) 
and  c(x,z)  are  functions  of  one  lateral  coordinate  as  well  as  depth,  and 
the  impulsive  plane  wave  now  has  a  normal  lying  in  the  y-z  plane,  where 
y  is  the  other  lateral  coordinate.  This  may  be  visualized  as  a 
horizontal  stack  of  identical  inhomogeneous  plates ,  with  the  normal  to 
the  impulsive  plane  wave  having  components  in  the  direction  of  the 
stacking  and  in  the  direction  of  increasing  depth.  This  problem  is  often 
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referred  to  as  the  2i  dimensional  problem. 

Recall  the  basic  acoustic  equations  (8-10) 


9^p/9t^  =  -  pc^(3a jj/ox  +  3a  /3y  +  3a^/3z) 


pa^  =  3p/3x 


-  pay  =  3p/3y 


"  pa^  =  3p/3z  . 


(8-29a) 


(8-29b) 


(8- 2 9c) 


(8-29d) 


Proceeding  as  in  Chapter  IV,  the  fact  that  p(x,z)  and  c(x,z)  do  not 
vary  with  y  means  that  if  the  medium  is  subject  to  an  impulsive  plane 
wave  whose  Fourier  transform  for  z  <  0  (above  the  surface)  is 
e  •’  X  y-^  z  \  then  the  wave  number  will  not  vary  with  x 

and  z  either  above  the  surface  or  below  it.  Hence  the  Fourier  transform 
of  the  pressure  takes  the  form 

p(x,y,z,u;)  =  Wx,z,w)  e  =  iZ-'fx.z.w)  e  sin  9^/0^  (8-30) 


where  0.  is  the  angle  of  incidence  for  the  plane  wave  and  Cq  is  the 
(homogeneous)  wave  speed  for  z  <  0  (above  the  surface). 

Taking  Fourier  transforms  of  (8-29)  with  respect  to  t,  substituting 
(8-30),  defining 


2  2  2  2 
cos  e^(x,z)  =  1  -  c(x,z)  sin  0j/Cq 


(8-31) 


and  converting  back  to  the  time  domain  yields,  in  analogy  to  (4-23), 


(3^p/3t^)  cos^  e.(x,z)  = 


pc  (3a  /3x  +  3a_/3z) 


(8-32) 


Note  that  6j(x,z)  can  be  interpreted  as  the  angle  between  the  tangent 
to  the  actual  ray  path  at  a  point  (x,y,z)  and  its  projection  on  the  x-z 
plane.  Compare  this  to  6(z)  in  (4-24),  which  was  the  angle  between  the 
tangent  to  the  ray  path  at  depth  z  and  the  z-axis.  Equation  (8-32)  shows 
that  the  problem  has  been  reduced  from  a  2-D  problem  embedded  in  a 
3-D  medium  to  a  2-D  problem  embedded  in  a  2-D  medium. 

Since  the  partial  derivatives  in  (8-29)  and  (8-32)  constitute  a 
gradient  and  divergence,  respectively,  they  must  (taken  collectively)  be 
independent  of  the  choice  of  coordinates.  Thus  we  may  change  from  x 
and  z  to  the  time-varying  curvilinear  coordinates  s  and  e ,  where  s  is 
normal  to  the  (2-D)  wave  front  and  e  is  tangent  to  it,  as  before.  Note 
that  these  coordinates  will  be  the  same  for  both  experiments. 

Writing  (8-29)  and  (8-32)  in  terms  of  s  and  e  yields 

(3^p/3t^)  cos^  e.(s,e)  =  -  pc^  0a^/3s  +  aa  /ae)  (8-33a) 

1  S  6 

-  pa  =  ap/as  (8-33b) 

o 

-  pa  =  9p/3e  (8-33c) 

e 

where  a  and  a  are  the  components  of  acceleration  in  the  appropriate 
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directions.  Eliminating  a^  gives 

(a^p/at^)  cos^  0.(s,e)  =  -  pc^  (aa^/8s)  +c^a^p/ae^  -  (c^/p)(a  p/3e)(ap/ae) 

1  s 

(8-34) 

and  defining  the  travel  times 

dx/ds  =  l/c(s,e)  (8-35) 


dx.  /dx  =  cos  6.  (s  ,e)  , 


i  =  1,  2 


(8-36) 


y*.  ’'rrir’.'WY 


4o: 


for  two  experiments  with  initial  angles  of  incidence  6^  and  02  allows  the 
pressure  and  medium  velocity  to  be  written  in  the  forms  (compare  to 
(8-22)) 


v^(T,e,t)  =v^(T,e,t)  l(t-T.)  (8-37a) 

o  S  1 

p^(T,e,t)  =p^T,e,t)  l(t-T.)  (8-37b) 

where  p^  is  the  pressure  field  resulting  from  the  experiment  at  angle  of 
incidence  and  similarly  for  v^. 

Proceeding  once  again  as  with  (8-13)  -  (8-15),  we  substitute  (8-35) 

-  (8-37)  into  (8-34)  and  (8-33b)  and  equate  coefficients  of  c(.)  and  6(-). 
This  results  in 

pc(T,e)/cos  e.(T,e)  =  p^(  T,e  ,t.) (T,e,T.)  (8- 38a) 

1  1  O  ^ 

C^r^rlvV  ,e,T,)  =  a^(T,e,T.)  -  (2  cos  e.(T,8) /(pc))  (c/3t)p^(T  ,e  ,t.) 

S  i  S  1  *  * 

(8- 38b) 


which  should  be  compared  to  (8-23). 

Equations  (8-33b),  (8-34)  -  (8-36),  and  (8-38)  taken  together  thus 
constitute  a  differential  algorithm  for  computing  D(T,e)  and  c(T,e),  with 
the  update  taking  place  as  an  increment  in  the  ray  path  travel  time  x  . 
The  algorithm  may  be  summarized  as  follows; 

Given:  p^(T,e,t),  ag(T,e,t),  p(T,e),  c(T,e),  cos  a.(T,e)  ,Vg(T,e,T.) 
Tj(T,e) ,  i  =  1,2. 

Update  all  quantities  in  x. 

Each  step  is  done  pointwise  for  ail  e  and  t. 


(8-39) 


(1) 

Update  p^ 

:  3P^/3t  =  - 

pc  a'g 

(8-39) 

(2) 

Update  a^ 

:  ja^  /3  T  =  - 
s 

. 2  i  ,.^.2,  2  .  ^  ,  2~  2  i ,,  2 

[(3  p  fat  )  cos  Oj(T,e)  -cop  /ae 

+ 

(c^/p)  (3p/3e)(3pV;e)]  /  (pc) 

(8-40) 

(3) 

Update  v^: 

3v'g/3T  =  a'gd. 

e,T|)-(2  cos  ?.(T,e)/(pc))3/3t)p^(T,e,T^) 

(8-41) 

(4) 

Update  T.  ; 

3x. /3t  =  cos 

ej(^,e) 

(8-42) 

(5) 

Compute  U 

:  U(Tte)  = 

^  (T‘",e,t=T2^)/2i(T'^,e,t=Tj")' 

2 

(8-43) 

Vg  J 

(6) 

Compute  c 

:  c(T:te)  =  c 

Q  t(U-l)/(U  sin^  e^-  Sin^  6^)]^ 

(8-44) 

(7) 

Compute  cos  9^  :  cos  9.(T''’,e)  =  [  1- c(T^,e)^/CQ^  sin^  9, 

(8-45) 

(8) 

Compute  p; 

p(T‘^,e)  =  p 

^(T^,e,t  =t|*')cos  S^(t+,e)/c(T'^, 

e) . 

(8-46) 

This  algorithm  bears  a  marked  resemblance  to  the  corresponding 
algorithm  (4-37)  -  (4-44) ,  and  it  is  not  difficult  to  see  why.  In  the 
1-D  offset  problem  algorithm  updates  similar  to  those  above  were  carried 
out  as  the  planar  projected  wave  front  advanced  from  depth  z  to  depth 
z  +  A.  In  the  2-D  offset  problem  the  projected  wave  front  is  no  longer 
a  flat  plane,  but  is  described  at  time  t  by  the  equation  t(x,z)  =  t. 

Hence  the  increment  occurs  in  ray  path  travel  time  t,  which  by  definition 
is  the  same  for  all  rays,  i.e.  ,  all  along  the  wave  front.  When  i  is 
incremented,  the  wave  front  advances  slightly,  and  (8-39)  -  (8-46) 
generate  p(  t  +  A,e)  and  c(  t  +  A,e).  The  wave  front  tracing  procedure 
(8-26)  -  (8-28)  can  then  be  used  to  generate  p(x,z)  and  c(x,z)  for 
each  T,  i.e.  ,  throughout  the  medium. 

8.4.2  The  Two-Dimensional  Normal  Incidence  Problem 

It  is  known  (see  Chapter  III)  that  for  the  1-D  inverse  seismic  problem 


in  which  an  impulsive  plane  wave  is  normally  incident  on  a  1-D  medium , 
and  the  upgoing  wave  at  the  surface  measured,  then  the  only  information 
about  the  medium  that  can  be  reconstructed  exactly  is  the  impedance  as 
a  function  of  travel  time,  viz.  pctx).  How  might  this  result  generalize 
to  higher  dimensions? 

Rewriting  equations  (8-17)  in  terms  of  displacement  u  rather  than 
acceleration  a,  we  have 

p  =  -  pc^  OUg/3s  +  3Ug/3e)  (8-47a) 

3p/3s  =  -  p  d^Ug/3t^  (8-47b) 

ap/3e  =  -0  3^Ug/3t^  (8-47C) 

where  u  and  u  are  components  of  displacement  in  the  appropriate 
directions.  Now,  in  the  1-D  case  changing  variables  from  depth  to 
travel  time  resulted  in  a  set  of  equations  entirely  in  terms  of  the 
impedance  pc(t),  which  allowed  recovery  of  this  quantity  by  layer- 
stripping.  Unfortunately,  this  is  not  possible  for  (8-47),  since  e  would 
also  have  to  be  differentially  scaled  by  c,  and  this  brings  in  other  terms. 
And  as  long  as  p  and  c  are  present  separately  in  these  equations,  there 
is  no  way  they  can  be  propagated  from  knowledge  (from  the  first 
reflection)  of  their  product  pc  alone. 

The  solution  here  is  to  recognize  an  implicit  feature  of  the  1-D 
inverse  seismic  problem;  Since  the  problem  takes  place  along  a  single 
vertical  ray  path,  only  acoustic  (i.e.  ,  P-wave)  wave  propagation  along 
this  path  need  be  considered.  In  the  2-D  case,  this  is  tantamount  to 
considering  only  acoustic  wave  propagation  along  a  ray  path.  From  the 
nature  of  acoustic  wave  propagation,  this  means  that  u^  is  negligible 


(Aki  and  Richards,  1980,  p.  95).  (Note  that  this  assumption  would 
simplify  the  algorithms  of  the  preceding  sections.)  With  this  assumption, 
equations  (8-47)  become 

p  =  -  pc^  ou  /3s  (8-48a) 

dp/3s  =  -p  3^U  /ot^  (8-48b) 

s 

which  have  the  same  form  as  the  basic  1-D  equations.  Defining  outgoing 
and  incoming  waves  as 

0(s,e,t)  =  p/v^  +  v/pc  3u  /3t  (8- 49a) 

s 

I(s,e,t)  =p//p^-  3Ug/3t  (8-49b) 

and  assuming  an  impulse  present  in  the  outgoing  wave  yields  the  fast 
Cholesky  equations  of  the  1-D  problem 

(3/3t  +  3/3t)  0(T,e,t)  =  -  r(T,e)  I(T,e,t) 

(d/dx-  3/3t)  I(T,e,t)  =  -r(T.e)  0(T.e,t) 
r(T,e)  =  2I(T,e,T) 

now  applied  along  each  ray  (i.e.,  for  each  e).  Thus  instead  of 
reconstructing  pc(t),  we  now  reconstruct  pc(T,e). 

A  variation  on  the  1-D  problem  provides  for  pure  shear  wave 
propagation,  with  pc(t)  again  being  reconstructed.  For  the  2-D  problem, 
we  simply  neglect  u^  instead  of  u^.  Since  (8-47)  are  symmetric  in  u^ 
and  Ug ,  the  result  is  once  again  a  fast  Cholesky  algorithm  which 


(8-50a) 

(8-50b) 

(8-50C) 


reconstructs  pc(T,e). 


As  in  the  1-D  problem,  some  sort  of  non-normal  incidence  experiment, 
involving  the  medium  responses  to  impulsive  plane  waves  at  two  different 
angles  of  incidence,  is  necessary  in  order  to  reconstruct  p  and  c 
separately,  and  as  functions  of  x  and  z-  The  2-D  non-normal  incidence 
problem  where  the  normal  to  the  plane  wave  lies  in  the  (y,z)  plane 
was  solved  in  the  previous  section.  More  desirable  would  be  a  solution 
to  the  2-D  problem  where  the  normal  to  the  plane  wave  lies  in  the 
(x,z)  plane  (so  that  all  of  the  action  takes  place  in  this  plane),  but 
there  seems  to  be  no  way  to  relate  the  different  wave  front  histories 
resulting  from  the  two  experiments  to  each  other. 

In  this  chapter  some  progress  has  been  made  in  applying  layer 
stripping  ideas  to  higher  dimensional  problems.  The  results  included 
workable  algorithms  for  reconstructing  p(x,y,z)  with  wave  speed  constant 
and  c(x,z)  with  density  constant  from  normal  incidence  data,  i.nd 
o(x,z)  and  c(x,z)  from  non-normal  incidence  data.  In  addition,  a 
familiar  1-D  result  has  been  generalized  to  a  2-D  result .  However ,  the 
complex  geometry  of  a  wave  front  in  a  medium  in  which  the  wave  speed 
varies  with  x,  y,  and  z  makes  it  seem  unlikely  that  layer  stripping 
algorithms  can  be  derived  for  general  3-D  problems. 
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CHAPTER  IX 
Conclusion 


9. 1  Summary 

In  this  thesis  the  concept  of  layer  stripping  has  been  applied  to  a 
wide  variety  of  inverse  seismic  problems.  The  goal  of  this  thesis,  which 
was  to  show  that  layer  stripping  could  lead  to  fast  algorithms  for  the 
solutions  of  many  more  inverse  problems  than  has  been  generally 
realized,  has  thus  been  accomplished. 

Prior  to  this  thesis ,  virtually  all  applications  of  the  layer  stripping 
concept  were  made  solely  to  the  one-dimensional  inverse  problem  at 
normal  incidence.  The  resulting  dynamic  deconvolution  algorithms 
were  generally  considered  to  be  entirely  unrelated  to  the  usual  integral 
equation  (for  continuous  media)  or  matrix  equation  (for  discrete  med’a) 
methods  for  solving  this  problem ,  and  it  was  also  generally  believed 
that  such  algorithms  would  quickly  blow  up  due  to  the  accumulation  of 
noise  within  them. 

The  work  of  Bruckstein  et  al.  (1983)  showed  that  layer  stripping 
algorithms  are  in  fact  closely  related  to  the  integral/matrix  equation 
methods,  and  that  their  simplicity  and  physical  interpretability  are  in 
fact  closely  related.  Furthermore,  the  breakdown  of  such  algorithms 
after  a  large  number  of  layers  is  due  more  to  the  poor  conditioning  of 
the  inverse  problem  at  those  depths  than  to  any  fault  in  the  algorithms 
themselves,  as  noted  in  Bruckstein  et  al.  (1984).  Computer  runs  of  the 
algorithms  on  synthetic  data  in  Symes  and  Zimmerman  (1982)  and  Bube 
and  Burridge  (1983)  showed  that  the  algorithms  were  numerically  better 
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behaved  than  had  previously  been  suspected.  But  throughout  all  of 
this,  attention  was  still  focused  on  the  one-dimensional  inverse  problem 
at  normal  incidence. 

In  this  thesis  the  scope  of  applicability  of  layer  stripping  has  proven 
to  be  much  wider  than  just  this  one  problem.  To  mark  this  in  detail, 
the  results  of  this  thesis  are  now  reviewed. 

In  Chapter  II  the  general  symmetric  two-component  wave  system 

inverse  scattering  problem  was  defined  and  shown  to  be  solved  by  a 

coterie  of  layer  stripping  algorithms.  The  fast  Cholesky  algorithm 

involved  leftgoing  and  rightgoing  waves  in  the  time  domain,  the  Schur 

algorithm  involved  these  same  waves  in  the  frequency  domain ,  and  the 

dynamic  deconvolution  algorithm  involved  the  reflection  coefficient  for 

the  unknown  part  of  the  medium.  These  three  mathematically  equivalent 

algorithms  all  reconstructed  the  scattering  medium  using  the  principle 

of  causality:  the  first  reflection  from  the  medium  at  any  depth  gave  the 

value  of  the  reflectivity  function  at  that  depth.  All  three  algorithms  only 
2 

require  0(N  )  computations  to  reconstruct  the  medium ,  hence  they  may 
be  considered  fast  algorithms. 

Also  in  Chapter  II ,  two  coupled  fast  Cholesky  algorithms  (or  two 
coupled  Schur  or  dynamic  deconvolution  algorithms)  were  shown  to 
solve  the  inverse  scattering  problem  for  an  asymmetric  two-component 
wave  system ,  and  other  fast  algorithms  for  reconstructing  the  potential 
of  a  Schrodinger  equation  were  derived. 

Various  integral  equation  methods  of  solving  these  problems  were 
also  derived,  and  a  fast  algorithm  (the  Krein-Levinson  algorithm)  was 
shown  to  solve  these  integral  equations  by  exploiting  the  Toeplitz  or 
Hankel  structure  of  their  kernels.  The  relations  between  the  layer 


•h 


S'"i 


'■■.V 

'•‘.S 


stripping  fast  algorithms,  which  reconstruct  the  medium  and  the  waves 
in  it  directly,  and  the  Krein- Levinson  fast  algorithm,  which  solves  the 
integral  equations  for  reconstructing  the  medium ,  were  discussed  in 
detail.  The  results  of  Chapter  II  were  illustrated  with  three  examples; 
the  non-uniform  transmission  line  without  losses;  the  non-uniform  line 
with  losses ;  and  the  linear  least-squares  estimation  of  a  stationary 
stochastic  process. 

The  results  of  Chapter  II  were  further  illustrated  by  the  results 
of  Chapter  III ,  which  collected  together  a  wide  variety  of  methods  for 
solving  the  one-dirnensional  inverse  seismic  problem  at  normal  incidence. 
Layer  stripping  solutions  for  both  discrete  and  continuous  media  were 
derived,  and  integral  and  matrix  solutions  for,  respectively,  continuous 
and  discrete  media  were  also  derived.  This  illustrated  dramatically  the 
duality  between  the  two  approaches,  as  discussed  in  Chapter  11. 

In  Chapter  IV  the  one-dimensional  inverse  seismic  problem  involving 
impulsive  plane  waves  obliquely  incident  on  a  layered  medium  was 
considered.  Fast,  layer  stripping  algorithms  were  derived  for  both 
discrete  and  continuously  varying  media.  The  difference  between  the 
two  algorithms  lay  in  the  update  equations  for  the  medium  parameters, 
which  were  more  complicated  for  a  discrete  medium.  Although  the 
additional  complexity  is  trivial  for  this  problem ,  the  additional  complexity 
of  the  discrete  medium  parameter  updates  for  an  elastic  medium  increases 
the  complexity  of  that  algorithm  to  the  point  where  it  is  no  longer  a 
fast  algorithm.  A  layer  stripping  solution  for  an  impulsive  point  source 
excitation,  involving  probing  with  cylindrical  waves,  and  a  procedure 
for  propagating  the  layer  stripping  algorithms  through  a  turning  point , 
in  order  to  use  more  of  the  reflection  response  data,  were  also  given. 
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In  Chapter  V  the  performance  of  the  layer  stripping  algorithms  of 
Chapter  IV  on  synthetically  generated  data  was  investigated.  In  the 
absence  of  noise,  the  continuous  and  discrete  medium  algorithms,  and 
their  Schur  and  dynamic  deconvolution  counterparts,  performed  quite 
well.  The  continuous  medium  parameter  updates  did  not  work  well  when 
applied  to  a  discrete  medium,  as  expected. 

Several  modifications  of  the  layer  stripping  algorithms  for  use  with 
noisy  data  were  discussed.  These  included  the  use  of  a  threshold 
based  on  the  condition  number  for  zeroing  false  reflection  coefficients , 
and  the  use  of  reflection  data  at  several  angles  of  incidence  to  compute 
a  least-squares  fit  for  the  updated  medium  parameters  at  each  depth. 

The  former  modification  proved  to  be  useful  for  thickly  layered  media  in 
which  many  of  the  reflection  coefficients  are  zero,  while  the  latter 
modification  proved  to  be  very  useful  in  general.  The  effect  of  noise 
on  the  performance  of  the  algorithm  was  illustrated  with  a  series  of  plots 
for  three  different  signal-to-noise  ratios;  the  algorithm  does  in  fact  work 
in  the  presence  of  small  amounts  of  additive  noise. 

In  Chapter  VI  the  two  sets  of  2  x  2  systems  of  coupled  equations 
used  for  the  preceding  problem  are  generalized  to  two  4x4  systems 
of  coupled  equations  for  the  elastic  problem.  This  is  necessary  because 
there  are  now  four  different  types  of  waves  propagating  through  the 
medium:  up-  and  down-going  P  and  S  waves.  And  all  of  these  waves 
couple  to  one  another. 

Fortunately,  symmetries  in  the  couplings  between  different  wave 
types  imply  that  these  couplings  can  be  described  by  three  reflectivity 
functions  and  one  transmissivity  function.  And  the  transmissivity  function 
can  be  determined  from  the  three  reflectivity  functions.  Thus  there  are 
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three  reflectivity  functions  and  three  quantities  of  interest:  the  Lame 
parameters  X(z)  and  u(z):  and  the  density  p(z).  These  quantities  are 
differentially  related,  so  that  update  equations  for  X(z) ,  li(z) ,  and  Ptz) 
in  terms  of  the  reflectivity  functions  can  be  obtained. 

However,  obtaining  the  reflectivity  functions  themselves  requires 
that  two  experiments  be  run:  One  with  an  impulsive  P  wave  source  and 
one  with  an  impulsive  S  wave  source.  This  is  because  the  determination 
of  the  P-P  reflectivity  function  requires  an  impulsive  downgoing  P 
excitation,  while  determination  of  the  S-S  reflectivity  function  requires 
an  impulsive  downgoing  S  excitation.  Hence  two  interconnected  4x4 
systems  (one  for  each  experiment)  are  needed. 

Other  complications  are  introduced  by  the  different  wave  speeds  of 
P  and  S  waves ,  which  necessitates  different  time  discretization  for  P  and 
S  waves  at  each  depth.  Still,  a  good  understanding  of  the  algorithm  may 
be  had  by  carefully  studying  Figure  6.1,  which  shows  the  interactions 
between  the  various  waves  and  how  the  algorithm  updates  all  four 
waves  from  one  depth  to  the  next. 

It  is  interesting  to  note  that  the  transformation  to  up-  and  down¬ 
going  P  and  S  waves  was  made  purely  with  the  derivation  of  a  fast 
algorithm  in  mind.  Nevertheless,  the  unique  transformation  that 
"diagonalizes"  the  basic  system  matrix  A(z)  in  (6-15)  to  the  desired  form 
also  normalizes  the  up-  and  down-going  waves  with  respect  to  energy. 
That  this  energy  normalization  can  be  obtained  without  any  a  priori 
attention  to  conservation  ideas  is  interesting. 

In  addition,  a  dynamic  deconvolution  form  of  this  4x4  system  of 
coupled  equations  was  derived,  and  the  subsidiary  problem  of  probing 
an  elastic  medium  from  a  liquid  half-space  (so  that  no  S-wave  excitations 


or  measurements  of  the  elastic  medium  are  possible)  was  solved  by 
probing  for  three  different  values  of  slowness  p  instead  of  only  one. 

The  basic  elastic  layer  stripping  algorithm  was  tested  on  synthetic  data, 
and  proved  to  work  quite  well. 

In  Chapter  VII  the  layer  stripping  methodology  was  applied  in  a 
novel  way.  The  inverse  problem  considered  in  this  chapter  was  that  of 
reconstructing  a  layered  medium  from  measurement  of  its  response  to  a 
harmonic  excitation  at  two  frequencies  and  all  wavenumbers.  Note  that 
this  problem,  which  is  discussed  in  Frisk  et  al.  (1981),  is  dual  to  that 
of  Chapter  IV ,  in  which  the  layered  medium  was  reconstructed  from 
measurement  of  its  response  for  all  frequencies  and  two  slownesses. 

Since  no  impulsive  excitation  is  involved,  and  all  measurements  are  taken 
in  the  sinusoidal  steady  state,  there  would  seem  to  be  no  causality 
condition  for  a  layer  stripping  algorithm  to  exploit. 

Nevertheless,  a  layer  stripping  algorithm  for  solving  this  problem 
was  obtained.  In  this  algorithm,  the  "waves"  are  continuous  sequences 
of  image  sources  that  simulate  the  response  of  the  unknown  portion  of 
the  medium.  The  causality  principle  exploited  by  the  algorithm  is  the 
necessity  of  all  image  sources  lying  in  the  unknown  part  of  the  medium , 
outside  the  region  in  which  they  are  to  simulate  a  response. 

Fast  algorithms  for  two  different  formulations  of  this  problem 
(free  surface  and  half-space  boundary  conditions)  were  derived  using 
the  layer  stripping  methodology.  In  addition,  the  layer  stripping 
solution  of  Levy  (1984)  for  the  mathematically  analogous  inverse 
resistivity  problem  was  also  presented. 

Finally ,  layer  stripping  fast  algorithm  solutions  of  several  higher¬ 
dimensional  inverse  seismic  problems  were  derived  in  Chapter  VIII.  For 
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these  problems,  the  density  p(x,z)  and  wave  speed  c(x,z)  are  allowed 
to  vary  laterally  with  x  as  well  as  with  depth  z.  The  first  problem 
considered  was  to  reconstruct  a  3-D  density  p(x,y,z)  for  a  medium  in 
which  the  wave  speed  c  was  assumed  to  be  constant  throughout.  The 
assumption  of  a  constant  wave  speed  means  that  the  impulsive  wave 
front,  along  which  the  reconstruction  of  p  takes  place,  has  the  simplest 
possible  form:  a  flat  impulsive  plane  wave  moving  straight  downward 
at  known  velocity.  This  algorithm  is  intended  more  to  be  illustrative 
of  the  application  of  the  layer- stripping  idea  to  higher-dimensional 
problems  than  to  be  a  practical  algorithm. 

The  second  problem  considered  was  that  of  reconstructing  c(x,z) 
in  a  medium  with  constant  density.  This  problem  is  much  more  difficult 
than  the  first  problem,  since  the  variation  of  c(x,z)  means  that  the 
shape  of  the  wave  front  becomes  complicated.  This  makes  the  problem 
much  harder,  and  necessitates  a  form  of  differential  ray  tracing  in  order 
to  interpret  the  updated  quantity  as  c(x,z). 

Next ,  the  offset  problem  of  Chapter  IV  is  generalized  a  full 
dimension.  Now  p(x,z)  and  c(x,z)  are  to  be  reconstructed  by 
measuring  the  response  to  an  impulsive  plane  pressure  wave  obliquely 
incident  in  the  y-direction,  for  two  angles  of  incidence.  Reconstruction 
of  p  and  c  again  takes  place  along  the  wavefront ,  and  again 
differential  ray  tracing  is  necessary  to  recover  p(x,z)  and  c(x,z). 

Finally,  the  1-D  result  on  reconstruction  of  the  impedance  pcIi) 
is  generalized  to  higher  dimensions.  The  generalized  result  is  that  the 
impedance  can  be  reconstructed  along  the  wave  fronts  (or  alternately , 
along  the  rays),  but  converting  this  information  into  something  useful 
seems  to  be  difficult,  considering  the  paucity  of  the  available  information. 


9.2  Suggestions  for  Further  Research 


There  are  several  avenues  along  which  further  research  on  the 
application  of  layer  stripping  concepts  to  inverse  seismic  problems  could 
proceed.  In  this  section  we  note  some  of  these  avenues,  and  identify 
several  specific  topics  on  which  further  research  is  needed. 

The  most  pressing  need  for  further  research  lies  in  the  area  of 
adapting  the  various  algorithms  to  function  better  in  the  presence  of 
noise.  The  modifications  discussed  in  Chapter  V  constitute  a  start  in 
this  direction,  but  more  improvements  are  needed  if  the  algorithms  are 
to  be  successful  in  reconstructing  a  medium  from  real-world  data.  This 
is  particularly  important  for  overcoming  the  popular  conception  that 
layer  stripping  algorithms  do  not  work  on  noisy  data. 

A  particularly  promising  possibility  is  that  of  combining  the 
a  priori  approach  used  in  this  thesis,  in  which  the  updated,  computed 
wave  speed  is  used  to  project  ahead  to  the  computed  time  at  which  the 
next  primary  reflection  should  occur,  with  the  a  posteriori  approach  used 
by  Habibi-Ashrafi  and  Mendel  (1982),  in  which  a  maximum  likelihood 
search  for  the  next  primary  reflection  is  carried  out  using  a  matched 
filter.  There  are  advantages  and  disadvantages  to  both  approaches; 
a  Kalman-filter-like  combination  of  both  a  priori  and  a  posteriori 
information  may  well  prove  to  be  worth  the  extra  computation  such  a 
combination  would  require. 

Other  possibilities  for  dealing  with  noise  in  the  data  include 
incorporating  a  priori  knowledge  about  the  medium  into  the  inversion 
process  (this  was  done  in  a  crude  way  with  the  condition  number 
modification  of  Chapter  V,  which  works  best  if  it  is  known  a  priori 
that  most  of  the  medium  reflection  coefficients  are  zero)  and  modelling 


the  medium  itself  as  a  random  process.  However,  the  inverse  problem 
of  estimating  a  random  medium  is  so  difficult  that  any  resulting  algorithm 
might  well  experience  too  many  numerical  difficulties  for  it  to  be 
practical.  Incorporating  a  priori  knowledge  about  the  medium  is 
particularly  important  when  the  data  are  bandlimited,  as  they  must  always 
be  in  real  life. 

Another  avenue  of  research  consists  of  determining  how  breakdowns 
in  the  assumed  model  of  the  medium  affects  the  performance  of  the 
algorithms.  There  is  of  course  no  such  thing  as  a  truly  layered  medium; 
interfaces  between  layers  need  not  be  entirely  horizontal.  The  effect 
of  the  presence  of  small  scatterers  (e.g.  ,  small  rocks)  within  the  medium 
can  be  modelled  crudely  as  noise ,  but  large  inhomogeneities  have  a 
separate  effect  that  cannot  be  passed  off.  Slowly  varying  lateral 
inhomogeneities  also  affect  the  medium  response  by  making  it  a  more 
complicated  function  of  lateral  position.  Note  that  all  of  these  departures 
from  the  assumed  model  can  be  detected  by  noting  how  the  measured 
medium  response  departs  from  its  expected  form  (e.g.  ,  for  a  plane 
wave  response,  R(x,t)  =  R(t-x  sin0/c^)),  but  how  should  this  be 
compensated? 

A  final  avenue  of  research  consists  of  further  theoretical  extensions 
of  the  application  of  layer  stripping  ideas  to  inverse  seismic  problems. 

The  results  of  Chapter  VII  show  that  layer  stripping  ideas  may  be 
applicable  to  an  inverse  problem  in  wholly  unexpected  ways.  The 
solution  of  other  higher  dimensional  inverse  seismic  problems,  in 
particular  the  general  3-D  problem ,  may  well  be  possible  by  layer 
stripping  methods  utilized  in  such  an  unusual  way.  The  generalized 
Gel' fand- Levitan  approach  of  Newton  (1980)  would  seem  to  be  a  logical 


starting  point  for  investigating  this  topic.  Another  problem  worth 
investigating  is  that  of  reconstructing  a  medium  directly  from  its 
transmission  response ,  which  might  lead  to  an  algorithm  for 
reconstructing  a  lossy  medium  better  than  the  one  of  Chapter  V. 
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APPENDIX 


Computer  Programs 

In  this  Appendix  all  of  the  cxjmputer  profframs  used  to  obtain  the 
numerical  results  of  Chapters  V  -  VII  are  given.  The  programs  are 
listed  in  alphabetical  order  by  their  names.  A  brief  description  of  each 
program  is  supplied  below . 

The  programs  are  all  written  using  standard  FORTRAN.  Input 
parameters  common  to  all  of  the  programs  are  as  follows: 

n  =  number  of  layers  (including  upper  and  lower  half-spaces) 

m  =  log2  (number  of  points  at  which  the  time  and/or  frequency 
response  of  the  medium  is  computed),  m  =  9  corresponds  to 
512  points. 

dd  =  thickness  of  each  layer 
del  =  discretization  length  A 
dt  =  discretization  time  At 
pi,  p2  =  slownesses  =  sin  ?  /c 
a(i)  =  wave  speed  in  layer  i 
rho(i)  =  density  in  layer  i 

b(i)  =  S  wave  speed  in  layer  i,  for  ELAS  and  INVELAS 

freql,  freq2  =  probing  source  frequencies,  for  FORFREQ  and  INVFREQ 


Program  Descriptions 

BREM:  Forward  problem  program  that  computes  the  impulse 

response  of  a  layered  medium  directly  in  the  time  domain 
by  computing  the  first  two  terms  of  the  Bremmer  series. 

DYNDEC:  Reconstructs  a  layered  medium  from  its  frequency 

responses  by  using  the  dynamic  deconvolution  algorithm. 
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ELAS; 

FORI: 

FORFREQ: 

INVDISC: 

INVELAS: 

INVFREQ: 

INVl: 

MULTFOR: 

MULTI: 

MULTINV: 

NOISE: 

SCHUR: 


Forward  problem  progrram  that  computes  the  P-*-P,  P-*-SV, 
and  SV->-SV  impulse  responses  of  a  layered  elastic  medium 
using  the  reflectivity  method  (subroutine  RECOPS)  and 
inverse  Fourier  transforms  (subroutine  FFT). 

Forward  problem  program  that  computes  the  impulse 
response  of  a  layered  acoustic  medium  using  the 
reflectivity  method  (subroutine  RECOPP)  and  an 
inverse  Fourier  transform  (subroutine  FFT). 

Forward  problem  program  that  computes  the  response  of 
a  layered  medium  for  two  frequencies  and  all  wavenumbers 
using  the  reflectivity  method  (subroutine  RECOPP). 

Reconstructs  a  layered  medium  from  its  impulse  responses 
by  using  the  fast  Cholesky  algorithm  and  discrete  medium 
parameter  updates. 

Reconstructs  a  layered  elastic  medium  from  its  P->-P, 

P  ->  SV ,  and  SV  ->  SV  impulse  responses  by  using  the 
algonthm  of  Section  6.2. 

Reconstructs  a  layered  medium  from  its  response  at  two 
frequencies  and  all  wavenumbers  using  the  algorithm 
of  Section  7.2. 

Reconstructs  a  layered  medium  from  its  impulse  responses 
by  using  the  fast  Cholesky  algorithm  and  continuous 
medium  parameter  updates. 

Forward  problem  program  that  computes  the  impulse 
response  of  a  layered  medium  as  does  BREM ,  but  does  so 
for  nm  (input  parameter)  angles  of  incidence  instead  of 
just  two. 

Reconstructs  a  layered  medium  from  its  impulse  responses 
at  nm  angles  of  incidence,  using  a  least-squares  fit  to 
compute  the  updated  medium  parameters  (using  the 
continuous  medium  parameter  updates)  at  each  depth. 

Reconstructs  a  layered  medium  from  its  impulse  responses 
at  nm  angles  of  incidence ,  by  computing  updated  medium 
parameters  (using  the  discrete  medium  parameter 
updates)  for  each  pair  of  reflection  coefficients,  and  then 
averaging  the  results,  at  each  depth. 

Takes  the  impulse  response  of  a  layered  medium,  adds 
uniformly  distributed  noise  to  it  (xl  =  maximum  noise 
amplitude) ,  and  then  reconstructs  the  medium  using 
INVDISC.  The  condition  number  modification  of  Section 
5.4  is  activated  by  inputting  ic  =  1. 

Reconstructs  a  layered  medium  from  its  frequency 
responses  by  using  the  Schur  algorithm. 
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Program  Lists 


Program  BREM 

dimension  a ( 50) r  rho( SO) »dtl (SO) >  dt2 < 50 ) »  rl < SO ) r  r2<  50 ) ? irl ( SO ) *  t r 
dimension  uwl < 1024 )> uw2( 1024 ) 
re8d(5>10)  n»iii»dd»del  »dt»pl  >p2 

10  foroat<2i »5f )  422 

read<5fll)  (a< i ) » rho( i ) > i»l »n) 

11  format<2f) 

m=2««m 

do  77  i=l»m 
uul ( i ) =0 » 
uw2< 

77  continue 

tpl(l)=l. 
tr2(l)=l. 
tll=l . 
tl2=l . 
tl=0. 
t2=0. 

£l=3(l  )«rho(  l)/sart(  1  .-ad  )«a<  1  )«p1«p1  ) 
z2-a<l )«rho( 1 )/sart< 1 .-a(l)»a< 1 )*p2«p2) 
do  1  i*2fn 

c  dtl<i)  is  2-ua»  traveltine  thru  lawer  i  for  exp't  1 
dtl <i-l )=2.«dd«sart( 1 .-a<i )«a( i )*pl«pl )/a( i ) 
dt2(i-l)=2.«dd«sort(l.-a(i)»a(i )*p2*p2)/a(i) 
rho( i-1 )=rho< i ) 

1  continue 


c  compute  reflection  coefficients 

do  2  i*l»n-2 

rl < i )  =  <  rho<i  +  l )/dtl <i  +  l )-rho< i )/dtl ( i ) )/( rho( i  +  1 )/dtl ( i  +  1 )  +  rho( i 
+  (  i  ) )  /W+I 

r2(i)*<rho(i+l)/dt2(i+l)-rho(i)/dt2(i))/(rho<i+l)/dt2(i+l)+rho(i 
+  <i))  /W+2 

c  compute  2-w3w  transmission  coefficients 

trl<i+l)»l.-rl<i)*rl<i) 
tr2<i+l)=i.-r2<i)*r2(i) 

2  continue 

c  do  primaries 

do  3  i=l»n-2 

tl=tl+dtl<i)/dt 

t2»t2+dt2(i)/dt 

tll=tll*trl<i) 

tl2=tl2»tr2<i) 

uwl(int<tl+0,5) )«rl<i)/dt»tll 
uw2<int(t2+0.5) )*r2<i)/dt*tl2 

3  continue 

c  do  secondaries 

do  4  nl=2»n-2 

do  5  n2*l»nl-l 

do  6  n3=n2+lfn-2 

n»in=min0<nl»n3) 

nmax=m3x0(nl»n3) 

tl=0. 

t2^0. 

tll=l . 

tl2=l . 

do  7  i»l>noax 
tl=tl+dtl < i )/dt 
t2=t2+dt2<i )/dt 
tll=tll»trl<i) 
tl2=tl2»tr2( i  ) 

if  <  (  i  •  le.n2)  .or.  (  i  .mt.nmin) )  to  7 

tl=tl+dtl<i)/dt 

t2*t2+dt2<i)/dt 

tll»tll*trl(  i ) 


tl2=tl2*tr2<i) 

continue 

if  (  int(il )  .ee»a)slo  to  6 

uMl(int(tl+0.5) )*uwl(int<tl+0.5) )-rl<nl)*ri(n2)*pl<n3)/dt*tll 
if ( int ( t2 ) > ee « n) do  to  6 

uw2<int(t2+0.5) )=uw2<int<t2+0.5> )-r2<nl )»r2(n2)#r2<n3)/dt*tl2 

continue 

continue 

continue 

do  78  i*l»n-2 

zl=zl»<l.+rl<i))/<l.-rl<i)) 
z2=z2*<l.  +  r2<i) )/<l.-r2<i>  > 

WPite<8f79)a(i+l)»rho<i)»rl(i)»r2(i>fZlfz2 

forii3t(lx»6fl0.5) 

continue 

do  8  i  =  l»iii 

tiiKe»tinef  dt 

write(7>12>  time»uwl ( i ) tuw2(i ) 
forinat<lxff7.4tf  15.4  *4>s»f  15.6) 
call  exit 


Program  DYNDEC 


dimension  •(SO) » rho<50) »d<50) 
complex  rcl(1025)»rc2<1025>»dt3ul»di3u2 
c  set  ic=0  to  skip  forward  part*  read  from  device  *7. 

c  set  ic=l  to  aenerate  forward  response  and  then  solve  from  it. 

re3d(5* 10)nfm*dd»del »df  »p1 »p2» ic 
10  f o rmat ( 2i > 5f * i  ) 

read(5»20)(a<i>*rho(i)»i  =  l»ri> 

20  foriiiat(2f) 
write(6»21>n»m»dd»del»df»plfp2 

21  form3t<lx*'n='fi2*2>!»'m='*i2»2x»'dd='ff4.2*2xf'del  =  '*f4.2*2xf 

+'df=' *f5.3*2x* 'Pl=' tf4.2*2x» 'p2=' *f4.2> 

do  1  i=l»n 

1  d( i ) =dd 

pie=3. 1415926536 
tn2  =  2»»m 

i f ( ic . ne . 0 ) ao  to  53 
re3d(7»52)(rcl<i)>rc2(i)*i=l»m2) 

So  to  54 

53  do  2  i  =  l*in2 
f rea=f reo+df 

call  recopp<nfa*rho»d»pl*frea»rcl(i) ) 
call  recopp<n»afrho»d*p2»freo»rc2(i>> 
write(7»52)rcl(i)»rc2(i) 

52  forn.at(  Ixf  4f  10.4) 

2  continue 

54  3cl  =  a( 1 )/sort( 1 .-a( 1 )*a<l )»p1»p1  ) 
(3c2=3(l)/sart(l.-3<l)*3(l)JCp2*p2) 
zl  =  rho  ( 1 )  fad 

z2=  rho ( 1 ) *3c2 
w  r i te ( 6  >  51 ) 

51  formatOx*  'depth'*6>{*  'c3Ct'»5K»‘’ccoiiiP'  »4x*  'rho3Ct'»3!<»  'rhocomp'»4 

+  ' rcl ' >  9x  * ' rc2 ' ) 

do  3  i  =  l  f  int  ( dd/deliKn ) +5 

dep=dep+del 

suml=0 . 

Guro2=0 . 

umea=0 . 

i.J  o  4  J  =  1  >  m  2 

omea  =  omea+2 .  tpieiddf 

dt3ul=cmplx<0.  *2«tomeailcdel/3Cl) 

dt3u2=cmplx<0.»2»*omea*del/3c2) 

rcl  (J)=ce:;p(dt3ul  )♦<  rcl(J)-cmPlx(  rl*0.  )  )/( 1  .-rcl  (J)*cffiplx(  rl  *0.  )  ) 
rc2(J)=cex P(dt3u2)»<rc2(j)-cmplx(r2f0. ))/(!. -rc2(J)*cmpl>:(r2>0.)) 
suml=suml+re3l( rcl(J) ) 
sum2  =  suiTi2  +  re3l<rc2(J)) 

4  continue 

i'l=suinl/m2 
r2 -sum2/m2 

zl=zl*( 1 .+rl )/( 1 , -rl ) 

22=22»( 1 .+r2)/( 1 .-r2) 
u^-z1*z1/22/s2  . 

ac=:sort<(u-l»)/(u-p2*p2/pl/pi))/pl 

3cl=3c/sort<l.-3C*ac*pl*Pl) 

«c2=ac/sort<l.-ac*ac»p2»p2) 

rhoc=(zl/ael+22/3c2)/2. 


]=itiiri0(irit(dep/dd)+2»ri) 

wrxte(6»50)dep»3(l)»3c»rho(l)frhoc»rlrr2 

fornist(l::»f742»6fl0,4) 

('  n  n  t  i  n  u  t 
c  3  1 1  e  i  t 
p  1 1  < ! 

bub  rout i ne  recopp ( n »  3  f  rho »  d »  u »  f  rea  »  tpp  ) 
dimension  3  <  n ) »  rho ( n ) » d<  n  ) 


complex  rpp»nifniPfroi»roip»ni21»Bi22»e2fel»e 
d(l)^0, 

fi=3. 1415926536 
onie23  =  24#pi»frea 
o  m2=;om  623*0  ni  ess 
: :  k  -  fj  111  e  2  3  *  u 
>;k2-;;k*,xK 
m  2  2  =  c  m  p  1 : ;  ( 1  •  » 0  .  ) 
m  2 1  =  c  m  p  1  ;<  (  0  .  »  0  .  ) 
do  170  J  =  1 »  n 
i -n- J+1 

s  1  2=-om2/  (  3  (  i  >$3  (  i  >  > ->:k2 
if(3r2.2t«0.)  ni  =cniPl  >;  ( sort  (  ar2  )  »  0  .  ) 
if<3r2.1e.O.  )ni=cniPlx(0.  f-sort(-3r2)  ) 
roi =cmpl X  <  rho  < i ) » 0 ♦ ) 
i  f ( i . eo .  n ) 2o  to  171 
el  =riiP*roi 
e2  =  rii»roi  p 

e-ce:,p < n i *cmpl>: < 0 ♦  > 2 « *d (  i  )  )  ) 

el=el»(ni21+m22) 

e2  =  e2*(m21-iri22) 

m21=el+e2 

iii22=e*  ( el-e2 ) 

rni3X=c3hs  ( m22 ) 

rm  =  c3hs  ( in21 ) 

i  f  (  rm  4  2t  ♦  rmsx)  rni3x  =  rBi 

e  1  =ciTip  1  K  <  1  .  / rrnex f  0 .  ) 

(i.22=m22»el 
m21=(ri21»el 
ri  i  p  =  n  i 
roiP=roi 
cont  i  riue 
rpp  =  -ni21  /in22 
return 
end 
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=>ub routine 

coniF'lex  .'<(1024)>UfW>t 
n  =  2»*m 

f='i=3. 1415926536 
do  20  1  =  1  »  ni 
le  =  2*»(ni  +  l-l  ) 
lel=le/2 
u  -  c  Bi  p  1 : ;  <  1  .  »  0  .  ) 

w-ciriPl;c(cos(pi/flo3t(lel))»siri(pi/flost(lel))) 

do  20  J=l*lel 

do  10  i-JfOfle 

ip=i+lel 

t  =  ;•;(  i  )  +  ;■:(  i  p  ) 

>:<  i  p  )  =  (>:(  i  )-;■;(  i  p  ))  Dcij 

;■:  ( i  )  t 

u-u*w 

riv2  =  n/2 

fiffil  :  n- J 

J~1 

do  30  i  =  1 »  niti  1 
i f ( i . ae . J ) ao  to  25 
t  =  ;;(  J) 

>!  <  J )  =;!  (  i  ) 

;  !(i  )==t 
k=riv2 

i  f  <  k. .  ae .  J )  ao  to  30 
J  =  J  -  k 
k  =  k./2 


ao  to  26 
J  =  J+k. 
return 


Program  ELAS 

dimension  3(50)»h(50)»rho<50)fd(50) 

dimension  upp < 1024 )» ups ( 1024 ) »usp ( 1 024 ) f uss ( 1024 )  427 

compleK  rpp(1024)frps(1024)frsp(1024)>rss(1024)»om 
re3d(5)>10)nfm*dd>delfdt>p 
10  f o rmst ( 2i » 4f ) 

i'e3d(Sf20)  (3(i  )  »b(i)  »rho(i)  ti  =  l»n) 

?0  form3t(3f) 

do  1  i  =  1  »  n 

1  d(i)=dd 

pie=3. 1415926536 

m2=2**m 

m22=2it!m2 

tfin=m2*dt 

df=l./tfin 

3CP=l.-3(l)»3<l)*P»p 

bcp=l .-b( 1 )»b( 1 )»p»p 

e=SQrt(3(l)/b(l))*sart(sQrt( bcp/acp ) ) 

do  2  i=l.m22-l 

freQ=frea+df 

call  recops(n»3»b»rho»d»p»freo»rpp(i+l)»rPs(i+l)>rss(i+l)>rsp(i+l) 

om=cmpl:!(0.  »freQ)*2»iKpie 

rpp<i  +  l)  =  rpp(  i  +  l)/oni 

rps(i+l)=rps(i+l)/om 

rsp(i  +  l)  =  rsp(i  +  l)/oin 

rss<i+l)=rss(i+l)/om 

i f ( i 4 1 t . m2 ) So  to  2 

rpp( i+l-m2)=rpp( i+l-m2)+rpp(i+l) 

pps(i+l-m2)=rps(i+l-m2)+rps(i+l) 

r6p^i+l-m2)=rsp(i+l-m2)frsp(i+l) 

rss(i+l-m2)=rss(i+l-m2)+rss(i+l) 

2  continue 

call  f f t ( rpp f m ) 

call  f ft( rpSf m) 

call  f f t ( rsp  »  m ) 

call  fft(rss»m) 

iipp(l)=24*re3l<rpp<l)  )*df 

u&p(l)=-2**re3l(rps(l))*df*e 

ups(  1  )=243Kre3l  (  rsp(l )  >$df/e 

uss(l)=-24»real<rss<l))*df 

do  3  i=l»m2 

time=time+dt 

upp<i  +  l)=24i|tre3l(rpp(i  +  l))*df 
usp<i+l)=-24*re3l(rps(i+l))*df»e 
ijps(i  +  l)=2*Ktre3l  (  rsp(i  +  l  ))*df/e 
us5<i+l)=-2.»re3l(rss(i+l))*df 
upp ( i )  =  ( upp ( i  +  1 ) -upp  < i ) ) /dt-dcpp 
usp(i)  =  (usp(i'fl)-usp(i))/dt-dcsp 
ups<i)=(ups(i+l)-ups<i))/dt-dcps 
uss(i)=<uss<i+l)-uss(i) ) /dt-dcss 

CiCPP  =  UPP  ( 1 ) 

dcsp  =  usp  < 1 ) 
dcps  =  ups  < 1 ) 

>Jcss=uss  ( 1 ) 

wi'ite(7>30)time»upp(i)»usp(i)»ups(i)»uss(i) 

50  form3t(l>:»f7  4  4  »f  15.6»3f  19,6) 

5  c  rj  n  t  i  n  u  e 

call  e :  c  i t 
end 

•ub routine  recops(nfafbfrhord»u»freRFrpprrPS>rss»rsp) 
dimension  a ( n ) »  b < n ) »  rho  <  n ) »  d ( n ) 

complex  tl>t2»t3»t4»t5»rpp?rps»rss,r5p»detfc?n?cns,t53,t63 
+»tll»t21ft31»t51ft61ftl2»tl5ft32ft45»t42,t35>t62>t65»tl3,t23»t33 
Pi=3 , 1415926536 


omea  =  2.*pi*ff'eQ 

C=l./lj 

rk=o(riea!|tu 

n  1  =  n  -  1. 

coi7i  =  ci(fomea 

u2  =  u»u 

c2=c*c 

r'K2=  rk#  rk 

oni2  =  omea*omea 

%"b  ( ri ) 

f'  ~  3  (  n  ) 

r ro=  rho  <  n ) 

‘42-S»S 

p  2  -  p  ♦  p 

3rap=l ♦ -c2/p2 
aras-l .-c2/s2 

if(3rap.ae.0.)cn=cinpl>!(0.»-rk»SQrt(3rap)) 

if(3rap.lt»0.  )cn=cniPlx(rk*sort(-3rap)  »0» ) 

if(3rastlt.0t)cns=ciriPl;<<rk*SQrt<-3ras)»0.) 

if(3ras»ae«0>  )cris  =  c(nplx(0.  f-rk*SQrt(3ras)  ) 

rl=2.*rk2-om2/s2 

rpp=cn*cns 

l-l  =  cmpl;;(-s2!its2i!!rro/(om2+offi2)»0.)Kt(cmpl!;(4,»rk2»0.)<trpp  + 
+  cn)Plx(rliKrl>0.)) 

t2  =  cinpl>:<0.  »0.5)<!cn 

t3  =  cmpl>!(0.  »-s2*u/(2.*oi?iea)  )*<citipl;;(  rl  fO.  )  +  rpp+rpp) 

L4  =  cmpl>;(0.  >-0.5)<!cris 

t5=cmpl)<<-l./(2.J|trroJ|!om2)t0.)*(rpp+ciiiPlK(rk2»0.)) 

trl  =  real ( tl ) 

t i l^aimaa ( t 1 ) 

t  r2=  re3l ( t2 ) 

ti2s3iiri3a  <  i2 ) 

tr3=2.*re3l (t3) 

ti3=2 . faimsa ( t3 ) 

t  p4  =  pe3l ( t4 ) 

ti4*aiiit33(  t4 ) 

tp5=pe3l(t5) 

t i5  =  3im3fl  < 15 ) 

if(n,lt.3)ao  to  2000 

do  1000  J=2fnl 

j  -  n  -  J  + 1 

'b  -  b  (  i  ) 

'i2-SJ(!S 

r '  -  3  (  i  ) 

p2  =  p)(cp 

Lh^  =  rk*d ( i  ) 

cM'apssl  •  -c2/p2 

i f ( 3  pap . ae . 0 . ) ao  to  190 

P3=SQrt(-3PaP) 
p  -thk!(tP3 

sp  =  siri(p) 

CP=COS ( p ) 

P3*sp 

3tas=l . -c2/s2 

i f ( 3  pas » ae » 0 » ) ao  to  200 

pb=sHPt(-3ras) 

«j  =  thk»  pb 
s  o  =  s  i  n  ( a ) 

(.'C»  =  COS  ( « ) 

-so*  (  b 
au  to  210 
P3  =  -sa  pt  <  3  rap ) 
ep=0»5*exp(thk*r3) 


eiti=0  ♦  25/6^ 

sp=ep-eiii 

ep=ep+e(ii 

■;--sp*r3 

^io  to  180 

rb=-sort ( srds ) 

ep  =  0t5»exp(thki(crb) 

eai  =  0 . 25/ep 

SQ=ep-em 

CQ=ep+em 

z=-sa* rb 

w=sp/ ra 

y  =  sci/rb 

dl=-2.*s2*u2 

^2=31+1. 

e 1 =cp*ca 

e2=l .-el 

e3=wiKy 

e4=x#2 

e5=w*co 

e  A  =  «  *  c  p 

rl=com*rho( i ) 

l■2  =  l  ./rl 

rl^rlJKal 

r4----rl#£l2 

n  =e2+e3 

f?^^f  l*r2 

yl6=-r2i|t(f2+(e2+e4  )*r2) 

Iil3=-r3*3l6  +  f2 
f3*al*fl+e3 
f4=r3*Sl3+f3 
sJ31  =  r3*f4  +  f3*r4 
<lll  =  el-f4 
s{33  =  f4  +  0.5 

5i61*-r3*a31-r4*<e3*r4  +  f3*r3) 

.'3l5=-r2*(e5  +  2*cp) 
d23=-r3*dl5+e5 
d21  =  -r3*a23-r4J|te5 
iil2=r2*<eA  +  x*CQ) 

332=-r3»al2-e6 

3Sl=-r3*332+r4*eA 

d22=el 

325=z*w 

352=x»y 

t,rll  =  trl*all  +  tr2»a21-ti3#a31+tr4»a51  +  tr5*a61 

till  =  til»all+ti2*a21  +  tr3*a31  +  ti4i|!a51  +  ti5*a61 

ti'22  =  trl*al2+tr2*a22-ti3*a32+tr4*352+tr5*a51 

ti22=ti l»3l2+ti 2*322+tr3»a32+ti4*a52+ti 5*351 

tf33=-til*al3-ti2»323+tr3»333-ti4»332-ti5»a31 

ti33=trl*al3+tr2*323+ti3»a33+tr4*332+tr5*a31 

tr44=trl*al5+tr2*a25-ti3*a23+tr4»a22+tr5*a21 

t a 44=t i 1 *315+ t 12*325+ tr3*323+ti4*a22+ti5*321 

ir5=trl*al6+tr2*al5-ti3*313+tr4»3l2+tr5*ail 

ti5=tl I*3l4+ti2*3l5+tr3*313+ti4*3l2+ti5*all 

t  rl  =  trl  1 

K  i  1  =  1 1 1 1 

I  1-2^  1 1  2  2 

t  1  2  - 1 1  2  2 

I  '  3-2. r33 

I  I J-2.*ti33 

t  ,-4  -  t  T  ‘14 

t.  1  4  =  1 1  4  4 

I  II.  p  V  =  i*  b  *.  <  t  r  j  ) 


ir<r(iia;:,lt.3hs(ti5)  )  rniax  =  ti5 
1  f  (  rmax  .  1 1  >  abs  ( t  i 4 )  )  riTi3x  =  ti4 
1  r  (  riTia:: .  1 1 .  abs  ( t  i3  )  )  r(tia>:  =  t  i  3 
1  f  (  rttiax  .  1 1 1  abs  <  t  i  2 )  )  riiiaK  =  ti  2 
i f ( rmax . 1 1 . abs { ti 1 ) )  rm3x  =  til 
ir(rm3x.lt.3bs(tr4))  rmax=tr4 
j.f<rm3x.lt.abs<tr3))  riiiax  =  tr3 
i  f  <  rmax  .  1 1 .  abs  ( t  r2  )  )  rin3x  =  tr2 
j.f(r(Ti3x,lt.abs(trl))  rmax  =  trl 
rm3x=l ./rmax 
i  r  1  =  t  r  1  ♦  r  m  a  X 
tr2  =  tp2*rma>: 
tr3=tr33|trm3x 
tp4  =  tr4)|trm3x 
tp5  =  tr5*riTiax 
=  rmax 
t i 2  =  t i 2*  rmax 
ti3=ti3*rmax 
ti4=ti4*rmax 
ti5=ti5*rmax 
continue 
continue 
n=e<l  ) 
n  2  -  f>  ♦  e 
u  =  b<  1  ) 

I'  ro=  rho  <  1 ) 

<1 1-35  =  1.-02/52 
ur3p  =  l  .  -c2/p2 

j  f(3r3P.ae.O. )  cn=cffiplx(0. »-rk*SQrt(ar3p)  ) 

if(3r3P.lt.O.)  cn=cmplx{rkfsart(-3r3p)>0.) 

if<3r3s.lt.O.  )  cris  =  cmplx<  rkiKsart(-ar3s)  »0.  ) 

if<dr3s.3e.O.}  cns  =  cmplx<0.»-rkJ)tsQrt(3ras)) 

rm  =  r  roJ|!s2 

rl=rk2+rk2-om2/s2 

rpp=cn*cns 

rm2  =  rm*  rm 

rl2=rl»rl 

tn=cmplx(-rk2f0.  ) 

tl3=tll+rpp 

t 1 1 =t 1 1 -rpp 

t21=cniplx(0.  f  rro*om2) 

t51=t21»cn 

L21=-t21*cns 

t31=cmplx<0.  f-rm!|trk»rl) 

rss=cmplx<0. »2.*rm*rk)*rpp 

t33=t31+rss 

t31=t31-rss 

t61=cffiplx(-rm2»rl2f0. ) 

i-ss  =  cmplx(4.»rk2*rm2»0.)<!rpp 

tA3=t61+rss 

t61=t61-rss 

t23  =  cmplx(0. »  rm»(2.*rk2-rl )  ) 

t53  =  t23*cri 

t23=t23*cns 

1 1 2  =  cmplx  <  rk  +  rk  » 0 .  ) 

tl5=tl2*cns 

tl2=tl2*cn 

l-3  2  =  cmplx(0.  »4.#rm»rk2) 
t45  =  t32i|tcns 
t32=t32#cn 

t42=cmplx<0.»2.»rm»rl) 
t35=t42*cns 


t42  =  t42*cri 

t,62  =  citiF'  1  x  (  4  ,  ♦  rm2*  r  1  ♦  rk  »  0  .  ) 

t(65=tA2*cns 

t62=t62*cn 

1 1  =cmpl  (trlftil) 

t2  =  cmF'l!:(tr2»ti2) 

t3=cmplx(tr3»ti3) 

i4  =  cmpl;;(tr4»ti4) 

t5  =  cn)Pl>r(tr5»ti5) 

(iet  =  tl*tll  +  t2*t21  +  t3*t31  +  t4*t51  +  t5*t61 
(Jet  =  cmplx(l.»0.)/det 

rss=tl*tl3+t2*t23+t3»t33+t4»t53+t5*t&3 
rss=- rss*det 

rpp=-tl*tl3-t2*t21-t3*t33+t4»t51-t5*t63 
rpp  =  pppHtdet 
t3=t3*cmpl X < 0 . 5 1 0  .  ) 
rps=tl»tl2+t3»t32+t3*t42+t5»t62 
rps=-rps*det 

rsp=tl*tl5+t3*t35+t3*t45+t5*t65 
rsp=  rspJftdet 
j'  e  t  u  r  ri 
end 

bubroutine  fft(x»(ri) 
complex  X < 1 024 ) » u » w » t 
n  -2**hi 

pi^3. 141!;i926536 
do  20  l=lim 
le=2)t!*(m  +  l-l  ) 
lel=le/2 
u  =  c  iti  p  1 : :  ( 1  .  »  0  .  ) 

w-cnip]:(cos(pi/flo3t<lel))»siri(pi/flo3t(lel))) 
do  20  J=l»lel 
do  10  i  =  J  >  n » 1  e 
i  p  =  i  + 1  e  1 
t  =  x ( i ) +x  < ip ) 

X  <  i  p  )  =  ( X  (  i  )  -  X  (  i  p  )  )  *  I.J 
X  ( i )  1 
IJ  “  IJ  #  w 

nv2  =  ri/2 
riml  =  n-l 

j  =  1 

do  30  i  =  1 >  nm 1 
if(i.de.j)  do  to  25 
L--x<  J) 

X  ( J )  =  X  <  i  ) 
x(  i  )=t 
k=nv2 

if(ktae.J)  do  to  30 

J= J-k 

k-:k/2 

do  to  26 

J  -  J  +  k 

return 


Program  FORI 


diniension  3  (  50  )  »  rho (  50 )  »  d (  50  ) 
dimension  uwl ( 1 025 ) > uw2 ( 1 025 ) 
comele;:  rel  <  1 025 )  »  rp2 ( 1 025 ) 
read(5flO)n>m>ddfdel>dt>el»F’2 
f o  rmst ( 2i »  5f ) 

re3d(5»20)(a(i)frho<i)»i=l»n) 
format ( 2f ) 
do  1  i  =  1 f  n 
d ( i ) =dd 

pie=3. 1415926536 
m2=2f »m 
tf  i  n=ffi2)|!dt 
df=l ./tf in 
do  2  i=l»m2-l 
f reQ=f rea+df 

call  recopp(nf3f  rhotd»pl »freo»rpl(i  +  l)) 

call  recopp<n»3»pho»d»p2ffreQ»rp2(i+l)) 

rpl(i+l)=rpl<i+l )/(c»p1x(0. »f reo)*2»*Pie) 

rp2(i  +  l)  =  rp2<i  +  I  )/<cmpl>;<0. »  f  reo)*2.*Pie) 

continue 

call  fft<rpli(ii) 

call  fft(rp2>m) 

uwl(l)-2»*real<rpl<l>)*df 

ijw2(l  )=2»»re3l(rp2(l))»df 

do  3  isl>iii2 

time=time+dt 

uwl (i+1 )=2.*re8l<rpl<i+l ) )*df 

uw2<i+l)*2.»re3l<rp2<i+l>)*df 

uwK  i  )  =  (uwl  <i  +  l  )-uwl(i>  >/dt 

uw2<i)=<uw2(i+l)-UM2(i>)/dt 

write(7>30)tifie>uwl<i>»uw2(i> 

format( lx»f7,4»f 15,6r4xf fl5.6) 

cont i nue 

call  exit 

end 

sub  routine  recopp  <  n?  a »  rho  fdfUrfreorrpp) 
dimension  a<n) f rho<n) r d(n> 

complex  rpp>ni>niP>roifroip?m21rm22fe2»elre 
d(l)=0. 

Pi=3. 1415926536 
omeda=2»*pi*frea 
om2-omeda*omeda 
xK^omedatu 
xk2=xk*xk 
m22scmplx( 1 »  f 0>  > 
ni21=cmplx(0«  1 0« ) 
do  170  J=l»n 
i -n- J+1 

ard=om2/(a( i )*a< i ) >-xk2 

if(ard*at.0»)ni*cmplx(sort(arg)»0.) 

if(3rd«let0< )ni=cmplx(0.» -sort ( -era ) ) 

roi=cmplx( rho( i ) r0» ) 

ifd.eo.nlao  to  171 

el*nip*roi 

e2*rii*roiP 


e  =  ce>!f'(rii*CBiplx(0.  »2»*d(i  )  )  ) 

el=el»(m21+m22) 

e2  =  e2)(c(m21-iri22) 

m21=el+e2 

ni22=e*(ei-e2) 

rm3X=c3b>s(Ri22) 

rni=c3b6  ( m21 ) 

if<rm.at.r«3x)rtiiax=r® 

el  =  CBiplx(l./rffiax»0.) 

Ri22<sii22»el 
m21-in21«el 
171  nip-ni 

roiP=roi 
continue 
rpps=-Bi21/«i22 
return 
erid 

subroutine  fft(x»Bi) 
coBiplex  ><<  i024)  fUfUft 
ri-2»*Bi 

pi=3. 1415926536 
do  20  l  =  lfBi 
le  =  2*»<Bi+l--l ) 
lel=le/2 
u=cbip1x<  1 .  t0»  ) 

w=cBiPlx<cos<pi/float(lel)>»sin(pi/flo3t<lel>)) 
do  20  Jslrlel 
do  10  i=J»nfle 
ip*i+lel 
t=x( i )+x< ip) 
x(ip)=<x(i>-x<ip))4u 
10  x<i)=t 

20  u=u*w 

nv2=n/2 

nHil=n-l 

J=1 

do  30  i  =  l>nBil 
if(i»ae*J)so  to  25 
t  =  x  <  J ) 

; !  <  j )  =  X  <  i  ) 
x(i)=t 

25  k.  =  nv2 

26  if(K«ae>J)ao  to  30 

J= J-k 

k  =  k/2 
ao  to  26 
30  J* J+k 

return 


Program  FOR  FREQ 


diniension  8(50)>rho(50)»d(50) 
dimension  uw 1 ( 1 025 ) » uw2 ( 1 025 ) 
complex  rpl ( 1025) f rp2( 1025) 
re3d(5fl0)n»ffi»dd»freol»freo2 
f  o rmst < 2i »  3f ) 

read ( 5  I  20 ) ( a ( i ) »  rho (i)»i  =  l»n) 
format(2f) 
do  1  i  =  1 »  n 
d  (  i ) =dd 

pie=3. 1415926536 
m2=2**m 

f  niin  =  mi  n  (  f  reol  f  f  reo2) 
dk=f min/a < 1 )/m2 
dt  =  a(l  )/fmiri/2. 

2k  =  0. 

do  2  i=l»m2-l 
2k=-zk  +  dk 

pl=sort(l.-2k»2k*e(l)»a<l)/freol/freQl)/a(l) 

p2  =  sQrt<l.-2k)|(zk*a(l)!|ta(l)/frea2/freo2)/a(l) 

call  recopp(n»3»rho»d»pl»freol»rpl(i+l)) 

call  recopp(n»3frho>d»p2»freo2»rp2(i+l ) ) 

cont i nue 

call  f f t <  rpl » m ) 

call  fft<  rp2 » m ) 

uwl(l)=2.*re3l(rpl(l))»dk 

uw2<l )=2.»re3l<rp2<l))»dk 

do  3  i  =  l  »ni2 

time=time+dt 

uwl(i+l)=2.*real<rpl(i+l))*dk 

uw2(i+l)=2.#re3l(rp2<i+l))»dk 

write<7f30)iiflie>uwl(i)>uw2(i) 

form3t(lx»f7.4»f 15.6>4xf fl5»6) 

continue 

call  exit 

erid 

subroutine  recopp<rir3»rhofd>UffreR»rpp) 
dimension  3(n)  f  rho(ri)  »d(n) 

complex  rpp»ni»riip»roi»roip»m21»m22»e2>el»e 
d<  1  )=0. 

pi=3. 1415926536 
ome3a=2.»Pi*freo 
om2=ooiedd4ioiiie£la 
xk^omedaYu 
xk2=xk*xk 
m22=cniPlx<  1  .  »0.  ) 
m21=cmplx<0«  »0. ) 
do  170  J=l»n 
i=n- J+1 

3rcf  =  om2/(3(i)4:8(i)  )-xk2 

if<3rd.at.0,)ni=c«plx<sort<3P3)»0.) 

if(8ra>le<0t )ni=cmplx<0. »-snrt(-3ra) ) 

roi=cmplx( rho( i ) fO. ) 

i  f ( i . eo . n ) 30  to  171 

el=niP*roi 

e2  =  ni<troip 

e=cexp(nii(tcmplx(0.  »2*fd(  i  )  )  ) 
el=el*<m21+m22) 
e2=e2»(m21-m22) 
m21 =el +e2 


m22=e»(el-e2) 

riiia!-:  =  C3bs  <  ih22 ) 

riti  =  c3hs  <  iii21 ) 

i  f  (  rfli .  at .  rnia;; )  rtriex  =  riti 


el  =  cmpl>;  ( 1 .  /riiisx » 0 .  ) 

ni22=m22«el 

m21  =  ni21»el 

n  i  p  =  n  i 

roip=roi 

continue 

rpp  =  -iii21/m22 

return 

end 

subroutine  fft<x»ffi) 
complex  >!  <  1 024 )  » u»  w f  t 
n=2»»m 

pi  =  3. 1415926536 
do  20  1  =  1 » m 
le=2*»(ffi+l-l ) 
lel=le/2 
u  =  cmplx  < 1 ♦ » 0  .  ) 

w=cniplx(cos(pi/flo3t(lel)>»sin(pi/float(lel))) 

do  20  J=l»lel 

do  10  i=j>n»le 

ip=i+lel 

t--x  (  i  )  +!<(  iP  ) 

x<ip)=<x<i)-x<ip))*u 

>((  i  >-t 

u=u*w 

nv2=n/2 

nitil  =  n-l 

J  =  1 

do  30  i=l»nml 
i f ( i t  se . J ) ao  to  25 
t=x< J) 

X  <  J ) =x (  i  ) 

X  (  i  )  =  t 
k=nv2 

if<k.ae.J)So  to  30 

J= J-k 

k  =  k./2 

ao  to  26 

J  =  J+k 

return 


Program  INVDISC 


too 


dimension  3(50) f rho<SO) 

dimension  dwl ( 1024 )? dw2( 1024 ) f uwl ( 1024 ) f uw2( 1024 ) 
read(5fl0>n7ib»ddfdel»dt»pl»e2 
10  form3t(2i »5f ) 

re3d(S>20)(a<i)trho<i)fisi»n) 

20  foriri3t(2f) 

m=2«*ni 
do  4  i =1 m 

read  ( 7  »30)tiine»uwl(i)  f  uw2<  i  ) 

30  for»3t<l>:tf7.4»f  15.6»4>{»fl5.6) 

dwl(i>=0. 
dw2 ( i )=0 ♦ 

4  continue 

3c=a( 1 ) 
rhoc=  rho ( 1 ) 
sl  =  0. 
s2  =  0. 
ktsl*0 
kts2=0 
tll  =  l . 
tl2=l . 
dee=0 . 

zl  =  a(l)4trho(l)/sQrt(l«-3(l)*a(l)*pltel> 
z2=3(1 )*rho<l)/sQrt(l.“3(l)*3(l)»p2*p2> 
write(6»40) 

40  formaKlXf'  depth '  »8xf  'cact'»5x»  'ceomp'»4x» '  rhoact ' » 3x » '  rhoeomp 

+ ' rcl ' » 9x » ' rc2 ' )  ut 

do  5  i®lffi  ^ 

dep=dep+del 
acpl=l . “ac»3C»Pl»pl 
acp2=l . -3C*3C*p2*p2 

if( (acpl 4le«0« ) •or»(acp24le«0«  >  >call  exit 

sl=sl+2.*del/dt»sart(3CPl)/ec 

s2  =  s2-f2t)|:del/dt4:sort<acp2)/3c 

ksl=int(sl-ktsl+0.5) 

ks2=int<s2-kts2+045) 

ktsl^ktsl-fksl 

kts2=kts2+ks2 

tll=tll*sapt<l.-rcl»rcl) 

tl2stl2«sort(l f-rc2*rc2) 

kinaxsmax0(kt6lfkts2} 

if (kmax.tfe.mlcall  exit 

do  6  k=l»m-k«ax+l 

tempi  =  <  dwl <  k )-Pcl*uwl <k))/sort(lf-rcl*rcl> 
temp2=<dw2<k)-rc2*uw2<k))/sort(l.-rc2*rc2) 
uwl(k)*(uwl(k)”rcl*dwl<k))/sort(l«“rel*rcl> 
uw2<k)«(uw2(k)-rc2*dw2(k> )/»ort( 1 *-re2*rc2) 
dwl (kl^templ 
dw2 ( k ) =temp2 
6  continue 


rcl  =  (uwl (ksl-1 )+uwl<ksl>  +  uwl (Ksl  +  1>  >»dt/tll 

rc2=(uw2(ks2-l )+uw2(ks2)+uw2(ks2+l ) )*dt/tl2 

do  7  k  =  l  f  (ii-k«3x+l 

uwl(k)sijul(k-fksl) 

uw2(k)=uw2(k+ks2) 

continue 

2l=zl*(l .+rcl )/<l.-rcl> 

22=z2»<1 .+rc2)/<l .-rc2) 

U*Zl*2l/22/22 

3c=<sort<  <u-l«  >/( u-p2*p2/p1 /p1 > ) > /p1 
rhocl=zl»sort(l .-ac#ac*pl*pl )/ac 
rhoc2  =  z2l!sort(l.  -ac*3C*p2*p2  >  /ac 
rhoc=<rhocl+rhoc2)/2. 


I  =  inin0(  int<dep/dd)+2»n> 

write(6i50)dePf3(l)>3C>rho(l>Frhoc>rcl»rc2 

foriii3t(lx»f7.2»6fl0.4) 

continue 

call  exit 

end 


Proffram  INVELAS 


dimension  3 ( 50 ) » b ( 50 > » rho ( 50) 

dimension  dpp(1024)»upp(  1024  )»dsp(1024)fijsp(1024) 
dimension  dps(1024)>ups(1024)»dss(i024)>uss(1024) 
re3d(5>10)nym>ddfdelfdt>p 
format ( 2i »  4f  ) 

re3d(5*20)<3(i)»b(i)»rho(i)»i=l»n) 

form3t(3f) 

m2-2#»m 

m22=2»m2 

do  4  i  =  1 »  m2 

re3d<7»30)time»upp<i)»usp(i)fups<i)fuss(i) 

form3t<  l>;»f7.4»f  15.6»3f  19.6) 

cont  i  nij€o 

3  c  =  3  ( 1  ) 

bc  =  b< 1  ) 

rhoc-Tho  ( 1  ) 

tlp  =  l  . 

tls  =  l  . 

w  r  i  t  e  <  6 »  4  0  ) 

format<l!;»  'depth'  f2x»  '33ct'»2>{»  'scomp'  »2x»  'bact'  r2xf  'bcomp 
rhoact'  »2>;t  'rhocomp'»45:»  'rp'»5x»  're'  »5x»  'rs'  »5>(»  'tc'  ) 
do  5  i=l»m2 
dep=dep+del 
33=act3C*P*P 
bb=bc»bc*p)|!p 

8CP=1  .-3tl 

bcp= 1 . -bb 

if<(acp.le.0.).or.(bcp.le.0.>)c3ll  exit 

d=bc»sart(3cp)|tbcp)/3c 

x^sort  <  bb/s ) /2 . 

det=(0.5-3.H!bb-3  +  2.»bb»bb+2.*bb»s)*x/bcp 

tp=tp+2.*del/dt*SQrt<3CP)/3c 

ts  =  ts+2.»del /dt»SQrt  <bcp )/bc 

tm  =  tm+del/dtJt!(sort<3CP)/3c+sort<bcp)/bc) 

kdp=int(tp-ktp+0.5) 

kds=int(ts-kts+0.5) 

kdm=int(tm-ktm+0.5) 

k  t  p  =  k  t  p  +  k  d  p 

kts=kts+kds 

ktm=ktm+kdm 

tlp  =  tlpi(!sort(l.-rp*rp-rc*rc-tc*tc) 
tls  =  tls*se»rt(l.-rs*rs-rc»rc-tc*tc) 
i  f  ( kts  .  de •  1)2 ) cal  1  exit 


439 


do  6  k  =  1  »  Bi 2 - k  t s  + 1 

temp  1  -  dpp  (  k  )  -  tc*dsp  <  k. )  -  rptupp  ( k  )  -  rc*usp  <  k  ) 
teBip2  =  dsp(k)+tc)l!dpp(k)-rc*upp(k)-rs*'JSp(k) 
tenip3-ijpp<k)-rp!(tdpp(k)-rc*dep(k)-tc*usp(k) 
tenip4  =  usp(k)-rc*dpp(k)-rs*dsp(k)+tc*upp<k) 
d  p  p  (  k. )  =  t  e  Bi  p  1 
dst-  (  k  )  =teaip2 
upp  ( k. )  -  teniP3 
u  s  p  (  k. )  =•  t  e  Bi  p  4 

teBipl  =  dPs(k)-tc]ltdss<k.  )-rP#UPs(k>-reJl<uss<k. ) 
teBip2  =  d«>s(k)+tc*dPs(k.)-rcJltuPs(k)-rs*uss(k. ) 
ieBip3  =  uPs(k)-rpi|tdPs(k.  )-rciKdss(k.  )-tc*'JSs(k. ) 
teBip4  =  ijss(k)-rc*dPG(k.  )-rsi>dss<k)+te*ups(k.) 
dPS  (  k. )  =  tenip  1 
d  5  s  (  k. )  =  t  e  Bi  p  2 
U  P  S  (  k.  )  =  t  e  Bi  P  3 
US  s  (  k  )  =■  t  eBip4 
6  c  o  n  t  i  n  u  p 

r'p=(up!:  <kdp-l  )+upp<k.dp)+UPp(k.dP+l  )  )<tdt/tlp 
rc‘l  =  (usp(k.dBi-l)+usp<kdBi)+usp(kdiii  +  l))/tlp 


I'  c-  2  -  (  U  P  S  (  k.  d  Bi  -  1  )  +  U  P  S  (  k  d  Bi  )  +  UP  s  <  k  d  Bi  + 1 )  >  / 1 1  s 
rc=( rcl+rc2)«dt/2. 

rs=(uss(k.ds-l)+uss(k.ds)+uss(kds  +  l))*dt/tls 

tc=-<0.5-3 .*bb+d-2 . *bb»gk2 . *bb*bb) / (det»bcp)*::*rc+2.*bb/dei*rs 
do  7  k.  =  l  ,Bi2-k.tp  +  l 
UPP  ( k. )  =upp  <  k+kdp ) 

UPS  ( k  )  =ups  ( k  +  kdBi ) 
usp  <  k. )  =usp  (  k  +  kdm  ) 
ijGs  (  k  )  =  uss  ( k  +  kds  ) 

7  c  o  n  t  i  ri  u  e 

c)c~3C-(<2.)(!bb-0t5)!Krc/bcp  +  4.J|t>;*(bb  +  S)!)trs-2»#det*rp)*3c*acp/dei 
bc=bc-( (2. *bb-0.5)*rc+x»(l .-2,»bb+2»*a)*rs)*bc/det 
rhoc=rhoo-((0.5/bcp-4.!|!bb)*rc  +  4.#(bb-a))|c>:#rs)*rhoc/det 
l=BiiriO(irit(dep/dd)+2»n) 

write<6»50)depr3(l)»3c»b(l)»bc»rho(l)»rhoc»rp>rcfrs»tc 
50  forBi3t(l>!»f5.2>f6.3f  f7,4f  f6.3f  f7,4»f8.3»5f7.4) 

5  continue 

call  e:;lt 
end 


Program  INVFREO 

diniension  3  (  50  )  »  rho  ( 50 ) 

dimension  dwl<1024)fdw2(1024}fuwl(1024)fuw2(1024) 
re3d(5»10)n»ni»dd»freQl»frea2 
10  form3t(2i »3f ) 

re8d(5>20)(8(i)irho(i)>i  =  l»ri) 

20  form3t(2f) 

m=2*»m 

pie=3. 1415926536 
fmiri=min<fpeol»free»2) 
dt*3  ( 1 )  /f  miri/2 . 
flso  =  freol<tfreal 
f2so=freo2*fpeo2 
do  4  i=l im 

re3d(7>30)tinietuul(i)»  uw2<  i  ) 

30  form3t<  l>tf  f7.4ffl5.6»4x»fl5.6) 

dwl ( i )=0. 
dw2(i)=0. 

4  continue 

tll  =  l . 
tl2  =  l  . 
kt.  =  0 
dep^O . 

2-1  ./sort<  rho< 1 ) ) 
zteme  =  2 
rltemp=0. 
r2teme=0 . 
wri te  <  6f  40 ) 

40  form8t<lx*'def’th'»8x»'c8ct'»5xt'ccomp'f4x»'rho8ct'»3!:»'rhocomF 

+  'rcl'»9x»'rc2' ) 

do  5  i=l»m  *  ^ 

kt=kt+l 

dep=dep+dt 

tll=tll»sart(lt-rcl»rcl) 
tl2=tl2*sart(l.-rc2*rc2) 
do  6  k=l*m-kt+l 


temp  1  =  < dwl  <k)-rcl<tuwl  (k)  )/sort(  1  .-reltrcl ) 
terap2=(dw2<k)-rc2*uw2(k) )/sQrt ( l.-pc2*rc2) 
uwl(k)=<uwl(k)-rcl*dwl(k))/sort(l.-rcl»rcl) 
uw2(k)=(uw2<k)-rc2*dw2<k))/sort(l.-rc2*re2) 
dwl  ( k )  s^templ 
dw2  <  k ) =temp2 

6  continue 
rcl=uwl ( 1 >*dt/tl  1 
rc2=uw2( 1 )*dt/tl2 
do  7  k=l»m-kt+l 
uwl (k)«uwl <kkl ) 
uw2(k)=uw2(k+l  ) 

7  continue 


vl  =  rcl*rcl-(rrl-rltenip) 
v2=re2»rc2-(  rc2-r2te(rip) 
rlteffip=rcl 
r2temp=rc2 

3C=1  ♦/sort  ( 1 .  /  (3(  1  )*e(l ) )-( vl-v2)/(  (f  lso-f2sQ)»dt)l<dt  )  ) 
2Plus=( <f2so*vl-f lsQ*v2)/(f2so-f lso)+2, )*z-zteflip 
rhoc=l ♦ /( 2*2  ) 

2temp=2 

2=2p1us 

l=itiiri0(int(dep/dd)+2»ri) 

write(A»50)dep»3(l)>3c»rho(l>»rhocfrcl»rc2 

forn.3t(lx»f7,2»(6fl0.4) 

i f ( 1 ♦ eo ♦ n ) C3l 1  exit 

continue 

csll  exit 


Program  INVl 


dimension  3(50) r rho(50) 

dimension  dwl ( 1024 ) i dw2( 1024 )»uwl(1024)»uw2(1024) 
re8d(5fl0)n>mrdd»del>dt»elfe2 

10  f ormst < 2i » 5f ) 

re3d<5f20)(a<i)»rho<i)»i-l>ri) 

20  form8t<2f) 

m2-2**iu 
do  4  isl>m2 

read(7f30)tineiuwl(i)»  uw2< i  ) 

30  format<lx»f7.4»f lS.6>4x»flS.6) 

4  continue 
3c=a  ( 1 ) 
rhoc=rho< 1 ) 
tll  =  l , 
tl2=l . 
write(6f 40) 

40  farmat<lx»'depth'»8xf'c3ct'f5xf'ccomp'»4x»'rhoact'»3xf' rhocom 

+'rcl'f9x»'rc2')  ux 

do  5  iBlim2  ^ 

dep^dep-fdel 
acpl  =  l . -8c*8C*p1|cp1 
3cp2=1 « -actac*p2>p2 

if<(acpl«le«0«)»or«(8cp2«le«0>)>call  exit 

sl*sl+2.*del/dttsQrt(3CPl )/ac 

s2=s2+24*del/dtt8Qrt<acp2)/ac 

ksl«inl(sl“ktsl+0.5) 

ks2*int<s2-kts2+0.5) 

ktsl-ktsliksl 

kts2*kts2+ks2 

tll=tll*sQrt<l»~rel*rcl) 

tl2=tl2»sort<l .-rc2»rc2) 

kmaxsmax0<ktsl f kts2) 

i f  < kmax  •  tfe « ■i2)c3l  1  exit 

do  6  k^i  »m2-kaax'M 

temple ( dwl <  k  >-rcl*uwl <  k) )/sort < lt-rel*rcl> 
temp2=(dw2(k)'rc24Euw2<k)  )/sQrt(  1  ♦-rc2ltrc2) 
uwl ( k ) e ( uwl ( k )-rcl*dwl <k) )/sort ( 1 ♦ -rcltrcl ) 

<jw2(  k  ) e<uw2<k ) -rc2ltdw2<k )  )/8ort ( 1  *  -rc2*rc2 > 
dwl (k)etcmpl 
dw2<k  >etemp2 

6  continue 

rcle(uwl(ksl-l)4uwl(ksl)4uwl(ksl41>  >*dt/tll 

rc2=(uw2<ks2-l )+uw2<ks2)+uw2<ks2+l) >*dt/tl2 

do  7  k«l  »m2-kmax<t-l 

uwl(k)euwl(kfksl) 

uw2(k)euw2(k+ks2) 

7  continue 

aceac-f2»4!ac*(  re2-rcl  )*acplliacp2/(acpl-acp2) 
rhoc»rhoc+2. »rhoc*<  rcl*aepl-rc2*8cp2)/(acpl-acp2) 
lemin0( int<dep/dd)i2vn) 

wri te( 6» 50)dep> a< 1 ) »ac r  rho( 1 ) »  rhoc r  rcl »  rc2 

50  format<lx»f7.2»6fl0.4) 

5  continue 
call  exit 
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10 
13 
1 1 


77 


c 

1 

c 


c 

't 

c 


3 

c 


7 


6 

5 

4 

99 

79 


d  j  ii'f; 1  oi  1  e  (  50  )  >  rho  (  50  )  f  dt  1  ( 50  f  5  )  »  r  (  50  »  5  )  » t  r  ( 50  »  5  ) 
d 1  mens  1  on  uw ( 1 024  »  5 ) »  p ( 5 ) » il <  5 ) f  t ( 5 ) »  n rand ( 5 ) 
read  (  5  >  10  )  ri »  m  >  nm »  dd  »  de  1  »  dt »  x  1 »  i c 
fornist(3i  r  4f  »  i  ) 

resd(5»13)  <F‘!i)»i  =  l»5)»(nrand(i)fi  =  l»5) 
formatCSf »5j  ) 

lead  (5  >11)  (e(i)»rho(i)»i  =  lfri) 
f  o  r  Hi  a  t  (  2  f  ) 
itp  -  2  *  *  ni 

do  77  J  =  1  » r  I  111 
t  r  ( 1  »  J  )  =  1  . 
tl ( J)  =  l  . 
t( J)=0, 
do  77  i  =  l»iii 
uw  (  i  »  J  )  =^0 . 
continue? 
do  1  i  =  2  •  n 
rho ( i -1 )  =  rho ( i  ) 
do  1  J  =  1  >  nni 

dtl(i»J)  is  2-w3a  traveltime  thru  laiiter  i  for  exp't  J 
dtl(i-l»j)=2.*dd#SQrt(l.-a(i)3|ta(i))|tp(J)*p(J))/a(i) 
continue? 

compute  reflection  coefficients 
do  99  J= 1 >  nm 
do  2  i=lin-2 

r(i>J)=(rho(i+l)/dtl(i+ltJ)-rho(i)/dtl(i»J))/(rho(i+l)/dtl(i+l»J> 
+  +rho( i )/dtl ( i » J)  ) 


compute  2-W3S  transmission  coefficients 
tr(i+l»J)=l,-r(i»J)»r(i»J) 
continue 
do  primaries 
do  3  i=l»n-2 
t(  J)=:t(  J)+dtl<i>  J)/dt 
tl(J)=tl(J)*tr(i»J) 

uw(  irit(t(  J)+0.5)  » J)  =  r(  i  »  J)/dt*tl  ( J) 
continue 
do  secondaries 
do  4  nl=2?n-2 
do  5  n2  =  l »  nl-1 
do  6  n3=ri2  +  l»n-2 
nmin=min0(nl »n3) 
nmax  =  m3x0<  nl »n3) 
t( J)=0, 


do  to  7 


tl ( j)  =  l , 
do  7  i=l»nm3x 
t(J)=t<J)+dtl(i»J)/dt 
tl(J)=tl(J)»tr<i» J) 
if((i<le>n2)*or.(i.dt>ninin)) 
t(J)=t<J)+dtl(i»J)/dt 
tl  < J)=tl (J)*tr(i f J) 
cont i nue 

i f ( i nt ( t < J ) ) • de • m ) do  to  6 

uw(irit(t(J)  +  .5)fJ)=uw(int(t<J)  +  .5)»J)-r(ril»J)*r(n2»J)*r(n3 

continue 

continue 

continue 

continue 

write(8»79)  ( (r(ifj) »J*l»5)ri=ltn-2) 
f ormat  < 1 X  » 5f 10 . 5 ) 

write(7>12)  ((uwCitJlfji^lFSlfislym) 
format ( 1 x  » 5f 1 9 . 6 ) 


»  J  )  /dt 

tlO) 


call 

end 


exit 


12 


dimension  8<50) »  rho<50) . r<50»5)frd(5)»rc(5)fP<5)»sn(5)»s(5)»z(5)»st(5) 
dimension  dw<1024i>S)fUw(1024f5)fKsi£l<5)r)<noz(5)rsnr(5)f3CP(5) 
dimension  temp <5)»ks<5)»kts{5)ftl(5)fnr3nd(5)fxk(5)fenr(5)>nrand 1(5) 
read(SflO)n>nifnmfddfdel>difXlfic 
f ormat ( 3i »  4f  t i  ) 
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Program  NOISE 

dimension  s(50)»rho(50)»rl(50)»r2(50) 

dimension  dwl(1024)»dw2(1024)»uwl(1024)fuw2(1024) 

t'e3d(5jl0)n»m»dd»del»dt»pl»p2f;jl»ic»nr3nd 

10  form3t(2i »6f »2i  ) 

c  ic  =  l  if  wsnt  rci  zeroed  usina  condition  rio.»  ic  =  0  suppresses  thir 
wri te ( 6  > 1 1 ) n  f  m  >  dd »  del f  dt » Pi »p2  » 

11  form3t(  1;:»  '  n=  '  »  i  2 »  2x  >  '  m=  '  »  i  2 »  2x »  'dd=  '  »  f  5 . 3  f  2>:  f  '  de  1  =  '  »f5.3' 2;  • 

+  'dt='  »f  7*  5»2;o  '  p1  =  '  »  f  4 . 2 »  2x »  'p2='  »  f  4 . 2  f  25; »  '  x  1  =  '  »  e7 . 1  ) 

c  3(1)=3(2)  snd  rho( 1 )=rho(2) »so  no  instantaneous  reflections. 

read(5F20)(3(i)»rho(i)fi=lFn) 

20  forni3t(2f) 

read(8F51)(rl(i)f r2(i) »i=l»n-2) 

51  format<lxF2fl0.5) 

m=2**m 
X  s  i  3 1  =  0  . 
xsi32=0 . 
xnoz=0 • 

X  e  r  r  1  =  0  . 
xe  r  r2=0 . 
xkl  =  2.Jl!xl 
xk2=2.*xl 
1  =  2 

do  4  i  =  1 »  m 

read<7»30)time>uwl(i)fuw2(i> 

30  form3t(lxFf7.4»f 15,6»4x»fl5.6) 

dul ( i ) =0 . 
dw2( i )=0. 

xsi3l  =  xsi3l  +  uwl  (  i  )3Kuwl  (  i  Xdtkdt 

xsi32=xsi32+uw2<i)*uw2<i)*dt»dt 

st=l.e-4*int(float(nr3nd*nr3nd>/100.> 

st  =  st-float<int(st)  ) 

nrand=int ( st#l . e4 ) 

sn=(st-0,5)*2.*xl 

templ  =  uwl ( i  ) 

temp2  =  uw2 ( i  ) 

uul(i)=uwl<i)+sn/dt 

uw2  < i ) =uw2 ( i ) +sn/dt 

write(9F54)templ>uul(i) Ftemp2FUw2( i  ) 

54  format( lxF4f 18.6) 

xnoz=xnoz+sn*sn 
4  continue 

3c  =  a ( 1 ) 
rhoc=rho ( 1 ) 
sl=0 . 


s2=0. 
ktsl=0 
kts2=0 
tll=l. 
tl2=l . 
dep=0 . 

zl  =  a(l))krho<l)/sQrt(l.-3(l)*a(l)»Pll;pl) 
z2=3< 1 )*rho( 1 )/sQrt( 1 .-3(1 )»a( 1 )*p2»p2) 
rmsl=sort(xsi3l/m) 
rms2=sort(xsi32/m) 
rmsn=sort(xnoz/m) 
snr  1  =  1 0 .  <(3lo3l0  ( xsial/xnoz ) 
snr2=10 .  Utal  o3l  0  <  xs  i  32/xnoz ) 
write(6F39)rmslFrnis2»riTisn»snrlfSnr2 
39  f o rmat ( 1 X » ' rms  si3n3l= ' »2f 10 . 6* 2x» ' rms  noise® ' f f 10 . 6 » 2x f ' snr= ' 

write(6F40)  2<’6.l) 

formatClxF 'depth' f2xf ' csct ' f4xf 'ccomp'  f4xf  '  rhoact' f3xf ' rhocome 
+'rl'F4xF'rcl'F4xF'r2'F4xF'rc2') 
do  5  i=lFm 


40 


o 

99 


write(6f50)dep»a(l)»3c»rho(l)»rhoc»rdl»rcl»rd2»rc2  451 

form3t(lx»f5.2f8f8.4) 

dep=dep+de 1 

3Cpl  =  l.-aC#3C*Pl!|tPl 

3Cp2=1.-3C*sc*p2*p2 

if(  (acpl  .le.O.  )  .or.  (3cp2.1e.0»  )  )c3ll  e>;it 

sl  =  sl+2.*del/dt)Ksort<3CPl)/3c 

&2  =  s2+2.*del/dt)|!sort(scp2)/sc 

ksl=int(sl-ktsI+0.5) 

ks2  =  irit(s2-kts2  +  0.5) 

ktsl =ktsl +ksl 

kts2=kts2+ks2 

tll=tll*sort(l.-rcl*rcl) 

tl2=tl2»sart( 1 .-rc2»rc2) 

kiri3;:  =  ni3xO  <  ktsl » kts2  ) 

i  f  ( ktna;; .  de  .  ni )  do  to  99 

if (dep.dt. ( <n+5)*dd) )  do  to  99 

do  6  k  =  l »  Bi-ktTi3>;  +  l 

teitipl  =  (dwl<k)-rcl*ijwl(k))/sc»rt(l.-rcl*rcl) 
tenip2=  <  du2  <  k  )  -  rc2*uw2  <  k  )  )  /sa  rt  ( 1  .-rc2#rc2) 
uwl(k)  =  (uwl<k)-rcl)|!dwl(k))/sort(l.-rcl*rcl) 
uw2(k)  =  (uw2(k)-rc2»dw2(k)  )/S£»rt(  1  ,-rc2*rc2) 
dwl  ( k  )  =tenipl 
dw2  (  k  )  =tenip2 
continue 

rcl=(uwl (ksl-l)+uwl (ksl )+uwl (ksl+1 ) )»dt/tll 

rc2=(uw2(ks2-l )+uw2(ks2)+uw2<ks2+l ) )»dt/tl2 

if(ic.eo.O)  do  to  8 

if<abs(rcl).lt.>(kl)rcl=0. 

if<3bs(rc2)  .It.>!k2)rc2=0. 

xk 1 =xk 1*(1, +3bs (rcl )>/(!, -abs ( rcl ) ) 

>;k2  =  ::k2*(l.+3bs<re2))/<l.-3bs(rc2)> 

do  7  k=l » m-kmax+l 

uwl (k)*uwl (k+ksl ) 

uw2(k)=uw2<k+ks2) 

cont i nue 

zl  =  zl»( 1 .  +  rcl )/< 1 .-rcl ) 
z2=z2»(l .+rc2)/(l .-rc2) 
u  =  zlittzl/z2/z2 

3c=<5art( (u-1 . )/(u-p2*p2/p1/p1 ) ) )/p1 
rhocl=zl*sart(l.-3C*3C»Pl»pl)/3c 
rhoc2=z2i|tsart(l.  -3C*3c*p2*p2)/3c 
rhoc=<rhocl+rhoc2)/2. 

1  l  =  iiiiriO (  int < dep/dd+0 .0001  )  +  2» n ) 

rdl=rl ( 1-1 ) 

rd2=r2(l-l ) 

i  f < 1 1 . ne . 1 ) do  to  53 

rdl=0. 

rd2=0. 

1  =  11 

xe  r  rl  =  xe  r  r  1  +  (  rdl  -  rcl )  *  (  rdl  -  rcl ) 
xerr2=xerr2+(rd2-rc2)*(rd2-rc2) 
continue 

ritisel  =  sart(2.*xerrl/i) 

rnise2=sort(2.J|txerr2/i) 

erirl  =  20.*3lodl0(riiisel/rmsn) 

enr2  =  20.»3lodl0<  r»ise2/rnisn) 

write<6»52)rnisel»riTise2»rmsn»enrl»enr2 

fortri3t(lx»  'riris  error='f2fl0.6F2x»  'rms  rioise='  »fl0.6»2x»  'enr  = 
csll  exit  »2f8.3) 


Program  SCHUR 


dimension  ci(50)»rho(50)»d(50) 

comp  lex  ul ( 1025) »u2( 1025) »dl (1025) fd2( 1025) » tempi fteffip2 
c  set  ic=0  to  skip  forward  part*  read  from  device  #7. 

c  set  ic=l  to  Generate  forward  response  and  then  solve  from  it. 

read(5fl0)n»m»dd»del»df»pl»p2fic 
10  f ormat (2i I 5f » i  ) 

read(5»20)(a<i)»rho<i)»i=l»n> 

20  form3t(2f) 
write(6t21)nfm»ddfdelfdftpl»p2 

21  format ( lx » 'n=' »i2» ' m= ' » i2» ' dd= ' » f 4 . 2» ' del= ' » f 4 . 2» ' df = ' , f 5 . 3 f 
+'p1=' f f4.2» 'p2=' »f4.2) 

do  1  i=l»n 

1  d(i)=--dd 

pie=3. 1415926536 
m2=2»»m 

if ( ic.ne.0)so  to  53 
read(7»52)(ul<i)»u2(i)ti=l»m2) 

So  to  54 

53  do  2  i=l»m2 
f reQ=f reo+df 

call  recopp<n»a»rho*dfPl » f reQ» ul ( i ) ) 

call  recopp<nia»rho » df  p2f  f reo  »u2( i ) ) 

dl < i )=cmplx< 1 ♦ f 0»  ) 

d2(i)=cmplx(l.f0.) 

taul =0 ♦ 

tau2=0 . 

write(7»52)ul<i)fu2(i) 

52  form3t(lx»4fl0.4) 

2  continue 

54  3cl  =  3( 1 )/sart( 1 .-a( 1 )*a(l >*pl»Pl  ) 

3c2=3<l)/SQrt<l.-3(l)*a<l) *p2*p2) 

2l  =  rho(  1 )  Utacl 

z2=  rho ( 1 ) *ac2 
write ( 6  >  51 ) 

51  formatOxf  'depth'»6xf  'c3ct'»5x»  'ccomp'  f4x»  'rh0  3ct'»3x»  'rho comp 

+  '  rcl ' » 9x  f  '  rc2 '  ) 

do  3  i=l f int <dd/del»n )+5  ^  ^ 

dep=dep+del 

t3ul=taultdel/8cl 

t3u2=t3u24'del/ac2 

suml=0. 

sum2-0 . 

omeS=0  * 

do  4  J=l»m2 


omeS=^omeS-i'2»fpie4!df 

templ*dl(J)*cexp<-cmplx<0. f omeStdel/acl ) )-cmplx(rlf0. )»ul(J) 
temp2=d2(J)*cexp(-cmplx<0»  f  omeS*del/3e2)  )-cmplx(  r2»0.  ))|nj2<  J) 
ul(j)=ul(J))(tcexp<cmplx<0.»o«ea»del/acl))-eitiplx<rl»0.)*dl(J) 
u2(J)=u2(j)*cexp(  cmplx  <0»  r  omeS*del  /ac2  ))-cmplx(r2»0.)<!d2(j) 
dl ( J)*templ 
d2 ( J ) =teffip2 

sumlssuml-(-real(cexp(cmplx(0*>  omed^tctaul  ))*ul<J)) 
suRi2=sum2freal  (cexp(  cmplx  (0*  >omefl]|[t3u2))tu2(J)) 
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rl-suiril/n2 

r2=suffi2/in2 

2l=zl*( 1 .  +  rl )/( 1 .-rl ) 
z2  =  22*:a.  +  r2)/(l.-r2) 

iJ  =  2l*2l/22/22 

ctt  =sart(  <u-l«  )/(u-p2*F'2/p1/p1)  )/p1 
3cl=3c/sQrt(l*  -ac*3c)ltpl  *p1  ) 
ac'2  =  3c/sc*rt(l.-acJ|!3C*p2*p2> 
rhoc=(2l/3Cl+z2/3c2)/2. 


3=tjiinO(irit(dep/dd)+2»n> 

write(6»50)dep»a(l)»ac»rho(l)»rhoc»rl»r2 
50  form3t(  lj-!f  f7,2.6fl0.4) 

3  continue 

call  e  >{  i  t 
e  n  d 

subroutine  recopp<n»3»  rho » d t  u » f  reo »  tpp ) 
dimension  3<n) > rho(n) >d(n) 

comple;-!  rpp»nifnip»roi»roip»m21»iii22»e2fel»e 
d<l )=0. 

pi=3. 1415926536 
om  633=2.  *pii|!freo 
oni2=oiiie334!ome3a 
>!k=ome33*u 
>!k2=xktxk 
m22=cmpl>r<  1 .  »0» ) 
rti21  =c(riplx  <  0  ♦  >  0  ♦  ) 
do  170  J=l»n 

i=n-vj  +  l 

8r3  =  om2/(3(i)*3<i))->{k2 

if(3r3.3t.0.)ni=cmplx(sQrt(3r3)»0.) 

if(ar3.1e.0.  )ni=cniplx(0.  »-sort(-3rS)  ) 

roi=cmplx(rho<i)»0.) 

i f  < i . eo . n ) 30  to  171 

el=niPi|croi 

e2=ni*roiP 

e=cexp<ni)l!cmplx<0.»2.*d(i))) 
el=el»(m21-l-Ri22) 
e2  =  e2»<iii21-m22) 
ni21=elfe2 
ni22  =  e*  <el-e2 ) 
rm3x=cabs(m22) 
rni=c3bs  <m21 ) 
if(rm.3t»rm3>!)rm3x=rm 
el=cmplx<l./rtii3>;»0.) 
m22=m22)|!el 
m21=m21iKel 
171  nip=ni 

roip=roi 
170  continue 

rpps=-m21/m22 

return 

end 


V/.vV.V. 


V  V 


•-  s. 


,  •  ^  K  .  ,  J. 
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subroutine  fft(xtm) 
complex  X ( 1024 ) > u I w f t 
ri=2»»tti 

pi=3. 1415926536 
do  20  1  =  1  »ni 
le=2»*(m+l-l ) 
lel=le/2 
u=-ciiip1x(  1 .  »0«  ) 

w=cmplx<cos(pi/flo3t<lel))»Bin(pi/flo8t(lel))) 

do  20  J=lflel 
do  10  i=J»ri»le 
ip=i+lel 
t=x(i)+x<ip) 

X  < i p )  =  ( X  < i ) -X ( i p ) ) fu 

X  (  i  )  =  t 

u=ui(tw 

riv2=n/2 

ritiil=ri-l 

J=1 

do  30  i  =  lfriml 


if<i.ee.J)do  to  25 
t-x< 

x( J)=x<  i  ) 
x<i )=t 
k=nv2 

if<k«ee*j)do  to  30 

j  =  J-k 

k=k/2 

do  to  26 

J= J+k 

return 

end 


